| Electronic Devices 


iL and Circuits 
8 MILLMAN & HALKIAS 
es | INTERNATIONAL STUDENT EDITION 
v5 | 
s= | | 
Boo | “ 
o§ 
16 §, 
i 1. 
a) | 
eo | 
ivs é; 


McGRAW-HILL ELECTRICAL AND 
ELECTRONIC ENGINEERING SERIES 


Frederick Emmons Terman, Consulting Editor 
W. W. Harman and J. G. Truxal, Associate Consulting Edire. + 


Ahrendt and Savant - Servomechanism Practice 

Angelo - Electronic Circuits 

Asaltine « Transform Method in Linear System Analysis 

Atwater - Introduction to Microwave Theory 

Bailey and Gault « Alternating-current Machinery 

Beranek + Acoustics 

Bracewell - The Fourier Tranfform and Its Applications 

Brenner and Javid - Analysis of Electric Circuits 

Brown « Analysis of Linear Time-invariant Systems 

Bruns and Saunders « Analysis of Feedback Control Systems 

Cage - Theory and Application of Industrial Electronics 
Caver + Synthesis of Linear Communication Networks 

Chen - The Analysis of Linear Systems 

Chen - Linear Network Design and Synthesis 

Chirlian « Analysis and Design of Electronic Circuits 

Chirlian and Zemanian - Electronics 

Clement and Johnson - Electrical Engineering Science 

Cote and Oakes : Linear Vacuum-tube and Transistor Circuits 
Cuccia - Harmonics, Sidebands, and Transients in Communication Engineering 
Cunningham - Introduction to Nonlinear Analysis 

D’Azzo and Houpis - Feedback Control System Analysis and Synthesis 
Eastman - Fundamentals of Vacuum Tubes 

Elgerd - Control Systems Theory 

Eveleigh - Adaptive Control and Optimization Techniques 
Feinstein « Foundations of Information Theory 

Fitzgerald, Higginbotham, and Grabel - Basic Electrical Engineering 
Fitzgerald and Kingsley « Electric Machinery 

Frank - Electrical Measurement Analysis 

Friedland, Wing, ond Ash - Principles of Linear Networks 
Gehmlich and Hammond - Electromechonical Systems 
Ghausi - Principles and Design of Linear Active Circuits 

Ghose - Microwave Circuit Theory and Anolysis 

Greiner - Semiconductor Devices and Applications 

Hammond - Electrical Engineering 

Hancock - An Introduction to the Principles of Communication Theory 
Hoppell and Hesselberth - Engineering Electronics 

Harman - Fundamentals of Electronic Motion 

Harman « Principles of the Statistical Theory of Communication 
Harman and Lytle « Electrical and Mechanical Networks 
Harrington - Introduction to Electromagnetic Engineering 
Harrington - Time-harmonic Electromagnetic Fields 

Hayashi - Nonlinear Oscillations in Physical Systems 

Hoyt - Engineering Electromagnetics 

Hoyt and Kemmerly « Engineering Circuit Analysis 

Hill - Electronics in Engineering 

david and Brenner - Analysis, Transmission, and Filtering of Signals 
Javid and Brown - Field Analysis and Electromagnetics 


Johnson » Transmission Lines and Networks 

Koenig and Blackwell - Electromechanical System Theory 
Koenig, Tokod, and Kesavan - Analysis of Discrete Physical Systems 
Kraus « Antennas 

Kraus - Electromagnetics 

Kuh ond Pederson - Principles of Circuit Synthesis 

Kuo - Linear Networks and Systems 

Ledley + Digital Computer and Control Engineering 

LePage - Analysis of Alternating-current Circuits 

LePage » Complex Voriables and the Laplace Transform for Engineering 
LePage and Seely - General Network Analysis 

Levi and Panzer - Electromechanical Power Conversion 

ley, Lutz, and Rehberg - Linear Circuit Analysis 

Linyill ond Gibbons - Transistors and Active Circuits 

Uttaver + Pulse Electronics 

Lynch and Truxal - Introductory System Analysis 

Lynch and Troxal « Principles of Electronic Instrumentation 
Lynch and Truxal - Signals and Systems in Electrical Engineering 
McCluskey « Introduction to the Theory of Switching Circuits 
Manning - Electrical Circuits 

Meisel - Principles of Electromechanical-energy Conversion 
Millman - Vacuum-tube and Semiconductor Electronics 
Millman and Holkias - Electronic Devices and Circuits 
Millman ond Seely : Electronics 

Millmon and Taub « Pulse and Digital Circuits 

Millman and Taub - Pulse, Digital, and Switching Waveforms 
Mishkin and Braun - Adaptive Control Systems 

Moore - Traveling-wave Engineering 

Nanavati - An Introduction to Semiconductor Electronics 
Pettit - Electronic Switching, Timing, and Pulse Circuits 
Pettit and McWhorter Electronic Amplifier Circuits 

Pfeiffer » Concepts of Probability Theory 

Pfeiffer - Linear Systems Analysis 

Reza « An Introduction to Information Theory 

Reza and Seely - Modern Network Analysis 

Rogers - introduction to Electric Fields 

Ruston and Bordogna - Electric Networks: Functions, Filters, Analysis 
Ryder - Engineering Electronics 

Schwartz - Information Transmiszion, Modulation, and Noise 
Schwarz and Friedland - Uneor Systems 

Seely « Electromechanical Energy Conversion 

Seely - Electron-tube Circuits 

Seely « Electronic Engineering 

Seely - Introduction to Electromagnetic Fields 

Seely - Radio Electronics 

Seifert ond Steeg - Control Systems Engineering 

Siskind - Direct-current Machinery 

Skilling - Electric Transmission Lines 

Skilling - Tronsient Electric Currents 

Spangenberg - Fundamentals of Electron Devices 
Spangenberg - Vacuum Tubes 

Stevenson - Elements of Power System Analysis 

Stewart - Fundomentals of Signal Theory 


—————— 
Storer : Passive Network Synthesis 

Strauss - Wave Generation and Shaping 

Su « Active Network Synthesis 

Terman « Electronic and Radio Engineering 

Terman and Pettit - Electronic Measurements 

Thaler - Elements of Servomechanism Theory 

Thaler and Brown « Analysis and Design of Feedback Control Systems 

Thaler and Pastel - Analysis and Design of Nonlinear Feedback Control Systems 
Thompson « Alternating-current and Transient Circuit Analysis 

Tou - Digital and Sampled-dota Control Systems 

Tou » Modern Control Theory 

Truxal » Automatic Feedback Control System Synthesis 

Tuttle » Electric Networks: Analysis and Synthesis 

Valdes - The Physical Theory of Transistors 

Van Bladel « Electromagnetic Fields 

Weinberg + Network Analysis and Synthesis 

Williams and Young - Electrical Engineering Problems 


2 - 


ELECTRONIC DEVICES — 
AND CIRCUITS 


Jacob Millman, Ph.D. = 


Professor of Electrical Engineering 
Columbia University 


Christos C. Halkias, Ph.D. 


Associate Professor of Electrical Engineering 
Columbia University 


INTERNATIONAL STUDENT EDITION 


McGRAW-HILL BOOK COMPANY y 
New York St. Louis San Francisco Diisseldorf 4 
London Mexico Panama Sydney Toronto 
KOGAKUSHA COMPANY, ITD. : 
Tokyo 


ee oe ee 


aS 


ELECTRONIC DEVICES AND CIRCUITS 


INTERNATIONAL STUDENT EDITION 


Exclusive rights by Kégakusha Co., Ltd.,for manufacture 
and export from Japan. This book cannot be re-exported 
from the country to which it is consigned by Kogokusha 
Co., Ltd.,or by McGraw-Hill Book Company or any of its 
subsidiaries, 


xI 


Copyright © 1967 by McGraw-Hill, Inc. All Rights Re- 
served. No part of this publication may be reproduced, 
stored in a retrieval system, or transmitted, in any form 
or by any means, electronic, mechanical, photocopying, 
recording, or otherwise, without the prior written permis- 
sion of the publisher. 


Library of Congress Catalog Card Number 67-16934 


(0 PRINTING CO,, ADs TOKYO, JAPAN 
oe - ee , 


PREFACE 


This book, intended as a text for a first course in electronics for elec- 
trical engineering or physics students, has two primary objectives: to 
present a clear, consistent picture of the internal physical behavior of 
many electronic devices, and to teach the reader how to analyze and 
design electronic circuits using these devices. 

Only through a study of physical electronics, particularly solid- 
state science, can the usefulness of a device be appreciated and its 
limitations be understood. From such a physical study, it is possible 
to deduce the external characteristics of each device. This charac- 
terization allows us to exploit the device as a circuit element and to 
determine its large-signal (nonlinear) behavior. A small-signal 
(linear) model is also obtained for each device, and analyses of many 
circuits using these models are given. The approach is to consider a 
circuit first on a physical basis, in order to provide a clear under- 
standing and intuitive feeling for its behavior. Only after obtaining 
such a qualitative insight into the circuit is mathematics (through 
simple differential equations) used to express quantitative relationships. 

Methods of analysis and features which are common to many 
different devices and circuits are emphasized. For example, Kirch- 
hoff’s, Thévenin’s, Norton’s, and Miller’s theorems are utilized through- 
out the text. The concepts of the load line and the bias curve are 
used to establish the quiescent operating conditions in many different 
circuits. Calculations of input and output impedances, as well as 
current and voltage gains, using small-signal models, are made for a 
wide variety of amplifiers. 

A great deal of attention is paid to the effects of feedback on 
input and output resistance, nonlinear distortion, frequency response, 
and the stabilization of voltage or current gains of the various devices 
and circuits studied. In order that the student appreciate the different 
applications of these cirsuits, the basic building blocks (such as untuned 
amplifiers, power amplifiers, feedback amplifiers, oscillators, and power 
suppliers) are discussed in detail. 

For the most part, real (commercially available) device charac- 
teristies are employed. In this way the reader may become familiar 
with the order of magnitude of device parameters, the variability of 
these parameters within a given type and with a change of temperature, 
the effect of the inevitable shunt capacitances in cireuits, and the effect 
of input and output resistances and loading on circuit operation. These 
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considerations are of utmost importance to the student or the practicing engi- 
neer since the circuits to be designed must function properly and reliably in 
the physical world, rather than under hypothetical or ideal circumstances. 

There are over 600 homework problems, which will test the student’s 
grasp of the fundamental concepts enunciated in the book and will give him 
experience in the analysis and design of electronic circuits. In almost all 
numerical problems realistic parameter values and specifications have been 
chosen. An answer book is available for students, and a solutions manual 
may be obtained from the publisher by an instructor who has adopted the text. 

This book was planned originally as a second edition of Millman’s 
“Vacuum-tube and Semiconductor Electronies” (McGraw-Hill Book Com- 
pany, New York, 1958). However, so much new material has been added 
and the revisions have been so extensive and thorough that a new title for the 
present text seems proper. The changes are major and have been made 
necessary by the rapid developments in electronics, and particularly by the 
continued shift in emphasis from vacuum tubes to transistors and other semi- 
conductor devices. Less than 25 percent of the coverage relates to vacuum 
tubes; the remainder is on solid-state devices, particularly the bipolar tran- 
sistor. In recognition of the growing importance of integrated circuits and 
the field-effect transistor, an entire chapter is devoted to each of these topics. 
But to avoid too unwieldy a book, it was decided not to consider gas tubes, 
silicon-controlled rectifiers, polyphase rectifiers, tuned amplifiers, modulation, 
or detection circuits. The companion volume to this book, Millman and 
Taub’s “Pulse, Digital, and Switching Waveforms” (McGraw-Hill Book 
Company, New York, 1965), gives an extensive treatment of the generation 
and processing of nonsinusoidal waveforms. 

Considerable thought was given to the pedagogy of presentation, to the 
explanation of circuit behavior, to the use of a consistent system of notation, 
to the care with which diagrams are drawn, and to the many illustrative exam- 
ples worked out in detail in the text. It is hoped that these will facilitate the 
use of the book in self-study and that the practicing engineer will find the text 
useful in updating himself in this fast-moving field. 

The authors are very grateful to P. T. Mauzey, Professor H. Taub, 
and N. Voulgaris, who read portions of the manuscript and offered con- 
structive criticism. We thank Dr. Taub also because some of our material 
on the steady-state characteristics of semiconductor devices and on tran- 
sistor amplifiers parallels that in Millman and Taub’s “Pulse, Digital, and 
Switching Waveforms.” We acknowledge with gratitude the influence of 
Dr. V. Johannes and of the book “Integrated Circuits” by Motorola, Inc. 
(McGraw-Hill Book Company, New York, 1965) in connection with Chapter 
15. We express our particular appreciation to Miss 8. Silverstein, adminis- 
trative assistant of the Electrical Engineering Department of The City College, 
for her most skillful service in the preparation of the manuscript. We also 
thank J. T. Millman and 8. Thanos for their assistance. 


Jacob Millman 
Christos C. Halkias 
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| ELECTRON BALLISTICS 
AND APPLICATIONS 


In this chapter we present the fundamental physical and mathemati- 
cal theory of the motion of charged particles in electric and magnetic 
fields of force. In addition, we discuss a number of the more impor- 
tant electronic devices that depend on this theory for their operation. 

The motion of a charged particle in electric and magnetic fields is 
presented, starting with simple paths and proceeding to more complex 
motions. First a uniform electric field is considered, and then the 
analysis is given for motions in a uniform magnetic field. This dis- 
cussion is followed, in turn, by the motion in parallel electric and mag- 
netic fields and in perpendicular electric and magnetic fields. 


1-1 CHARGED PARTICLES 


The charge, or quantity, of negative electricity of the electron has 
been found by numerous experiments to be 1.602 X 10-* C (coulomb). 
The values of many important physical constants are given in Appen- 
dix A. Some idea of the number of electrons per second that repre- 
sents current of the usual order of magnitude is readily possible. For 
example, since the charge per electron is 1.602 X 10-!° C, the number 
of electrons per coulomb is the reciprocal of this number, or approxi- 
mately, 6 X 1018. Further, since a current of 1 A (ampere) is the flow 
of 1 C/sec, then a current of only 1 pA (1 picoampere, or 10-!2 A) 
represents the motion of approximately 6 million electrons per second. 
Yet a current of 1 pA is so small that considerable difficulty is experi- 
enced in attempting to measure it. 

In addition to its charge, the electron possesses a definite mass. 
A direct measurement of the mass of an electron cannot be made, but 
the ratio e/m of the charge to the mass has been determined by a 
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number of experimenters using independent methods. The most probable 
value for this ratio is 1.759 X 10"! C/kg. From this value of e/m and the 
value of e, the charge on the electron, the mass of the electron is calculated 
to be 9.109 X 10-*! kg. 

The charge of a positive ion is an integral multiple of the charge of the 
electron, although it is of opposite sign. For the case of singly ionized parti- 
cles, the charge is equal to that of the electron. For the case of doubly ionized 
particles, the ionic charge is twice that of the electron. 

The mass of an atom is expressed as a number that is based on the choice 
of the atomic weight of oxygen equal to 16. The mass of a hypothetical atom 
of atomic weight unity is, by this definition, one-sixteenth that of the mass of 
monatomic oxygen. This has been calculated to be 1.660 X 10-7 kg. Hence, 
in order to calculate the mass in kilograms of any atom, it is necessary only to 
multiply the atomic weight of the atom by 1.660 X 10-7 kg. A table of atomic 
weights is given in Appendix C. 

The radius of the electron has been estimated as 10-!5 m, and that of an 
atom as 10-' m. These are so small that all charges are considered as mass 
points in the following sections. 


Classical and Wave-mechanical Models of the Electron The foregoing 
description of the electron (or atom) as a tiny particle possessing a definite 
charge and mass is referred to as the classical model. If this particle is sub- 
jected to electric, magnetic, or gravitational fields, it experiences a force, and 
hence is accelerated. The trajectory can be determined precisely using New- 
ton’s laws, provided that the forces acting on the particle are known. In this 
chapter we make exclusive use of the classical model to study electron ballistics. 
The term electron ballistics is used because of the existing analogy between the 
motion of charged particles in a field of force and the motion of a falling body 
in the earth’s gravitational field. 

For large-scale phenomena, such as electronic trajectories in a vacuum 
tube, the classical model yields accurate results. For small-scale systems, 
however, such as an electron in an atom or in a crystal, the classical model 
treated by Newtonian mechanics gives results which do not agree with experi- 
ment. To describe such subatomic systems properly it is found necessary to 
attribute to the electron a wavelike property which imposes restrictions on the 
exactness with which the electronic motion can be predicted. This wave- 
mechanical model of the electron is considered in Chap. 2. 


1-2 THE FORCE ON CHARGED PARTICLES IN AN ELECTRIC FIELD 
The force on a unit positive charge al any point in an electric field is, by definition, 


the electric field intensity & at that point. Consequently, the force on a positive 
charge q in an electric field of intensity & is given by g&, the resulting force 


a a, tS) ee 
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being in the direction of the electric field. Thus, 
f. = 98 (1-1) 


where f, is in newtons, g is in coulombs, and & is in volts per meter. Boldface 
type is employed wherever vector quantities (those having both magnitude 
and direction) are encountered. 

The mks (meter-kilogram-second) rationalized system of units is found 
most convenient for the subsequent studies. Therefore, unless otherwise 
stated, this system of units is employed. 

In order to calculate the path of a charged particle in an electric field, 
the force, given by Eq. (1-1), must be related to the mass and the acceleration 
of the particle by Newton’s second law of motion. Hence 


fy = 8 = ma = m® (1-2) 
where m = mass, kg 

a = acceleration, m/sec? 

v = velocity, m/sec 
The solution of this equation, subject to appropriate initial conditions, gives 
the path of the particle resulting from the action of the electric forces. If the 
magnitude of the charge on the electron is e, the force on an electron in the 
field is j 

f = —e& (1-8) 


The minus sign denotes that the force is in the direction opposite to the field. 

In investigating the motion of charged particles moving in externally 
applied force fields of electric and magnetic origin, it is implicitly assumed 
that the number of particles is so small that their presence does not alter the 
field distribution. 


1-3 CONSTANT ELECTRIC FIELD 


Suppose that an electron is situated between the two plates of a parallel-plate 
capacitor which are contained in an evacuated envelope, as illustrated in Fig. 
1-1. A difference of potential is applied between the two plates, the direction 
of the electric field in the region between the two plates being as shown. If 
the distance between the plates is small compared with the dimensions of the 
Plates, the electric field may be considered to be uniform, the lines of force 
Pointing along the negative X direction. That is, the only field that is present 
is € along the —X axis. It is desired to investigate the characteristics of the 
motion, subject to the initial conditions 


Y=: j%X€=2% whent=0 (1-4) 


Fig. 1-1 The one-dimensional electric 
field between the plates of a parallel- 
plate capacitor. 


This means that the initial velocity ve: is chosen along &, the lines of force, 
and that the initial position 2, of the electron is along the X axis. 

Since there is no force along the Y or Z directions, Newton's law states 
that the acceleration along these axes must be zero. However, zero acceler- 
ation means constant velocity; and since the velocity is initially zero along 
these axes, the particle will not move along these directions. That is, the only 
possible motion is one-dimensional, and the electron moves along the X axis. 

Newton’s law applied to the X direction yields 


e& = ma, 
a, = © = const (1-5) 


where & represents the magnitude of the electric field. This analysis indicates 
that the electron will move with a constant acceleration in a uniform electric 
field. Consequently, the problem is analogous to that of a freely falling body 
in the uniform gravitational field of the earth. The solution of this problem 
is given by the well-known expressions for the velocity and displacement, viz., 


Ve = Vor tat  % = Xp + vost + Hast? (1-6) 


provided that a. = const, independent of the time. 

It is to be emphasized that, if the acceleration of the particle is not a con- 
stant but depends upon the time, Eqs. (1-6) are no longer valid. Under these 
circumstances the motion is determined by integrating the equations 


We = a, and oF nv, (1-7) 


These are simply the definitions of the acceleration and the velocity, respec- 
tively. Equations (1-6) follow directly from Eqs. (1-7) by integrating the 
latter equations subject to the condition of a constant acceleration. 


ee a 
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EXAMPLE An electron starts at rest on one plate of a plane-parallel capacitor 
whose plates are 5 cm apart. The applied voltage is zero at the.instant the elec- 
tron is released, and it increases linearly from zero to 10 V in 0.1 psec. 

a. If the opposite plate is positive, what speed will the electron attain in 
50 nsec? 

6. Where will it be at the end of this time? 

c. With what speed will the electron strike the positive plate? 


Solution Assume that the plates are oriented with respect to a cartesian system 
of axes as illustrated in Fig. 1-1. The magnitude of the electric field intensity is 


10 t 


i eel BSCR To 
8 5x08 fon 7 X10 ® 
whence 
a, = M2 = % _ 1.76 x 102 x 10) 
m m 


= 3.52 X 10% m/sec? 
Upon integration, we obtain for the speed 


t 
= = 2 
v i a, dt = 1.76 X 10% 


Att =5 X 10-* sec, vs = 4.40 X 105 m/sec. 

6. Integration of v. with respect to ¢, subject to the condition that z = 0 
when ¢ = 0, yields 

a= fi v.d = [1.76 x 100 dt = 5.87 x 10% 


Att = 5 X 10- sec, z = 7.32 X 10-* m = 0.732 cm. 


c. To find the speed with which the electron strikes the positive plate, we 
first find the time ¢ it takes to reach that plate, or 


z 7 0.05 i 
oo rete well $e nee tom ABLE LO- 
‘ (seta) (Ga) pela ig 


Hence 
vz = 1.76 X 10%? = 1,76  10*(9.46 X 10-*)? = 1.58 X 10% m/sec 


1-4 POTENTIAL 


The discussion to follow need not be restricted to uniform fields, but & may 
be a function of distance. However, it is assumed that & is nol a function 


tl psec = 1 microsecond = 10-®sec. 1 nsec = 1 nanosecond = 10-*sec, Conversion 
factors and prefixes are given in Appendix B. 
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of time. Then, from Newton’s second law, 
e&s 


m dt 
Multiply this equation by dx = v, dt, and integrate. This leads to 


The definite integral 


[Feeds 


is an expression for the work done by the field in carrying a unit positive 
charge from the point z, to the point z. 

By definition, the potential V (in volts) of point x with respect to point x, is 
the work done against the field in taking a unit positive charge from x, tox. Thust 


Ve — [edz (1-9) 
By virtue of Eq. (1-9), Eq. (1-8) integrates to 
eV = $m(v,? — 0") (1-10) 


where the energy eV is expressed in joules. Equation (1-10) shows that an 

. electron that has “fallen” through a certain difference of potential V in going 
from point z, to point z has acquired a specific value of kinetic energy and 
velocity, independent of the form of the variation of the field distribution 
between these points and dependent only upon the magnitude of the potential 
difference V. 

Although this derivation supposes that the field has only one component, 
namely, 6 along the X axis, the final result given by Eq. (1-10) is simply a 
statement of the law of conservation of energy. This law is known to be 
valid even if the field is multidimensional. This result is extremely impor- 
tant in electronic devices. Consider any two points A and B in space, with 
point B at a higher potential than point A by Vga. Stated in its most 
general form, Eq. (1-10) becomes 


Vea = ymvg* — $moz? (1-11) 


where g is the charge in coulombs, qV za is in joules, and v4 and vg are the 
corresponding initial and final speeds in meters per second at the points A and 
B, respectively. By definition, the potential energy between two points equals the 
potential multiplied by the charge in question. Thus the left-hand side of Eq. 
(1-11) is the rise in potential energy from A to B. The right-hand side repre- 
sents the drop in kinetic energy from A to B. Thus Hq. (1-11) states that the 
rise in potential energy equals the drop in kinetic energy, which is equivalent 
to the statement that the total energy remains unchanged. 


t The symbol = is used to designate “equal to by definition.” 
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It must be emphasized that Eg. (1-11) is not valid if the field varies with time. 

If the particle is an electron, then —e must be substituted for g. If the 
electron starts at rest, its final speed v, as given by Eq. (1-11) with v4 = 0, 
vp = », and Vga = V, is 


= (7) (1-12) 


» = 5.93 X 10573 (1-13) 


Thus, if an electron “falls” through a difference of only 1 V, its final speed 
is 5.93 X 105 m/sec, or approximately 370 miles/sec. Despite this tremen- 
dous speed, the electron possesses very little kinetic energy, because of its 
minute mass. 

It must be emphasized that Lg. (1-13) is valid only for an electron starting 
at rest. If the electron does not have zero initial velocity or if the particle 
involved is not an electron, the more general formula [Eq. (1-11)] must be used. 


1-5 THE eV UNIT OF ENERGY 


The joule (J) is the unit of energy in the mks system. In some engineering 
power problems this unit is very small, and a factor of 10° or 10° is introduced 
to convert from watts (1 W = 1 J/sec) to kilowatts or megawatts, respectively. - 
However, in other problems, the joule is too large a unit, and a factor of 10-7 
is introduced to convert from joules to ergs. For a discussion of the energies 
involved in electronic devices, even the erg is much too large a unit. This 
statement is not to be construed to mean that only minute amounts of energy 
can be obtained from electron devices. It is true that each electron possesses 
a tiny amount of energy, but as previously pointed out (Sec. 1-1), an enor- 
mous number of electrons is involved even in a small current, so that con- 
siderable power may be represented. 

A unit of work or energy, called the electron volt (eV), is defined as follows: 


leV = 1.60 X 10-" J 


Of course, any type of energy, whether it be electric, mechanical, thermal, etc., 
may be expressed in electron volts. 

The name electron volt arises from the fact that, if an electron falls through 
@ potential of one volt, its kinetic energy will increase by the decrease in 
potential energy, or by 


eV = (1.60 X 10-* C)(1 V) = 1.60 X 10°" J = LeV 


However, as mentioned above, the electron-volt unit may be used for any type 
of energy, and is not restricted to problems involving electrons. 

The abbreviations MeV and BeV are used to designate 1 million and 
1 billion electron volts, respectively. 
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1-6 RELATIONSHIP BETWEEN FIELD INTENSITY AND POTENTIAL 


The definition of potential is expressed mathematically by Eq. (1-9). If the 
electric field is uniform, the integral may be evaluated to the form 
— [Fede = -8.(e—2,) =V 


which shows that the electric field intensity resulting from an applied potential 
difference V between the two plates of the capacitor illustrated in Fig. 1-1 is 
given by 


-v v 
ee --F (1-14) 


where 6, is in volts per meter, and d is the distance between plates, in meters. 

In the general case, where the field may vary with the distance, this 
equation is no longer true, and the correct result is obtained by differentiating 
Eq. (1-9). We obtain 


&=— & (1-15) 


The minus sign shows that the electric field is directed from the region of 
higher potential to the region of lower potential. 


1-7 TWO-DIMENSIONAL MOTION 


Suppose that an electron enters the region between the two parallel plates of a 
parallel-plate capacitor which are oriented as shown in Fig. 1-2 with an initial 
velocity in the +X direction. It will again be assumed that the electric field 
between the plates is uniform. Then, as chosen, the electric field & is in the 
direction of the — Y axis, no other fields existing in this region. 
The motion of the particle is to be investigated, subject to the initial 

conditions 

Vz = Yoz z=0 

v=0 y=0 when t = 0 (1-16) 

vy =0 z=0 


Since there is no force in the Z direction, the acceleration in that direction is 


Fig. 1-2 Two-dimensional electronic motion 
in a uniform electric field. 
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zero. Hence the component of velocity in the Z direction remains constant. 
Since the initial velocity in this direction is assumed to be zero, the motion 
must take place entirely in one plane, the plane of the paper. 

For a similar reason, the velocity along the X axis remains constant and 
equal tov. That is, 


Uz = Voz 
from which it follows that 
XZ = Vost (1-17) 


On the other hand, a constant acceleration exists along the Y direction, and 
the motion is given by Eqs. (1-6), with the variable x replaced by y: 


y= at y= 40,l? (1-18) 
where 
a= — Sr = Xe (1-19) 


and where the potential across the plates is V = Vz. These equations indi- 
cate that in the region between the plates the electron is accelerated upward, 
the velocity component », varying from point to point, whereas the velocity 
component v, remains unchanged in the passage of the electron between the 
plates. 

The path of the particle with respect to the point O is readily determined 
by combining Eqs. (1-17) and (1-18), the variable ¢ being eliminated. This 
leads to the expression 


rr G 2) a (1-20) 


which shows that the particle moves in a parabolic path in the region between 
the plates. 


—— ee ee ee 
EXAMPLE Hundred-volt electrons are introduced at A into a uniform electric 
field of 10* V/m, as shown in Fig. 1-3. The electrons are to emerge at the 
point B in time 4.77 nsec. 

a. What is the distance AB? 

b. What angle does the electron beam make with the horizontal? 


Fig. 1-3 Parabolic path of an electron in 
© uniform electric field. 


+ 
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Solution The path of the electrons will be a parabola, as shown by the dashed 
curve in Fig. 1-3. This problem is analogous to the firing of a gun in the earth’s 
gravitational field. The bullet will travel in a parabolic path, first rising because 
of the muzzle velocity of the gun and then falling because of the downward attrac- 
tive force of the earth. The source of the charged particles is called an electron 
gun, or an ton gun, 

The initial electron velocity is found using Eq, (1-13). 

% = 5.93 X 10°-V100 = 5.93 X 10° m/sec 
Since the speed along the X direction is constant, the distance AB = zis given by 

2 = (v, cos 6)t = (5.93 X 10° cos 6)(4.77 X 10-%) = 2.83 x 10-2 cos @ 


Hence we first must find @ before we can solve for z, Since the acceleration a, in 
the ¥ direction is constant, then 


y = (ve sin Ot — Faye? 
and y = 0 at point B, or 


5 1 1/e& 
eosin 9 = ot = 2 (2) e 


m 
= 3(1.76 X 10")(10*)(4.77 X 10-%) = 4.20 X 10° m/sec 
: 4.20 X 10° 
. sin @ = - 9; = 45° 
b, sin Roos toe 0.707 or 6= 45 
and 


a, t = 2.83 X 10-* X 0.707 = 2.00 X 10-? m = 2.00 cm 
ee 


1-8 ELECTROSTATIC DEFLECTION IN A CATHODE-RAY TUBE 


The essentials of a cathode-ray tube for electrostatic deflection are illustrated 
in Fig. 1-4. The hot cathode K emits electrons which are accelerated toward 
the anode by the potential V,. Those electrons which are not collected by 
the anode pass through the tiny anode hole and strike the end of the glass 
envelope. This has been coated with a material that fluoresces when bom- 


y} Vertical-deflecting 
plates — 


Anode 


m 


Cys 10 


Ve 


Cathode, 


Fluorescent screen 


Fig. 1-4 Electrostatic deflection in a cathode-ray tube. 
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barded by electrons. Thus the positions where the electrons strike the screen 
are made visible to the eye. The displacement D of the electrons is deter- 
mined by the potential Vz (assumed constant) applied between the d_decting 
plates, as shown. The velocity v2 with which the electrons emerge from the 
anode hole is given by Eq. (1-12), viz., 


2eV a 
Yor = 4 a (1-21) 


on the assumption that the initial velocities of emission of the electrons from 
the cathode are negligible. 

Since no field is supposed to exist in the region from the anode to the 
point O, the electrons will move with a constant velocity »,. in a straight-line 
path. In the region between the plates the electrons will move in the para- 
bolic path given by y = $(a,/v,:*)x? according to Eq. (1-20). The path is a 
straight line from the point of emergence M at the edge of the plates to the 
point P’ on the screen, since this region is field-free. 

The straight-line path in the region from the deflecting plates to the sereen 
is, of course, tangent to the parabola at the point M. The slope of the line 
at this point, and so at every point between M and P’, is [from Eq. (1-20)] 

-¥%) al 
kin, ral Vox 
From the geometry of the figure, the equation of the straight line MP’ is 
found to be 
y= on CTS 5) (1-22) 
oz 
since x = 1 and y = 4a,l2/v,:? at the point M. 

When y = 0, x = 1/2, which indicates that when the straight line MP’ is 
extended backward, it will intersect the tube axis at the point 0’, the center 
point of the plates. This result means that 0’ is, in effect, a virtual cathode, 
and regardless of the applied potentials V, and Vz, the electrons appear to 
emerge from this “cathode” and move in a straight line to the point P’. 

At the point P’, y = D, andz = +4. Equation (1-22) reduces to 


= ull 
~ Vos* 


By inserting the known values of a, (= eVa/dm) and v2, this becomes 
ek LV 


(1-23) 


This result shows that the deflection on the screen of a cathode-ray tube is 
directly proportional to the deflecting voltage Vz applied between the plates. 
Consequently, a cathode-ray tube may be used as a linear-voltage indicating 
device. 

The electrostatic-deflection sensitivity of a cathode-ray tube is defined as 


. +o mee 
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the deflection (in meters) on the screen per volt of deflecting voltage. Thus 


= Dd pk (1-24) 


An inspection of Eq. (1-24) shows that the sensitivity is independent of both 
the deflecting voltage Vz and the ratio e/m. Furthermore, the sensitivity 
varies inversely with the accelerating potential V,. 

The idealization made in connection with the foregoing development, viz., 
that the electric field between the deflecting plates is uniform and does not 
extend beyond the edges of the plates, is never met in practice. Consequently, 
the effect of fringing of the electric field may be enough to necessitate correc- 
tions amounting to as much as 40 percent in the results obtained from an 
application of Eq. (1-24). Typical measured values of sensitivity are 1.0 to 
0.1 mm/V, corresponding to a voltage requirement of 10 to 100 V to give a 
deflection of 1 em. 


1-9 THE CATHODE-RAY OSCILLOSCOPE 


An electrostatic tube has two sets of deflecting plates which are at right angles 
to each other in space (as indicated in Fig. 1-5). These plates are referred to 
as the vertical-deflection and horizontal-deflection plates because the tube is ori- 
ented in space so that the potentials applied to these plates result in vertical 
and horizontal deflections, respectively. The reason for having two sets of 
plates is now discussed. 

Suppose that the sawtooth waveform of Fig. 1-6 is impressed across the 
horizontal-deflection plates. Since this voltage is used to sweep the electron 
beam across the screen, it is called a sweep voltage. The electrons are deflected 


Vertical-deflection 
plates 
Horizontal-deflection 
plates 
Electron 
i Waveform vu, 
displayed on 
screen 
¥ Horizontal 
signal 
voltage vu, sawtooth Electron beam 
voltage 


Fig. 1-5 A waveform to be displayed on the screen of a 
cathode-ray tube is applied to the vertical-deflection plates, 
and simultaneously a sawtooth voltage is applied to the hori- 
zontal-deflection plates. 


ited i i . a 


Fig. 1-6 Sweep or sawtooth voltage 
for a cathode-ray tube. 


linearly with time in the horizontal direction for a time 7. Then the beam 
returns to its starting point on the screen very quickly as the sawtooth voltage 
rapidly falls to its initial value at the end of each period. 

If a sinusoidal voltage is impressed across the vertical-deflection plates 
when, simultaneously, the sweep voltage is impressed across the horizontal- 
deflection plates, the sinusoidal voltage, which of itself would give rise to a 
vertical line, will now be spread out and will appear as a sinusoidal trace on 
the screen. The pattern will appear stationary only if the time T is equal to, 
or is some multiple of, the time for one cycle of the wave on the vertical plates. 
It is then necessary that the frequency of the sweep circuit be adjusted to 
synchronize with the frequency of the applied signal. 

Actually, of course, the voltage impressed on the vertical plates may have 
any waveform. Consequently, a system of this type provides an almost 
inertialess oscilloscope for viewing arbitrary waveshapes. This is one of the 
most common uses for cathode-ray tubes. If a nonrepeating sweep voltage is 
applied to the horizontal plates, it is possible to study transients on the screen. 
This requires a system for synchronizing the sweep with the start of the 
transient.'f 

A commercial oscilloscope has many refinements not indicated in the 
schematic diagram of Fig. 1-5. The sensitivity is greatly increased by means 
of a high-gain amplifier interposed between the input signal and the deflection 
plates. The electron gun is a complicated structure which allows for acceler- 
ating the electrons through a large potential, for varying the intensity of the 
beam, and for focusing the electrons into a tiny spot. Controls are also pro- 
vided for positioning the beam as desired on the screen. 


1-10 RELATIVISTIC VARIATION OF MASS WITH VELOCITY 


The theory of relativity postulates an equivalence of mass and energy accord- 
ing to the relationship 

W = mc? (1-25) 
where W = total energy, J 


m = mass, kg 
c = velocity of light in vacuum, m/sec 


t Superscript numerals are keyed to the References at the end of the chapter. 


” te 
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Sec. 1-10 
According to this theory, the mass of a particle will increase with its energy, 
and hence with its speed. 

Tf an electron starts at the point A with zero velocity and reaches the 
point B with a velocity v, then the increase in energy of the particle must be 


given by the expression eV, where V is the difference of potential between 
the points A and B. Hence 


eV = mc? — me? (1-26) 


where m,c? is the energy possessed at the point A. The quantity m, is known 
as the rest mass, or the electrostatic mass, of the particle, and is a constant, 
independent of the velocity. The total mass m of the particle is given by 


Mo 
Vi 7a Sm 


This result, which was originally derived by Lorentz and then by Einstein 
as a consequence of the theory of special relativity, predicts an increasing mass 
with an increasing velocity, the mass approaching an infinite value as the 
velocity of the particle approaches the velocity of light. From Eqs. (1-26) 
and (1-27), the decrease in potential energy, or equivalently, the increase in 
kinetic energy, is 


ev = mat 


m= 


1 
SS - 1 1-28 
V1 — v*/c? ) ( ) 
This expression enables one to find the velocity of an electron after it has 
fallen through any potential difference V. By defining the quantity vy as the 
velocity that would result if the relativistic variation in mass were neglected, 
ie, 


, [2eV 
wy = 4/— 


(1-29) 
then Eq. (1-28) can be solved for v, the true velocity of the particle. The 
result is 


1 Y 
:= e[1 -oge ro (1-30) 
This expression looks imposing at first glance. It should, of course, 
reduce to v = vy for small velocities. That it does so is seen by applying the 
binomial expansion to Eq. (1-30). The result becomes 


v= ov ( Se (1-81) 


From this expression it is seen that, if the speed of the particle is much less 
than the speed of light, the second and all subsequent terms in the expansion 
can be neglected, and then v = vy, as it should. This equation also serves 
as a criterion to determine whether the simple classical expression or the more 
formidable relativistic one must be used in any particular case. For example, 
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if the speed of the electron is one-tenth of the speed of light, Eq. (1-31) shows 
that an error of only three-eighths of 1 percent will result if the speed is taken 
as vy instead of v. 

For an electron, the potential difference through which the particle must 
fall in order to attain a velocity of 0.l¢ is readily found to be 2,560 V. Thus, 
if an electron falls through a potential in excess of about 3 kV, the relativistic 
corrections should be applied. If the particle under question is not an elec- 
tron, the value of the nonrelativistic velocity is first calculated. If this is 
greater than 0.1c, the calculated value of vy must be substituted in Eq. (1-30) 
and the true value of v then calculated. In cases where the speed is not too 
great, the simplified expression (1-31) may be used. 

The accelerating potential in high-voltage cathode-ray tubes is sufficiently 
high to require that relativistic corrections be made in order to calculate the 
velocity and mass of the particle. Other devices employing potentials that 
are high enough to require these corrections are x-ray tubes, the cyclotron, 
and other particle-accelerating machines. Unless specifically stated otherwise, 
nonrelativistic conditions are assumed in what follows. 


1-11 FORCE IN A MAGNETIC FIELD 


To investigate the force on a moving charge in a magnetic field, the well- 
known motor law is recalled. It has been verified by experiment that, if a 
conductor of length L, carrying a current of J, is situated in a magnetic field of 
intensity B, the force f, acting on this conductor is 


Sm = BIL (1-32) 


where fn is in newtons, B is in webers per square meter (Wb/m?),f J is in am- 
peres, and L is in meters. Equation (1-32) assumes that the directions of J 
and B are perpendicular to each other. The direction of this force is perpen- 
dicular to the plane of | and B and has the direction of advance of a right- 
handed screw which is placed at O and is rotated from | to B through 90°, as 
illustrated in Fig. 1-7. If | and B are not perpendicular to each other, only the 
component of | perpendicular to B contributes to the force. 

Some caution must be exercised with regard to the meaning of Fig. 1-7. 
If the particle under consideration is a positive ion, then | is to be taken along 
the direction of its motion. This is so because the conventional direction of 
the current is taken. in the direction of flow of positive charge. If the current 
is due to the flow of electrons, the direction of | is to be taken as opposite to 
the direction of the motion of the electrons. If, therefore, a negative charge 


_ _t One weber per square meter (also called a tesla) equals 10'G. A unit of more prac- 
tical size in most applications is the milliweber per square meter (mWb/m?), which equals 
10G. Other conversion factors are given in Appendix B. 
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Fig. 1-7 Pertaining to the determination of the direc- 
tion of the force f,, on a charged particle in a 
magnetic field, 


moving with a velocity v~ is under consideration, one must first draw | anti- 
parallel to y~ as shown and then apply the ‘direction rule.” 

If N electrons are contained in a length L of conductor (Fig. 1-8) and if 
it takes an electron a time 7’ sec to travel a distance of ZL m in the conductor, 
the total number of electrons passing through any cross section of wire in 
unit time is N/T. Thus the total charge per second passing any point, which, 
by definition, is the current in amperes, is 


1-% (1-38) 


The force in newtons on a length L m (or the force on the N conduction charges 
contained therein) is 
BNeL 
BIL = a a 
Furthermore, since L/T is the average, or drift, speed v m/sec of the electrons, 
the force per electron is 


tm = eBv (1-34) 


The subscript m indicates that the force is of magnetic origin. To sum- 
marize: The force on a negative charge e (coulombs) moving with a component 
of velocity v- (meters per second) normal to a field B (webers per square meter) 
ts given by eBu~ (newtons) and is in a direction perpendicular to the plane of B 
and v~, as noted in Fig. 1-7.+ 


1-12 CURRENT DENSITY 


Before proceeding with the discussion of possible motions of charged particles 


in a magnetic field, it is convenient to introduce the concept of current density. 


t In the cross-product notation of vector analysis, f, = eB Xv-. For a positive ion 
moving with a velocity v+, the force is f, = ev+ X B. 


N electrons 


Fig. 1-8 Pertaining to the determination of the 
magnitude of the force f,, on a charged particle 
in a magnetic fleld. 
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This concept is very useful in many later applications. By definition, the 
current density, denoted by the symbol J, is the current per unit area of the 
conducting medium. That is, assuming a uniform current distribution, 
J= i 
where J is in amperes per square meter, and A is the cross-sectional area (in 
meters) of the conductor. This becomes, by Eq. (1-33), 
Ne 


J=74 


But it has already been pointed out that T = L/v. 
Nev 
ek 7 
From Fig. 1-8 it is evident that LA is simply the volume containing the N 
electrons, and so N/LA is the electron concentration n (in electrons per cubic 
meter). Thus “ 


(1-35) 


Then 


(1-36) 


epee 1-37 
n=75 (1-87) 

and Eq. (1-36) reduces to 
J = nev = pv (1-88) 


where p = ne is the charge density, in coulombs per cubic meter, and v is in 
meters per second. 

This derivation is independent of the form of the conducting medium. 
Consequently, Fig. 1-8 does not necessarily represent a wire conductor. It 
may represent equally well a portion of a gaseous-discharge tube or a volume q 
element in the space-charge cloud of a vacuum tube or a semiconductor. | 


Furthermore, neither p nor v need be constant, but may vary from point to 
point in space or may vary with time. Numerous occasions arise later in 
the text when reference is made to Eq. (1-38). 


1-13 MOTION IN A MAGNETIC FIELD 


The path of a charge particle that is moving in a magnetic field is now investi- : 
gated. Consider an electron to be placed in the region of the magnetic 
field. If the particle is at rest, f, = 0 and the particle remains at rest. If , 
the initial velocity of the particle is along the lines of the magnetic flux, ‘ 
there is no force acting on the particle, in accordance with the rule associated 
with Eq. (1-34). Hence a particle whose initial velocity has no component a, 
normal to a uniform magnetic field will continue to move with constant speed 
along the lines of fluz. 

f 


Fig. 1-9 Circular motion of an electron in a 


* eld into transverse magnetic field. 
x paper 
x 


x 


Now consider an electron moving with a speed », to enter a constant 
uniform magnetic field normally, as shown in Fig. 1-9. Since the force fm 
is perpendicular to v and so to the motion at every instant, no work is done 
on the electron. This means that its kinetic energy is not increased, and 
so its speed remains unchanged. Further, since » and B are each constant 
in magnitude, then f, is constant in magnitude and perpendicular to the 
direction of motion of the particle. This type of force results in motion in a 
circular path with constant speed. It is analogous to the problem of a mass 
tied to a rope and twirled around with constant speed. The force (which 
is the tension in the rope) remains constant in magnitude and is always directed 
toward the center of the circle, and so is normal to the motion. 

To find the radius of the circle, it is recalled that a particle moving in 
a circular path with a constant speed v has an acceleration toward the center 
of the circle of magnitude v?/R, where R is the radius of the path in meters. 
Then 

2 
= eBv 
from which 


mv 
R=3 (1-89) 


The corresponding angular velocity in radians per second is given by 


v_ eB 
o=a=> (1-40) 
The time in seconds for one complete revolution, called the period, is 
Qe _ 2m 


p=. om (1-41) 


For an electron, this reduces to 


pyetixies (1-42) 


In these equations, e/m is in coulombs per kilogram and B in webers per square 
meter. 
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It is noticed that the radius of the path is directly proportional to the 
speed of the particle. Further, the period and the angular velocity are inde- 
pendent of speed or radius. This means, of course, that faster-moving particles 
will traverse larger circles in the same time that a slower particle moves in its 
smaller circle. This very important result is the basis of operation of numer- 
ous devices, for example, the cyclotron and magnetic-focusing apparatus. 


EXAMPLE Calculate the deflection of a cathode-ray beam caused by the earth’s 
magnetic field. Assume that the tube axis is so oriented that it is normal to the 
field, the strength of which is 0.6 G. The anode potential is 400 V; the anode- 
screen distance is 20 em (Fig. 1-10). 


Solution According to Eq. (1-13), the velocity of the electrons will be 
Voz = 5.93 X 10° 400 = 1.19 X 107 m/sec 


Since 1 Wb/m? = 10‘G, then B = 6 X 10-°Wb/m*. From Eq. (1-39) the radius 
of the circular path is 

Yor 1.19 X 107 
(e/m)B 2.76 X 10" X 6 X 10-5 


Re 


= 112m = 112cem 


Furthermore, it is evident from the geometry of Fig. 1-10 that (in centimeters) ‘ f 
112? = (112 — D)* + 208 

from which it follows that 
D* — 224D + 400 = 0 


The evaluation of D from this expression yields the value D = 1.8 cm. 
This example indicates that the earth’s magnetic field can have a large effect 
on the position of the cathode-beam spot in a low-voltage cathode-ray tube. If 


Fig. 1-10 The circular path of an elec- 
tron in a cathode-ray tube, resulting from 
the earth's transverse magnetic field 
(normal to the plane of the paper). 

This figure is not drawn to scale. 


20 / ELECTRONIC DEVICES AND CIRCUITS Sec. 1-14 


the anode voltage is higher than the value used in this example, or if the tube is 
not oriented normal to the field, the deflection will be less than that calculated. 
In any event, this calculation indicates the advisability of carefully shielding a 
cathode-ray tube from stray magnetic fields. 


1-14 MAGNETIC DEFLECTION IN A CATHODE-RAY TUBE 


The illustrative example in Sec. 1-13 immediately suggests that a cathode- 
ray tube may employ a magnetic as well as an electric field in order to accom- 
plish the deflection of the electron beam. However, since it is not feasible 
to use a field extending over the entire length of the tube, a short coil furnishing 
a transverse field in a limited region is employed, as shown in Fig. 1-11. The 
magnetic field is taken as pointing out of the paper, and the beam is deflected 
upward. It is assumed that the magnetic field intensity B is uniform in 
the restricted region shown and is zero outside of this area. Hence the 
electron moves in a straight line from the cathode to the boundary O of the 
magnetic field. In the region of the uniform magnetic field the electron 
experiences a force of magnitude eBv, where v is the speed. 

The path OM will be the arc of a circle whose center is at Q. The speed 
of the particles will remain constant and equal to 


Va 
™ 


0= %, = (1-43) 
The angle ¢ is, by definition of radian measure, equal to the length of the 
arc OM divided by R, the radius of the circle. If we assume a small angle of 
deflection, then 


U 


ond (1-44) 
where, by Eq. (1-39), 
mo 
R= 2B (1-45) 
In most practical cases, L is very much larger than J, so that little error will 
1 Magnetic field 
Q ok out of paper 
R 
°. | 


Fig. 1-11 Magnetic deflection in a 
cathode-ray tube. 
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be made in assuming that the straight line MP’, if projected backward, will 
pass through the center O’ of the region of the magnetic field. Then 


D=Ltang = Ly (1-46) 
By Eqs. (1-43) to (1-45), Eq. (1-46) now becomes 
1 _WeB_ WB fe 
D relies se aan rs amen, 
The deflection per unit magnetic field intensity, D/B, given by 


D IL e 
Boe e (1-47) 


is called the magnetic-deflection sensitivity of the tube. It is observed that 
this quantity is independent of B. This condition is analogous to the electric 
ease for which the electrostatic sensitivity is independent of the deflecting 
potential. However, in the electric case, the sensitivity varies inversely with 
the anode voltage, whereas it here varies inversely with the square root of 
the anode voltage. Another important difference is in the appearance of 
e/m in the expression for the magnetic sensitivity, whereas this ratio did not 
enter into the final expression for the electric case. Because the sensitivity 
increases with L, the deflecting coils are placed as far down the neck of the tube 
as possible, usually directly after the accelerating anode. 


Deflection in a Television Tube A modern TV tube has a screen 
diameter comparable with the length of the tube neck. Hence the angle ¢ 
is too large for the approximation tan g ~ g to be valid. Under these cir- 
cumstances it is found that the deflection is no longer proportional to B 
(Prob. 1-24). If the magnetic-deflection coil is driven by a sawtooth current 
waveform (Fig. 1-6), the deflection of the beam on the face of the tube will 
not be linear with time. For such wide-angle deflection tubes, special linearity- 
correcting networks must be added. 

A TV tube has two sets of magnetic-deflection coils mounted around 
the neck at right angles to each other, corresponding to the two sets of plates 
in the oscilloscope tube of Fig. 1-5. Sweep currents are applied to both coils, 
with the horizontal signal much higher in frequency than that of the vertical 
sweep. The result is a rectangular raster of closely spaced lines which cover 
the entire face of the tube and impart a uniform intensity to the screen. When 
the video signal is applied to the electron gun, it modulates the intensity of 
the beam and thus forms the TV picture. 


1-15 MAGNETIC FOCUSING 


As another application of the theory developed in Sec. 1-13, one method of 
Measuring e/m is discussed. Imagine that a cathode-ray tube is placed in 
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a constant longitudinal magnetic field, the axis of the tube coinciding with 
the direction of the magnetic field. A magnetic field of the type here con- 
sidered is obtained through the use of a long solenoid, the tube being placed 
within the coil. Inspection of Fig. 1-12 reveals the motion. The Y axis 
represents the axis of the cathode-ray tube. The origin 0 is the point at which 
the electrons emerge from the anode. The velocity of the origin is », the 
initial transverse velocity due to the mutual repulsion of the electrons being 
%z. It is now shown that the resulting motion is a helix, as illustrated. 

The electronic motion can most easily be analyzed by resolving the 
velocity into two components, v, and vs, along and transyerse to the magnetic 
field, respectively. Since the force is perpendicular to B, there is no accelera- 
tion in the Y direction. Hence v, is constant and equal to vy. A force eBug 
normal to the path will exist, resulting from the transverse velocity. This 
force gives rise to circular motion, the radius of the circle being mv,/eB, with 
% a constant, and equal to mz. The resultant path is a helix whose axis is 
parallel to the Y axis and displaced from it by a distance R along the Z axis, 
as illustrated. 

The pitch of the helix, defined as the distance traveled along the direction 
of the magnetic field in one revolution, is given by 


P = VyT 


where T is the period, or the time for one revolution. It follows from Eq. 
(1-41) that 


2em 
P=—p (1-48) 


If the electron beam is defocused, a smudge is seen on the screen when 
the applied magnetic field is zero. This means that the various electrons 
in the beam pass through the anode hole with different transverse velocities 
%z, and so strike the screen at different points. This accounts for the appear- 
ance of a broad, faintly illuminated area instead of a bright point on the screen. 
As the magnetic field is increased from zero the electrons will move in helices 
of different radii, since the velocity v,. that controls the radius of the path 
will be different for different electrons. However, the period, or the time to 
trace out the path, is independent of vsz, and so the period will be the same 
for all electrons. If, then, the distance from the anode to the screen is made 
equal to one pitch, all the electrons will be brought back to the Y axis (the 
point 0’ in Fig. 1-12), since they all will have made just one revolution. 
Under these conditions an image of the anode hole will be observed on the 
screen. 

As the field is increased from zero, the smudge on the screen resulting 
from the defocused beam will contract and will become a tiny sharp spot 
(the image of the anode hole) when a critical value of the field is reached. 
This critical field is that which makes the pitch of the helical path just equal 
to the anode-screen distance, as discussed above. By continuing to increase 
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Fig. 1-12 The helical path of an 
electron introduced at an angle (not 
90°) with a constant magnetic field. 


the strength of the field beyond this critical value, the pitch of the helix 
decreases, and the electrons travel through more than one complete revolution. 
The electrons then strike the screen at various points, so that a defocused 
spot is again visible. A magnetic field strength will ultimately be reached 
at which the electrons make two complete revolutions in their path from the 
anode to the screen, and once again the spot will be focused on the screen. 
This process may be continued, numerous foci being obtainable. In fact, the 
current rating of the solenoid is the factor that generally furnishes a practical 
limitation to the order of the focus. 

The foregoing considerations may be generalized in the following way: 
If the screen is perpendicular to the Y axis at a distance L from the point of 
emergence of the electron beam from the anode, then, for an anode-cathode 
potential equal to V,, the electron beam will come to a focus at the center of the 
screen provided that Z is an integral multiple of p. Under these conditions, 
Eq. (1-48) may be rearranged to read 


2= ee (1-49) 
m L*B? 

where n is an integer representing the order of the focus. It is assumed, in 
this development, that eV, = }mvo*, or that the only effect of the anode 
Potential is to accelerate the electron along the tube axis. This implies that 
the transverse velocity 2.2, which is variable and unknown, is negligible in 
comparison with »,,. This is a justifiable assumption. 

This arrangement was suggested by Busch, and has been used? to measure 
the ratio e/m for electrons very accurately. 


A Short Focusing Coil The method described above of employing a 
longitudinal magnetic field over the entire length of a commercial tube is 
Not too practical. Hence, in a commercial tube, a short coil is wound around 
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BI }» Fig. 1-13 Parallel electric and magnetic fields. 
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the neck of the tube. Because of the fringing of the magnetic lines of flux, 
a radial component of B exists in addition to the component along the tube 
axis. Hence there are now two components of force on the electron, one 
due to the axial component of velocity and the radial component of the field, 
and the second due to the radial component of the velocity and the axial 
component of the field. The analysis is complicated,* but it can be seen 
qualitatively that the motion will be a rotation about the axis of the tube and, 
if conditions are correct, the electron on leaving the region of the coil may 
be turned sufficiently so as to move in a line toward the center of the screen. 
A rough adjustment of the focus is obtained by positioning the coil properly 
along the neck of the tube. The fine adjustment of focus is made by con- 
trolling the coil current. 


1-16 PARALLEL ELECTRIC AND MAGNETIC FIELDS 


Consider the case where both electric and magnetic fields exist simultaneously, 
the fields being in the same or in opposite directions. If the initial velocity 
of the electron either is zero or is directed along the fields, the magnetic field 
exerts no force on the electron, and the resultant motion depends solely upon 
the electric field intensity 8. In other words, the electron will move in a 
direction parallel to the fields with a constant acceleration. If the fields are 
chosen as in Fig. 1-13, the complete motion is specified by 


% = Yoy— at —y = Uoyt — dal? (1-50) 


where a = e&/m is the magnitude of the acceleration. The negative sign 
results from the fact that the direction of the acceleration of an electron is 
opposite to the direction of the electric field intensity 8. 

If, initially, a component of velocity v2 perpendicular to the magnetic 
field exists, this component, together with the magnetic field, will give rise 
to circular motion, the radius of the circular path being independent of &. 
However, because of the electric field 8, the velocity along the field changes 
with time. Consequently, the resulting path is helical with a pitch that 
changes with the time. That is, the distance traveled along the Y axis per 
revolution increases with each revolution. 
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EXAMPLE Given a uniform electric field of 1.10 X 10? V/m parallel to and 
opposite in direction to a magnetic field of 7.50 X 10-* Wb/m*. An electron gun 
in the XY plane directed at an angle y = arctan $ with the direction of the 
electric field introduces electrons into the region of the fields with a velocity 
v. = 5.00 X 10° m/sec. Find: 

a. The time for an electron to reach its maximum height above the XZ 
plane 

b. The position of the electron at this time 

c. The velocity components of the electron at this time 


Solution a. As discussed above, the path is a helix of variable pitch. The 
acceleration is downward, and for the coordinate system of Fig. 1-14, 


Y =Yoyt — fal? vy = Dey — at 


The electron starts moving in the +Y direction, but since the acceleration is 
along the —Y direction, its velocity is reduced to zero at a time £=?’. The 
particle will then reverse its Y-directed motion. At maximum height v, = 0 
and U = v/a, Since vo, = v, cos g = (5 X 10°)(0.8) = 4 X 10° m/sec and 


a = tee (1.76 X 10%)(1.10 X 108) = 1.94 X 10 m/sec? 
m 


we find 

toy 4K 108 

ee en 208. 10-8 n00,= 00. 6neen 
Fi GR Se Tp StS Oe 


6. The distance traveled in the +Y direction to the position at which the 
reversal occurs is 


Y = Voyt — tal® = (4 X 10%)(2.06 x 10-*) — 4(1.94 x 10")(4.24 x 1071¢) 
= 4.13 X 10 m = 4.13 em 


It should be kept in mind that the term reversal refers only to the Y-directed 
motion, not to-the direction in which the electron traverses the circular compo- 
nent of its path. The helical rotation is determined entirely by the quantities 
Band v,:. The angular velocity remains constant and equal to 


o= ae = (1.76 X 10")(7.50 X 10-4) = 1.32 X 108 rad/sec 


Fig. 1-14 A problem illustrating helical electronic 
motion of variable pitch. 


Fig. 1-15 The projection of the path in the 
XZ plane is a circle. 


By use of either the relationship 7 = 2r/w or Eq. (1-42), there is obtained 
T serie X 10-® sec, and hence less than one revolution is made before the 
reversal, 


d The point Pp in space at which the reversal takes place is obtained by con- 
sidering the projection of the path in the XZ plane (since the Y coordinate is 


already known). The angle 6 in Fig. 1-15 through which the electron has rotated 
is 


6 = wt = 1.32 X 108 X 2.06 X 10-* = 2.71 rad = 155° 
The radius of the circle is 


Rat. X 109(0.6) 
® 1.32 X 108 


From the figure it is clear that 
X = R sin (180 — 6) = 2.27 sin 25° = 0,957 om 
Z = R + R cos (180 — 6) = 2.27 + 2.05 = 4.32 cm 


c. The velocity is tangent to the circle, and its magnitude equals v, sin 
g= 
5 X 10° X 0.6 = 3 x 10° m/sec. At @= 155°, the velocity cot hoente are 


%2 = —Vox cos (180 — 8) = —3 X 10® cos 25° = —2.71 X 10° m/sec 
»4=0 


m = 2.27 cm 


Y% = Voz sin (180 — 8) = 3 X 10* sin 25° = 1.26 X 10° m/sec 
——— 


1-17 PERPENDICULAR ELECTRIC AND MAGNETIC FIELDS 


The directions of the fields are shown in Fig. 1-16. The magnetic field is 
directed along the —Y axis, and the electric field is directed along the —X 
axis. The force on an electron due to the electric field is directed along the 
+X axis. Any force due to the magnetic field is always normal to B, and 


a 
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Fig. 1-16 Perpendicular electric and magnetic fields. 


hence lies in a plane parallel to the XZ plane. Thus there is no component 
of force along the Y direction, and the Y component of acceleration is zero. 
Hence the motion along Y is given by 


fy=0 Vy = Voy Y = Voyt (1-51) 


assuming that the electron starts at the origin. 

If the initial velocity component parallel to B is zero, the path lies entirely 
in a plane perpendicular to B. 

It is desired to investigate the path of an electron starting at rest at the 
origin. The initial magnetic force is zero, since the velocity is zero. The 
electric force is directed along the +X axis, and the electron will be acceler- 
ated in this direction. As soon as the electron is in motion, the magnetic 
force will no longer be zero. There will then be a component of this force . 
which will be proportional to the X component of velocity and will be directed 
along the +Z axis. The path will thus bend away from the +X direction 
toward the +Z direction. Clearly, the electric and magnetic forces interact 
with one another. In fact, the analysis cannot be carried along further, 
profitably, in this qualitative fashion. The arguments given above do, how- 
ever, indicate the manner in which the electron starts on its path. This path 
will now be shown to be a cycloid. 

To determine the path of the electron quantitatively, the force equations 
must be set up. The force due to the electric field & is 6 along the +X direc- 
tion. The force due to the magnetic field is found as follows: At any instant, 
the velocity is determined by the three components vz, vy, and v, along the 
three coordinate axes. Since B is in the Y direction, no force will be exerted 
on the electron due to v,. Because of vz, the force is eBu. in the +Z direc- 
tion, as can be verified by the direction rule of Sec. 1-11. Similarly, the force 
due to », is eBv, in the —X direction. Hence Newton’s law, when expressed 
in terms of the three components, yields 


fox ms = 0&— Bo,  f,= mM = eBus (1-52) 
By writing for convenience 
_ eB & 
o= and w= z (1-53) 


vs aS ‘ 4 eae 2 t —" 7 _ bat 
on f Nh ™ 
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the foregoing equations may be written in the form 
dv, dv, _ 
GH as stove (1-54) 


A straightforward procedure is involved in the solution of these equations. 
If the first equation of (1-54) is differentiated and combined with the second, 
we obtain 


Gos _ | ae 
det "a 


This linear differential equation with constant coefficients is readily solved 
for vz. Substituting this expression for v, in Eq. (1-54), this equation can be 
solved for v,. Subject to the initial conditions ». = v, = 0, we obtain 


p Age (1-55) 


v2 = usin wt % = u— ucosut (1-56) 


In order to find the coordinates x and z from these expressions, each equa- 
tion must be integrated. Thus, subject to the initial conditions 2 = z = 0, 


2 == (1 — cos ut) 2 = ut — “sin ot (1-57) 


If, for convenience, 
6=ot and Q= S (1-58) 


then 
z=Q(1—cos@) z= Q(@-—siné) (1-59) 
where u and w are as defined in Eqs. (1-53). 


Cycloidal Path Equations (1-59) are the parametric equations of a com- 
mon cycloid, defined as the path generated by a point on the circumference of a circle 
of radius Q which rolls along a straight line, the Z axis. This is illustrated 
in Fig. 1-17. The point P, whose coordinates are x and z (y = 0), represents 
the position of the electron at any time. The dark curve is the locus of the 
point P. The reference line CC’ is drawn through the center of the generating 
circle parallel to the X axis. Since the circle rolls on the Z axis, then OC’ 
represents the length of the cireumference that has already come in contact 
with the Z axis. This length is evidently equal to the are PC’ (and equals Qé). 
The angle @ gives the number of radians through which the circle has rotated. 
From the diagram, it readily follows that 


z=Q-—Qceos® 2=Q0—Qsine (1-60) 


which are identical with Eqs. (1-59), thus proving that the path is cycloidal 
as predicted. 


a. .) i. x 
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Fig. 1-17. The cycloidal path of an electron in perpen- 
dicular electric and magnetic fields when the initial 
velocity is zero. 


The physical interpretation of the symbols introduced above merely 
as abbreviations is as follows: 


w represents the angular velocity of rotation of the rolling circle. 

6 represents the number of radians through which the circle has rotated. 

Q represents the radius of the rolling circle. 

Since u = wQ, then u represents the velocity of translation of the center of 
the rolling circle. 


From these interpretations and from Fig. 1-17 it is clear that the maximum 
displacement of the electron along the X axis is equal to the diameter of the 
rolling circle, or 2Q. Also, the distance along the Z axis between cusps is 
equal to the circumference of the rolling circle, or 2rQ. At each cusp the 
speed of the electron is zero, since at this point the velocity is reversing its 
direction (Fig. 1-17). This is also seen from the fact that each cusp is along 
the Z axis, and hence at the same potential. Therefore the electron has gained 
no energy from the electric field, and its speed must again be zero. 

Tf an initial velocity exists that is directed parallel to the magnetic field, 
the projection of the path on the XZ plane will still be a cycloid but the 
particle will now have a constant velocity normal to the plane. This path 
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might be called a “‘cycloidal helical motion.” The path is described by Eqs. 
(1-59), with the addition of Eqs. (1-51). 


Straight Line Path Asa special case of importance, consider that the elec- 
tron is released perpendicular to both the electric and magnetic fields so that 
Yor = Voy = 0 and vo, ~ 0. The electric force is e6 along the +X direction 
(Fig. 1-16), and the magnetic force is eBv., along the —X direction. If the 
net force on the electron is zero, it will continue to move along the Z axis with 
the constant speed v2. This conditions is realized when 

e& = eBros 
or 


me $ ae (1-61) 


from Eqs. (1-53). 

This discussion gives another interpretation to u. It represents that 
velocity with which an electron may be injected into perpendicular electric 
and magnetic fields and suffer no deflection, the net force being zero. Note 
that this velocity u is independent of the charge or mass of the ions. Sucha 
system of perpendicular fields will act as a velocity filter and allow only those 
particles whose velocity is given by the ratio &/B to be selected. 


EXAMPLE A magnetic field of 0.01 Wb/m? is applied along the axis of a cathode- 
ray tube. A field of 10* V/m is applied to the deflecting plates. If an electron 
leaves the anode with a velocity of 10° m/sec along the axis, how far from the 
axis will it be when it emerges from the region between the plates? The length] 
of the deflecting plates along the tube axis is 2.0 cm. 


Solution Choose the system of coordinate axes illustrated in Fig. 1-16. Then 
Yor = Vox = 0 Voy = 10° m/sec 


As shown above, the projection of the path is a cycloid in the XZ plane, and the 
electron travels with constant velocity along the Y axis. The electron is in the 
region between the plates for the time 


1 _2x107 
Voy: 10° 


Then, from Eqs. (1-53) and (1-58), it is found that 


= 2X 10° sec 


w= = 1.76 X 10" X 10-* = 1.76 X 10° rad/sec 


& 10¢ 
= — = — = 108 
u Waaos 0® m/sec 


u 108 
Om 1 ime x10 


6 = wt = (1.76 X 10°)(2 X 10-8) = 35.2 rad 


= 5.68 X 10-4 m = 0.0568 cm 
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Since there are 24 rad/revolution, the electron goes through five complete cycles 
and enters upon the sixth before it emerges from the plate. Thus 


35.2 rad = 107 + 3.8 rad 
Since 3.8 rad equals 218°, then Eqs. (1-59) yield 
2 = Q(1 — cos 6) = 0.0568(1 — cos 218°) = 0.103 cm 
2 = Q(6 — sin 6) = 0.0568(35.2 — sin 218°) = 2.03 cm 
so that the distance from the tube axis is 


r= V2t+2 = 2.03 cm 


EE 


Trochoidal Paths If the initial-velocity component in the direction per- 
pendicular to the magnetic field is not zero, it can be shown‘ that the path is a 
trochoid.’ This curve is the locus of a point on a “spoke” of a wheel rolling 
on a straight line, as illustrated in Fig. 1-18. If the length Q' of the spoke is 
greater than the radius Q of the rolling circle, the trochoid is called a prolate 
cycloid® and has subsidiary loops (Fig. 1-192). If Q' = Q, the path is called a 
common cycloid, illustrated in Fig. 1-17 or 1-19b. If Q’ is less than a the path 
is called a curtate cycloid,’ and has blunted cusps, as indicated in Fig. 1-19. 


1-18 THE CYCLOTRON 


The principles of Sec. 1-13 were first employed by Lawrence and Livingston 
to develop an apparatus called a magnetic resonator, or cyclptron.® This device 
imparts very high energies (tens of millions of electron volts) to positive ions. 
These high-energy positive ions are then allowed to bombard some substances, 
which become radioactive and generally disintegrate. Because of this, the 
cyclotron has popularly become known as an atom smasher. 

The basic principles upon which the cyclotron operates are best under- 
stood with the aid of Fig. 1-20. The essential elements are the ‘‘dees,” the 


Fig. 1-18 The locus of the point P at the 
end of a ‘'spoke’’ of a wheel rolling on a 
straight line is a trochoid. 


Fig. 1-19 The trochoidal paths of electrons in 
Perpendicular electric and magnetic flelds. 


two halves of a shallow, hollow, metallic “pillbox” which has been split along 
a diameter as shown; a strong magnetic field which is parallel to the axis of 
the dees; and a high-frequency ac potential applied to the dees. 

A moving positive ion released near the center of the dees will be acceler- 
ated in a semicircle by the action of the magnetic field and will reappear at 
point 1 at the edge of dee I. Assume that dee IT is negative at this instant 
with respect to dee I. Then the ion will be accelerated from point 1 to point 2 
across the gap, and will gain an amount of energy corresponding to the poten- 
tial difference between these two points. Once the ion passes inside the metal 
dee IT, the electric field is zero, and the magnetic field causes it to move in the 
semicircle from point 2 to point 3. If the frequency of the applied ac poten- 
tial is such that the potential has reversed in the time necessary for the ion to 


Fig. 1-20 The cyclotron principle. 
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int 2 to point 3, then dee I is now negative with Tespect to dee Il, 
es Hee will be accelerated across the gap from point 3 to point 4. With 
the frequency of the accelerating voltage properly adjusted to this ‘resonance’ 
value, the ion continues to receive pulses of energy corresponding to this 
difference of potential again and again. ' i : 

Thus, after each half revolution, the ion gains energy from the electric 
field, resulting, of course, in an increased velocity. The radius of each semi- 
circle is then larger than the preceding one, in accordance with Eq. (1-39), 
so that the path described by the whirling ion will approximate a planar spiral. 


PLE Suppose that the oscillator that supplies the power to the dees of a 
tal hate Tora 50,000 eV to heavy hydrogen atoms (deuterons), each 
of atomic number 1 and atomic weight 2.0147, at each passage of the ions across 
the accelerating gap. Calculate the magnetic field intensity, the frequency of 
the oscillator, and the time it will take for an ion introduced at the center of the 
chamber to emerge at the rim of the dee with an energy of 5 million electron volts 
(5 MeV). Assume that the radius of the last semicircle is 15 in. 


Solution The mass of the deuteron is 
m = 2.01 X 1.66 X 10-*" = 3.34 X 10-7 kg 
The velocity of the 5-MeV ions is given by the energy equation 


$mv* = (5 X 10*)(1.60 X 10-) = 8.00 x 10-7 J 


or 
p ¢ X 8.00 x 10-* 


‘y = 2.20 X 10? m/sec 
3.34 X 10-7 
‘The magnetic field, given by Eq. (1-39), 
mo (3.34 X 10-7)(2.20 x 10”) 
B= th ~ (60 X 10(15 x 2.54 x 0.01) 


i bring ions to the edge of the dees. 
> via Henao the berries must be ne to the reciprocal of the time of 
revolution of the ion. This is, from Eq. (1-41), 
eB 1.60 X 10- X 1.20 
Qnm OX 3.34 X 10-7 


= 9.15 X 10° Hzt = 9.15 MHz 


Since the ions receive 5 MeV energy from the oscillator in 50-keV steps, they 
must pass across the accelerating gap 100 times. That: is, the ion must make 
50 complete revolutions in order to gain the full energy. Thus, from Eq. (1-41), 
the time of flight is 

50 X1 
9.15 X 10° 


+ Hz = hertz = cycles per second. MHz = megahertz (Appendix B). 


= 1,20 Wb/m? 


1 
Sonim 


t= 50T = = 5.47 X 10-6 sec = 5.47 psec 
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In order to produce a uniform magnetic field of 1.2 Wb/m? over a circular 
area whose radius is at least 15 in., with an air gap approximately 6 in. wide, an 
enormous magnet is required, the weight of such a magnet being of the order of 
60 tons. Also, the design of a 50-kV oscillator for these high frequencies and 
the method of coupling it to the dees present some difficulties, since the dees are 
in a yacuum-tight chamber. Further, means must be provided for introducing 
the ions into the region at the center of the dees and also for removing the high- 
energy particles from the chamber, if desired, or for directing them against a 
target. 


The bombardment of the elements with the high-energy protons, deu- 
terons, or helium nuclei which are normally used in the cyclotrons renders 
the bombarded elements radioactive. These radioactive elements are of the 
utmost importance to physicists, since they permit a glimpse into the consti- 
tution of nuelei. They are likewise of extreme importance in medical research, 
since they offer a substitute for radium. Radioactive substances can be fol- 
lowed through any physical or chemical changes by observing their emitted 
radiations. This “tracer,” or “tagged-atom,” technique is used in industry, 
medicine, physiology, and biology. 


F-M Cyclotron and Synchrotron It is shown in Sec. 1-10 that if an elec- 
tron falls through a potential of more than 3 kV, a relativistic mass correction 
must be made, indicating that its mass increases with its energy. Thus, if 
electrons were used in a cyclotron, their angular velocity would decrease as 
their energy increased, and they would soon fall out of step with the high-fre- 
quency field. Tor this reason electrons are not introduced into the cyclotron. 

For positive ions whose mass is several thousand times that of the elec- 
tron, the relativistic correction becomes appreciable when energies of a few 
tens of millions of electron volts are reached. For greater energies than these, 
the ions will start to make their trip through the dees at a slower rate and slip 
behind in phase with respect to the electric field. This difficulty is overcome 
in the synchrocyclotron, or f-m cyclotron, by decreasing the frequency of the 
oscillator (frequency modulation) in accordance with the decrease in the angu- 
lar velocity of the ion. With such an f-m cyclotron, deuterons, a particles, 
and protons have been accelerated to several hundred million electron volts.’ 

It is possible to give particles energies in excess of those for which the 
relativistic correction is important even if the oscillator frequency is fixed, 
provided that the magnetic field is slowly increased in step with the increase 
in the mass of the ions so as to maintain a constant angular velocity. Such 
an instrument is called a synchrotron. The particles are injected from a gun, 
which gives them a velocity approaching that of light. Since the radius of 
the orbit is given by R = mv/Be and since the ratio m/B is kept constant and 
v changes very little, there is not much of an increase in the orbit as the energy 
of the electron increases. The vacuum chamber is built in the form of a 
doughnut instead of the cyclotron pillbox. The magnet has the form of a 
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hollow cylinder, since there is need for a magnetic field only transverse to the 
path. This results in a great saving in weight and expense. The dees of the 
cyclotron are replaced by a single-cavity resonator. Electrons and protons 
have been accelerated to the order of a billion electron volts (Bev) in synchro- 
trons.* The larger the number of revolutions the particles make, the higher 
will be their energy. The defocusing of the beam limits the number of allow- 
able cycles. With the discovery of alternating-gradient magnetic field focusing,® 
higher-energy-particle accelerators (70 BeV) have been constructed.!° 
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2 ENERGY LEVELS AND 
ENERGY BANDS 


In this chapter we begin with a review of the basic atomic properties 
of matter leading to discrete electronic energy levels in atoms. We 
also examine some selected topics in quantum physics, such as the 
wave properties of matter, the Schrédinger wave equation, and the 
Pauli exclusion principle. We find that atomic energy levels are 
spread into energy bands in a crystal. This band structure allows us 
to distinguish between an insulator, a semiconductor, and a metal. 


2-1 THE NATURE OF THE ATOM 


In order to explain many phenomena associated with conduction in 
gases, metals, and semiconductors and the emission of electrons from 
the surface of a metal, it is necessary to assume that the atom has 
loosely bound electrons which can be torn away from it. 

Rutherford,! in 1911, found that the atom consists of a nucleus of 
positive charge that contains nearly all the mass of the atom. Sur- 
rounding this central positive core are negatively charged electrons. 
As a specific illustration of this atomic model, consider the hydrogen 
atom. This atom consists of a positively charged nucleus (a proton) 
and a single electron. The charge on the proton is positive and is 
equal in magnitude to the charge on the electron. Therefore the atom 
as a whole is electrically neutral. Because the proton carries practi- 
cally all the mass of the atom, it will remain substantially immobile, 
whereas the electron will move about it in a closed orbit. The force 
of attraction between the electron and the proton follows Coulomb’s 
law. It can be shown from classical mechanics that the resultant 
closed path will be a circle or an ellipse under the action of such a 
force. This motion is exactly analogous to that of the planets about 
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the sun, because in both cases the force varies inversely as the square of the 
distance between the particles. 

Assume, therefore, that the orbit of the electron in this planetary model 
of the atom is a circle, the nucleus being supposed fixed in space. It is a 
simple matter to calculate its radius in terms of the total energy W of the 
electron. The force of attraction between the nucleus and the electron is 
¢2/4meor?, where the electronic charge ¢ is in coulombs, the separation r between 
the two particles is in meters, the force is in newtons, and «, is the permittivity 
of free space.t By Newton’s second law of motion, this must be set equal 
to the product of the electronic mass m in kilograms and the acceleration v*/r 
toward the nucleus, where v is the speed of the electron in its circular path, 
in meters per second. Then 

e mv? 
Amesr* oe (21) 

Furthermore, the potential energy of the electron at a distance r from the 
nucleus is —e*/4mer, and its kinetic energy is ymv*. Then, according to 
the conservation of energy, 


= so 
W = 4m Tea (2-2) 
where the energy is in joules. Combining this expression with (2-1) produces 
e 
W=- Srey (2-8) 


which gives the desired relationship between the radius and the energy of the 
electron. This equation shows that the total energy of the electron is always 
negative. The negative sign arises because the potential energy has been 
chosen to be zero when + is infinite. This expression also shows that the 
energy of the electron becomes smaller (i.e., more negative) as it approaches 
closer to the nucleus. 

The foregoing discussion of the planetary atom has been considered only 
from the point of view of classical mechanics, using the classical model for the 
electron. However, an accelerated charge must radiate energy, in accordance 
with the classical laws of electromagnetism. If the charge is performing oscil- 
lations of a frequency f, the radiated energy will also be of this frequency. 
Hence, classically, it must be concluded that the frequency of the emitted 
radiation equals the frequency with which the electron is rotating in its 
circular orbit. 

There is one feature of this picture that cannot be reconciled with experi- 
ment. If the electron is radiating energy, its total energy must decrease by 
the amount of this emitted energy. As a result the radius r of the orbit must 
decrease, in accordance with Eq. (2-3). Consequently, as the atom radiates 
energy, the electron must move in smaller and smaller orbits, eventually fall- 


t The numerical value of e, is in Appendix B. 
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ing into the nucleus. Since the frequency of oscillation depends upon the size 
of the circular orbit, the energy radiated would be of a gradually changing fre- 
quency. Such a conclusion, however, is incompatible with the sharply defined 
frequencies of spectral lines. 


The Bohr Atom The difficulty mentioned above was resolved by Bohr in 
1913.2. He postulated the following three fundamental laws: 


1. Not all energies as given by classical mechanics are possible, but the 
atom can possess only certain discrete energies. While in states correspond- 
ing to these discrete energies, the electron does not emit radiation, and the 
electron is said to be in a stationary, or nonradiating, state. 

2. In a transition from one stationary state corresponding to a definite 
energy W> to another stationary state, with an associated energy Wx, radi- 
ation will be emitted. The frequency of this radiant energy is given by 


| ee Se (2-4) 


where h is Planck’s constant in joule-seconds, the W’s are expressed in joules, 
and f is in cycles per second, or hertz. 

3. A stationary state is determined by the condition that the angular 
momentum of the electron in this state is quantized and must be an integral 
multiple of h/27. Thus 


nh 
mor = th (2-5) 


where 7 is an integer. 


Combining Eqs. (2-1) and (2-5), we obtain the radii of the stationary 
states (Prob. 2-1), and from Eq. (2-3) the energy level in joules of each state 
is found to be 

me* 1 
We — aiiat ee] 
Then, upon making use of Eq. (2-4), the exact frequencies found in the hydro- 
gen spectrum are obtained, a remarkable achievement. The radius of the 
lowest state is found to be 0.5 A. 


2-2 ATOMIC ENERGY LEVELS 


Though it is theoretically possible to calculate the various energy states of the 
atoms of the simpler elements, these levels must be determined indirectly from 
spectroscopic and other data for the more complicated atoms. The experi- 
mentally determined energy-level diagram for mercury is shown in Fig. 2-1. 
The numbers to the left of the horizontal lines give the energy of these 
levels in electron volts. The arrows represent some of the transitions that 
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Tonization level of mercury 


Fig. 2-1 The lower energy 
levels of atomic mercury. 


eV 


-=---2270---— 


‘Normal state of neutral mercury 


have been found to exist in actual spectra, the attached numbers giving the 
wavelength of the emitted radiation, expressed in angstrom units (10- m). 
The light emitted in these transitions gives rise to the luminous character of 
the gaseous discharge. However, all the emitted radiation need not appear 
in the form of visible light, but may exist in the ultraviolet or infrared regions. 


The meaning of the broken lines is explained in Sec. 2-7. 


It is customary to express the energy value of the stationary states in 
electron volts E rather than in joules W. Also, it is more common to specify 
the emitted radiation by its wavelength \ in angstroms rather than by its 
frequency f in hertz. In these units, Eq. (2-4) may be rewritten in the form 


x = 12,400 
E, — Ey 


(2-7) 


Since only differences of energy enter into this expression, the zero state 
May be chosen at will. It is convenient and customary to choose the lowest 
energy state as the zero level. This was done in Fig. 2-1. The lowest energy 
State is called the normal level, and the other stationary states of the atom 
are called excited, radiating, critical, or resonance levels. 

The most intense line in the mercury spectrum is that resulting from the 
transition from the 4.88-eV level to the zero state. The emitted radiation, 
as calculated from Eq. (2-7), is 12,400/4.88 = 2,537 A, as indicated in the 
diagram. It is primarily this line that is responsible for the ultraviolet burns 
which arise from mercury discharges. 
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2-3 THE PHOTON NATURE OF LIGHT 


The mean life of an excited state ranges from 10-7 to 10-" sec, the excited 
electron returning to its previous state after the lapse of this time.* In this 
transition, the atom must lose an amount of energy equal to the difference in 
energy between the two states that it has successively occupied, this energy 
appearing in the form of radiation. According to the postulates of Bohr, this 
energy is emitted in the form of a photon of light, the frequency of this radi- 
ation being given by Eq. (2-4). The term photon denotes an amount of radiant 
energy equal to the constant h times the frequency. This quantized nature of 
an electromagnetic wave was first introduced by Planck,? in 1901, in order to 
verify theoretically the blackbody radiation formula obtained experimentally. 

The photon concept of radiation may be difficult to comprehend at first. 
Classically, it was believed that the atoms were systems that emitted radi- 
ation continuously in all directions. According to the foregoing theory, how- 
ever, this is not true, the emission of light by an atom being a discontinuous 
process. That is, the atom radiates only when it makes a transition from one 
energy level to a lower energy state. In this transition, it emits a definite 
amount of energy of one particular frequency, namely, one photon hf of light. 
Of course, when a luminous discharge is observed, this discontinuous nature of 
radiation is not suspected because of the enormous number of atoms that are 
radiating energy and, correspondingly, because of the immense number of 
photons that are emitted in unit time. 


EXAMPLE Given a 50-W mercury-vapor lamp. Assume that 0.1 percent of the 
electric energy supplied to the lamp appears in the ultraviolet line, 2,537 AL Cal- 
culate the number of photons per second of this wavelength emitted by the lamp. 
Solution The energy per photon is, according to Eq. (2-7), 
12,400 
E=—— =4; hoto: 
2,537 88 eV/photon 
The total power being transformed to the 2,537-A line is 0.05 W, or 0.05 J/sec. 
Since 1 eV = 1.60 X 10-° J, the power radiated is 
0.05 J/sec 
1.60 X 107° J/eV 
Hence the number of photons per second is 
3.12 X 10"7 eV/sec 
4.88 eV/photon 


This is an extremely large number. 


= 3.12 X 10" eV/sec 


= 6.40 X 10!* photons/sec 


2-4 IONIZATION 


As the most loosely bound electron of an atom is given more and more energy, 
it moves into stationary states which are farther and farther away from the 
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nucleus. When its energy is large enough to move it completely out of the field 
of influence of the ion, it becomes “detached” from it. The energy required 
for this process to occur is called the tonization potential and is represented as 
the highest state in the energy-level diagram. From an inspection of Fig. 2-1, 
this is seen to be 10.39 eV for mercury. The alkali metals have the lowest 
ionization potentials, whereas the inert gases have the highest values, the 
ionizing potentials ranging from approximately 4 to 25 eV. 


2-5 COLLISIONS OF ELECTRONS WITH ATOMS 


The foregoing discussion has shown that, in order to excite or ionize an atom, 
energy must be supplied to it. This energy may be supplied to the atom in 
various ways, one of the most important of which is electron impact. Other 
methods of ionization or excitation of atoms are considered below. 

Suppose that an electron is accelerated by the potential applied to a dis- 
charge tube. When this electron collides with an atom, one of several effects 
may occur. A slowly moving electron suffers an “elastic” collision, i.e., one 
that entails an energy loss only as required by the laws of conservation of 
energy and momentum. The direction of travel of the electron will be altered 
by the collision although its energy remains substantially unchanged. This 
follows from the fact that the mass of the gas molecule is large compared with 
that of the electron. 

If the electron possesses sufficient energy, the amount depending upon the 
particular gas present, it may transfer enough of its energy to the atom to 
elevate it to one of the higher quantum states. The amount of energy neces- 
sary for this process is the excitation, or radiation, potential of the atom. If 
the impinging electron possesses a higher energy, say, an amount at least: equal 
to the ionization potential of the gas, it may deliver this energy to an electron 
of the atom and completely remove it from the parent atom. Three charged 
particles result from such an ionizing collision: two electrons and a positive ion. 

It must not be presumed that the incident electron must possess an energy 
corresponding exactly to the energy of a stationary state in an atom in order to 
raise the atom into this level. If the bombarding electron has gained more 
than the requisite energy from the electric field to raise an atom into a par- 
ticular energy state, the amount of energy in excess of that required for exci- 
tation will be retained by the incident electron as kinetic energy after the 
Collision. Or if the process of ionization has taken place, the excess energy 
divides between the two electrons. 


2-6 COLLISIONS OF PHOTONS WITH ATOMS 


Another important method by which an atom may be elevated into an excited 

energy state is to have radiation fall on the gas. An atom may absorb a 

Photon of frequency f and thereby move from the level of energy W: to the 
er energy level W2, where W2 = Wi + hf. 
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An extremely important feature of excitation by photon capture is that 
the photon will not be absorbed unless its energy corresponds exactly to the energy 
difference between two stationary levels of the atom with which it collides. Con- 
sider, for example, the following experiment: The 2,537-A mercury radiation 
falls on sodium vapor in the normal state. What is the result of this irradi- 
ation? The impinging photons have an energy of 12,400/2,537 = 4.88 eV, 
whereas the first excitation potential of sodium is only 2.09 eV. It is con- 
ceivable that the sodium atom might be excited and that the excess energy 
4.88 — 2.09 = 2.79 eV would appear as another photon of wavelength 
12,400/2.79 = 4,440 A. Actually, however, the 2,537-A line is transmitted 
without absorption through the sodium vapor, neither of the two lines appear- 
ing. We conclude, therefore, that the probability of excitation of a gas by 
photon absorption is negligible unless the energy of the photon corresponds 
exactly to the energy difference between two stationary states of the atoms 
of the gas. 

When a photon is absorbed by an atom, the excited atom may return to 
its normal state in one jump, or it may do so in several steps. If the atom 
falls into one or more excitation levels before finally reaching the normal state, 
it will emit several photons. These will correspond to energy differences 
between the successive excited levels into which the atom falls. None of the 
emitted photons will have the frequency of the absorbed radiation! This 
fluorescence cannot be explained by classical theory, but is readily understood 
once Bohr’s postulates are accepted. 

If the frequency of the impinging photon is sufficiently high, it may have 
enough energy to ionize the gas. The photon vanishes with the appearance 
of an electron and a positive ion. Unlike the case of photoexcitation, the 
photon need not possess an energy corresponding exactly to the ionizing energy 
of the atom. It need merely possess at least this much energy. If it possesses 
more than ionizing energy, the excess will appear as the kinetic energy of the 
emitted electron and positive ion. It is found by experiment, however, that 
the maximum probability of photoionization occurs when the energy of the 
photon is equal to the ionization potential, the probability decreasing rapidly 
for higher photon energies. 


2-7 METASTABLE STATES 


Stationary states may exist which can be excited by electron bombardment 
but not by photoexcitation. Such levels are called metastable states. A tran- 
sition from a metastable level to the normal state with the emission of radiation 
has a very low probability of taking place. The 4.66- and 5.46-eV levels in 
Fig. 2-1 are metastable states. The forbidden transitions are indicated by 
dashed arrows on the energy-level diagram. Transitions from a higher level to 
a metastable state are permitted, and several of these are shown in Fig. 2-1. 
The mean life of a metastable state is found to be very much longer than 


Sec. 2-8 ENERGY LEVELS AND ENERGY BANDS / 43 
the mean life of a radiating level. Representative times are 10-* to 10-4 sec 
for metastable states and 10-7 to 10~!° see for radiating levels, _The long 
lifetime of the metastable states arises from the fact that a transition to the 
normal state with the emission of a photon is forbidden. How then can the 
energy of a metastable state be expended so that the atom may return to its 
normal state? One method is for the metastable atom to collide with another 
molecule and give up its energy to the other molecule as kinetic energy of 
translation, or potential energy of excitation. Another method is that by 
which the electron in the metastable state receives additional energy by any 
of the processes enumerated in the preceding sections. The metastable atom 
may thereby be elevated to a higher energy state from which a transition to 
the normal level can take place, or else it may be ionized. If the metastable 
atom diffuses to the walls of the discharge tube or to any of the electrodes 
therein, either it may expend its energy in the form of heat or the metastable 
atoms might induce secondary emission. 


2-8 THE WAVE PROPERTIES OF MATTER 


In Sec. 2-6 we find that an atom may absorb a photon of frequency f and 
move from the energy level W, to the higher energy level Ws, where 


W.= Withf 


Since a photon is absorbed by only one atom, the photon acts as if it were 
concentrated in one point in space, in contradiction to the concept of a wave 
associated with radiation. In Chap. 19, where we discuss the photoelectric 
effect, it is again necessary to assign to a photon the property of a particle in 
order to explain the results of experiments involving the interaction of radi- 
ation and matter. 

According to a hypothesis of De Broglie,* in 1924, the dual character of 
wave and particle is not limited to radiation alone, but is also exhibited by 
particles such as electrons, atoms, molecules, or macroscopic masses. He 
calculated that a particle of mass m traveling with a velocity v has a wave- 
length d associated with it given by 


Rd (2-8) 
mp 

where 7 is the momentum of the particle. The existence of such matter waves 
was demonstrated experimentally by Davisson and Germer in 1927 and Thom- 
Son in 1928. We can make use of the wave properties of a moving electron to 
establish Bohr’s postulate that a stationary state is determined by the con- 
dition that the angular momentum must be an integral multiple of h/2x. It 
Seems reasonable to assume that an orbit of radius r will correspond to a sta- 
tionary state if it contains a standing-wave pattern. In other words, a stable 
orbit is one whose circumference is exactly equal to the electronic wavelength A, 
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or to nd, where n is an integer (but not zero). Thus 


ea Opi (2-9) 
mo 


Clearly, Eq. (2-9) is identical with the Bohr condition [Eq. (2-5)]. 


Wave Mechanics Schrédinger carried the implication of the wave 
nature of the electron further and developed a branch of physics called wave 
mechanics, or quantum mechanics. He argued that, if De Broglie’s concept is 
correct, it should be possible to deduce the properties of an electron system 
from a mathematical relationship such as the wave equation of electromagnetic 
theory, optics, mechanical vibrations, ete. Such a wave equation is 


v4 —-— 2 =0 (2-10) 


he a a 
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and » is the velocity of the wave, and ¢ is time. The physical meaning of ¢ 
depends upon the problem under consideration. It may be one component 
of electric field, the mechanical displacement, the pressure, etc., depending 
upon the physical problem. We can eliminate the time variable by assuming 

a solution of the form 

$(2, y, 2, t) = H(z, y, z)e** (2-11) 


where w = 2nf is the angular frequency. Then Eq. (2-10) becomes 


vy + = v=0 (2-12) 
where \ = v/f = the wavelength. From De Broglie’s relationship [Eq. (2-8)], 
Bi BeOS 2-13 
acho yr -U) (2-18) 


where use has been made of the fact that the kinetic energy p?/2m is the 
difference between the total energy W and the potential energy U. Substi- 
tuting Eq. (2-13) in (2-12) gives the time-independent Schrédinger equation 


vy + 5" (W — UW =0 (2-14) 


The y in Eq. (2-14) is called the wave function, and it must describe the 
behavior of the particle. But what is the physical meaning of ¥? It is found 
that the proper interpretation of y is that it is a quantity whose square gives 
the probability of finding the electron. In other words, |y|? dz dy dz is pro- 
portional to the probability that the electron is in the volume dz dy dz at the 
point P(x, y,z) in space. The wave function y must be normalized, that is, 
SSSlwl? dx dy dz over all space equals unity, indicating that the probability of 
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finding the electron somewhere must be unity. Quantum mechanics makes 
no attempt to locate a particle at a precise point P in space, but rather the 
Schrédinger equation determines only the probability that the electron is to 
be found in the neighborhood of P. 

The potential energy U(z, y, z) specifies the physical problem at hand. 
For the electron in the hydrogen atom, U = —e*/4megr, whereas for a crystal, 
it is a complicated periodic function of space. The solution of Schrédinger’s 
equation, subject to the proper boundary conditions, yields the allowed total 
energies W,, (called characteristic values, or eigenvalues) of the particle and the 
corresponding wave functions y, (called eigenfunctions). Except for the very 
simplest potential functions (as in Sec. 3-6), there is considerable mathemati- 
eal complexity in solving for y. Hence we shall not obtain the solution of the 
Schrédinger equation for the hydrogen atom, but shall state the important 
result that such a solution leads to precisely the energy levels given in Eq. 
(2-3) which were obtained from the simpler Bohr picture of the atom. 


2-9 ELECTRONIC STRUCTURE OF THE ELEMENTS 


The solution of the Schrédinger equation for hydrogen or any multielectron 
atom need not have radial symmetry. The wave functions may be a function 
of the azimuthal and polar angles as well as of the radial distance. It turns 
out that, in the general case, four quantum numbers are required to define 
the wave function. The total energy, the orbital angular momentum, the 
component of this angular momentum along a fixed axis in space, and the 
electron spin are quantized. The four quantum numbers are identified as 
follows: 


1. The principal quantum number n is an integer 1, 2, 3, . . . and deter- 
mines the total energy associated with a particular state. This number may 
be considered to define the size of the classical elliptical orbit, and it corre- 
sponds to the quantum number z of the Bohr atom. 

2. The orbital angular momentum quantum number | takes on the values 
0, 1, 2,..., (2-1). This number indicates the shape of the classical 
orbit. The magnitude of this angular momentum is +/(J)(! + 1) (h/2r). 

3. The orbital magnetic number m may have the values 0, +1, +2, ... , 
+l. This number gives the orientation of the classical orbit with respect to 
an applied magnetic field. The magnitude of the component of angular 
momentum along the direction of the magnetic field is m:(h/2r). F 

4. Electron spin. In order to explain certain spectroscopic and magnetic 
phenomena, Uhlenbeck and Goudsmit, in 1925, found it necessary to assume 
that, in addition to traversing its orbit around the nucleus, the electron must 
also rotate about its own axis. This intrinsic electronic angular momentum 
is called electron spin. When an electron system is subjected to a magnetic 
field, the spin axis will orient itself either parallel or antiparallel to the direc- 
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tion of the field. The spin is thus quantized to one of two possible values, 
The electronic angular momentum is given by m,(h/2m), where the spin quan- 
tum number m, may assume only two values, +} or —4. 


The Exclusion Principle Theperiodic table of the chemical elements (given 
in Appendix C) may be explained by invoking a law enunciated by Pauli in 
1925. He stated that no two electrons in an electronic system can have the same 
set of four quantum numbers, n, l, m, and m, This statement that no two 
electrons may occupy the same quantum state is known as the Pauli exclusion 
principle. 


Electronic Shells All the electrons in an atom which have the same value 
of n are said to belong to the same electron shell. These shells are identified 
by the letters K, L, M, N,..., corresponding to n = 1, 2, 3,4,..., 
respectively. A shell is divided into subshells corresponding to different values 
of J and identified as s, p, d, f,..., corresponding to! = 0, 1,2,3,..., 
respectively. Taking account of the exclusion principle, the distribution of 
electrons in an atom among the shells and subshells is indicated in Table 2-1. 
Actually, seven shells are required to account for all the chemical elements, 
but only the first four are indicated in the table. 

There are two states for n = 1 corresponding to 1 = 0, m = 0, and 
m, = +}. These are called the 1s states. There are two states correspond- 
ing ton = 2,1=0, m=0, and m, = +4. These constitute the 2s sub- 
shell. There are, in addition, six energy levels corresponding to n = 2,1 = 1, 
m = —1,0, or +1, and m, = +4. These are designated as the 2p subshell. 
Hence, as indicated in Table 2-1, the total number of electrons in the L shell is 
2+6=8. Ina similar manner we may verify that a d subshell contains a 
maximum of 10 electrons, an f subshell a maximum of 14 electrons, ete. 

The atomic number Z gives the number of electrons orbiting about the 
nucleus. Let us use superscripts to designate the number of electrons in a 
particular subshell. Then sodium, Na, for which Z = 11, has an electronic 
configuration designated by 18°2s2p°3s!. Note that Na has a single electron 
in the outermost unfilled subshell, and hence is said to be monovalent. This 


TABLE 2-1 Electron shells and subshells 


2 3 
Subshell . . . d f 
Number 10 14 
of 
electrons 
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TABLE 2-2 Electronic configuration in Group IVA 


Configuration 


18?2s*2p* 

18*2s*2p%3s*3p? 
1s*2s*2p%3s*3p'3d'°48*4p? 
18928*2p%3s*3p'3d'04s*4p4d"5s*5p* 


same property is possessed by all the alkali metals (Li, Na, K, Rb, and Cs), 
which accounts for the fact that these elements in the same group in the 
periodic table (Appendix C) have similar chemical properties. 

The inner-shell electrons are very strongly bound to an atom, and cannot 
be easily removed. That is, the electrons closest to the nucleus are the most 
tightly bound, and so have the lowest energy. Also, atoms for which the 
electrons exist in closed shells form very stable configurations. For example, 
the inert gases He, Ne, A, Kr, and Xe all have either completely filled shells 
or, at least, completely filled subshells. ; 

Carbon, silicon, germanium, and tin have the electronic configurations 
indicated in Table 2-2. Note that each of these elements has completely filled 
subshells except for the outermost p shell, which contains only two of the 
six possible electrons. Despite this similarity, carbon in crystalline form 
(diamond) is an insulator, silicon and germanium solids are semiconductors, 
and tin is a metal. This apparent anomaly is explained in the next section. 


2-10 THE ENERGY-BAND THEORY OF CRYSTALS 


X-ray and other studies reveal that most metals and semiconductors are 
crystalline in structure. A crystal consists of a space array of atoms or 
molecules (strictly speaking, ions) built up by regular repetition in three 
dimensions of some fundamental structural unit. The electronic energy levels 
discussed for a single free atom (as in a gas, where the atoms are sufficiently 
far apart not to exert any influence on one another) do not apply to the same 
atom in a crystal. This is so because the potential U in Eq. (2-14), charac- 
terizing the crystalline structure, is now a periodic function in space whose 
value at any point is the result of contributions from every atom. When 
atoms form crystals it is found that the energy levels of the inner-shell elec- 
trons are not affected appreciably by the presence of the neighboring atoms. 
However, the levels of the outer-shell electrons are changed considerably, since 
these electrons are shared by more than one atom in the crystal. The new 
nergy levels of the outer electrons can be determined by means of quantum 
mechanics, and it is found that coupling between the outer-shell electrons of 
the atoms results in a band of closely spaced energy states instead of the 
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widely separated energy levels of the isolated atom (Fig. 2-2). A qualitative 
discussion of this energy-band structure follows. 

Consider a crystal consisting of N atoms of one of the elements in Table 
2-2. Imagine that it is possible to vary the spacing between atoms without 


altering the type of fundamental crystal structure. If the atoms are so far — 


apart that the interaction between them is negligible, the energy levels will 
coincide with those of the isolated atom. The outer two subshells for each 
element in Table 2-2 contain two s electrons and two p electrons. Hence, 
if we ignore the inner-shell levels, then, as indicated to the extreme right in 
Fig. 2-2a, there are 2N electrons completely filling the 2N possible s levels, 
all at the same energy. Since the p atomic subshell has six possible states, 
our imaginary crystal of widely spaced atoms has 2N electrons, which fill only 
one-third of the 6N possible p states, all at the same level. 

If we now decrease the interatomic spacing of our imaginary crystal 
(moving from right to left in Fig. 2-2a), an atom will exert an electric force 
on its neighbors. Because of this coupling between atoms, the atomic-wave 
functions overlap, and the crystal becomes an electronic system which must 
obey the Pauli exclusion principle. Hence the 2N degenerate s states must 
spread out in energy. The separation between levels is small, but since N is 
very large (~10** cm), the total spread between the minimum and maximum 
energy may be several electron volts if the interatomic distance is decreased 
sufficiently. This large number of discrete but closely spaced energy levels 
is called an energy band, and is indicated schematically by the lower shaded 
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Fig. 2-2 Illustrating how the energy levels of isolated atoms are split 
into energy bands when these atoms are brought into close proximity 
to form a crystal. 
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region in Fig. 2-2a. The 2N states in this band are completely filled with 
2N electrons. Similarly, the upper shaded region in Fig. 2-2a is a band of 
6N states which has only 2N of its levels occupied by electrons. 

Note that there is an energy gap (a forbidden band) between the two 
bands discussed above and that this gap decreases as the atomic spacing 
decreases. For small enough distances (not indicated in Fig. 2-2a but shown 
in Fig. 2-2b) these bands will overlap. Under such circumstances the 6N upper 
states merge with the 2N lower states, giving a total of 8N levels, half of which 
are occupied by the 2N + 2N = 4N available electrons. At this spacing each 
atom has given up four electrons to the band; these electrons can no longer be 
said to orbit in s or p subshells of an isolated atom, but rather they belong to 
the crystal as a whole. In this sense the elements in Table 2-2 are tetravalent, 
since they contribute four electrons each to the crystal. The band these 
electrons occupy is called the valence band. 

If the spacing between atoms is decreased below the distance at which 
the bands overlap, the interaction between atoms is indeed large. The energy- 
band structure then depends upon the orientation of the atoms relative to one 
another in space (the erystal structure) and upon the atomic number, which 
determines the electrical constitution of each atom. Solutions of Schrédinger’s 
equation are complicated, and have been obtained approximately for only rela- 
tively few crystals. These solutions lead us to expect an energy-band diagram 
somewhat as pictured‘ in Fig. 2-2b. At the crystal-lattice spacing (the dashed 
vertical line), we find the valence band filled with 4N electrons separated by a 
forbidden band (no allowed energy states) of extent Eg from an empty band 
consisting of 4N additional states. This upper vacant band is called the con- 
duction band, for reasons given in the next section. 


2-11 INSULATORS, SEMICONDUCTORS, AND METALS 


A very poor conductor of electricity is called an insulator; an excellent con- 
ductor is a metal; and a substance whose conductivity lies between these 
extremes is a semiconductor. A material may be placed in one of these three 
classes, depending upon its energy-band structure. 


Insulator ‘The energy-band structure of Fig. 2-2b at the normal lattice 
Spacing is indicated schematically in Fig. 2-3a. For a diamond (carbon) 
crystal the region containing no quantum states is several electron volts high 
(Ec =~ 6 eV). This large forbidden band separates the filled valence region 
from the vacant conduction band. The energy which can be supplied to an 
electron from an applied field is too small to carry the particle from the filled 
into the vacant band. Since the electron cannot acquire externally applied 
®nergy, conduction is impossible, and hence diamond is an insulator. 


Semiconductor A substance for which the width of the forbidden energy 
Tegion is relatively small (~1 eV ) is called a semiconductor. Graphite, a 
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Fig. 2-3. Energy-band structure of (a) an insulator, (b) a semiconductor, 
and (c) a metal. 


erystalline form of carbon but having a crystal symmetry which is different 
from diamond, has such a small value of Eg, and it is a semiconductor. The 
most important practical semiconductor materials are germanium and silicon, 
which have values of Eg of 0.785 and 1.21 eV, respectively, at 0°K. Energies 
of this magnitude normally cannot be acquired from an applied field. Hence 
the valence band remains full, the conduction band empty, and these materials 
are insulators at low temperatures. However, the conductivity increases with 


temperature, as we explain below, and for this reason these substances are’ 


known as intrinsic semiconductors. 

As the temperature is increased, some of these valence electrons acquire 
thermal energy greater than Eg and hence move into the conduction band. 
These are now free electrons in the sense that they can move about under 
the influence of even a small applied field. These free, or conduction, elec- 
trons are indicated schematically by dots in Fig. 2-3b. The insulator has now 
become slightly conducting; it is a semiconductor. The absence of an electron 
in the valence band is represented by a small circle in Fig. 2-3b, and is called a 
hole. The phrase “holes in a semiconductor” therefore refers to the empty 
energy levels in an otherwise filled valence band. 

The importance of the hole is that it may serve as a carrier of electricity, 
comparable in effectiveness with the free electron. The mechanism by which 
a hole contributes to conductivity is explained in Sec. 5-1. We also show in 
Chap. 5 that if certain impurity atoms are introduced into the crystal, these 
result in allowable energy states which lie in the forbidden energy gap. We 
find that these impurity levels also contribute to the conduction. A semi- 
conductor material where this conduction mechanism predominates is called 
an extrinsic (impurity) semiconductor. 

Since the band-gap energy of.a crystal is a function of interatomic spacing 
(Fig. 2-2), it is not surprising that Eg depends somewhat on temperature. 
It has been determined experimentally that Eg for silicon decreases with 
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temperature at the rate of 3.60 X 10-*eV/°K. Hence, for silicon,® 


Eq(T) = 1.21 — 3.60 X 10-*T (2-15) 
and at room temperature (300°K), Eg = 1.1 eV. Similarly, for germanium,® 
Eo(T) = 0.785 — 2.23 X 10-*7 (2-16) 


and at room temperature, Eg = 0.72 eV. 


Metal The band structure of a crystal may contain no forbidden energy 
region, so that the valence band merges into an empty band, as indicated in 
Fig. 2-3c. Under the influence of an applied electric field the electrons may 
acquire additional energy and move into higher energy states. Since these 
mobile electrons constitute a current, this substance is a conductor, and the 
empty region is the conduction band. A metal is characterized by a band 
structure containing overlapping valence and conduction bands. 
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3 CONDUCTION 
IN METALS 


In this chapter we describe the interior of a metal and present the 
basic principles which characterize the movement of electrons within 
the metal. The laws governing the emission of electrons from the 
surface of a metal are also considered. 


3-1 MOBILITY AND CONDUCTIVITY 


In the preceding chapter we presented an energy-band picture of 
metals, semiconductors, and insulators. In a metal the outer, or 
valence, electrons of an atom are as much associated with one ion 
as with another, so that the electron attachment to any individual 
atom is almost zero. In terms of our previous discussion this means 
that the band occupied by the valence electrons may not be com- 
pletely filled and that there are no forbidden levels at higher energies. 
Depending upon the metal, at least one, and sometimes two or three, 
electrons per atom are free to move throughout the interior of the 
metal under the action of applied fields, 

Figure 3-1 shows the charge distribution within a metal, specifi- 
cally, sodium.’ The plus signs represent the heavy positive sodium 
nuclei of the individual atoms. The heavily shaded regions represent 
the electrons in the sodium atom that are tightly bound to the nucleus. 
These are inappreciably disturbed as the atoms come together to form 
the metal. The unshaded volume contains the outer, or valence, elec- 
trons in the atom. It is these electrons that cannot be said to belong 
to any particular atom; instead, they have completely lost their indi- 
viduality and can wander freely about from atom to atom in the 
metal. Thus a metal is visualized as a region containing a periodic 
three-dimensional array of heavy, tightly bound ions permeated with 


CONDUCTION IN METALS / 53 
a aS “| 

Fig. 3-1 Arrangement of the sodium atoms ® ) ) @ 
in one plane of the metal. ‘) @ ® q 


Oo12345 


A units 


a swarm of electrons that may move about quite freely. This picture is known 
as the electron-gas description of a metal. 

According to the electron-gas theory of a metal, the electrons are in 
continuous motion, the direction of flight being changed at each collision 
with the heavy (almost stationary) ions. The average distance between col- 
lisions is called the mean free path. Since the motion is random, then, on an 
average, there will be as many electrons passing through unit area in the metal 
in any direction as in the opposite direction in a given time. Hence the 
average current is zero. 

Let us now see how the situation is changed if a constant electuic field 
& (volts per meter) is applied to the metal. As a result of this electrostatic 
force, the electrons would be accelerated and the velocity would increase 
indefinitely with time, were it not for the collisions with the ions. However, 
at each inelastic collision with an ion, an electron loses energy, and a steady- 
State condition is reached where a finite value of drift speed v is attained. 
This drift velocity is in the direction opposite to that of the electric field, 
and its magnitude is proportional to & Thus 

v= 46 (3-1) 
where 4 (square meters per volt-second) is called the mobility of the electrons. 

According to the foregoing theory, a steady-state drift speed has been 
Superimposed upon the random thermal motion of the electrons. Such a 
directed flow of electrons constitutes a current. If the concentration of free 


electrons is n (electrons per cubic meter), the current density J (amperes per 
Square meter) is (Sec. 1-12) 


J = nev = neu& = o& (3-2) 
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where 

o = new (3-3) 
is the conductivity of the metal in (ohm-meter)-, Equation (3-2) is recog- 
nized as Ohm’s law, namely, the conduction current is proportional to the 
applied voltage. As already mentioned, the energy which the electrons acquire 
from the applied field is, as a result of collisions, given to the lattice ions. 
Hence power is dissipated within the metal by the electrons, and the power 
density (Joule heat) is given by J& = o&? (watts per cubic meter). 


3-2 THE ENERGY METHOD OF ANALYZING 
THE MOTION OF A PARTICLE 


A method is considered in Chap. 1 by which the motion of charged particles 
may be analyzed. It consists in the solution of Newton’s second law, in which 
the forces of electric and magnetic origin are equated to the product of the 
mass and the acceleration of the particle. Obviously, this method is not 
applicable when the forces are as complicated as they must be in a metal. 
Furthermore, it is neither possible nor desirable to consider what happens 
to each individual electron. 

It is necessary, therefore, to consider an alternative approach. This 
method employs the law of the conservation of energy, use being made of the 
potential-energy curve corresponding to the field of force. The principles 


involved may best be understood by considering specific examples of the 
method, 


ener Re eT 
EXAMPLE An idealized diode consists of plane-parallel electrodes, 5 em apart. 
The anode A is maintained 10 V negative with respect to the cathode K. An 
electron leaves the cathode with an initial energy of 2eV. What is the maximum 
distance it can travel from the cathode? 


Solution This problem is analyzed by the energy method. Figure 3-2a is a linear 
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Fig. 3-2 (a) Potential vs. distance in a plane-parallel diode. (b) The 


Potential-energy barrier encountered by an electron in the retarding 
field. 
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plot of potential vs. distance, and in Fig. 3-26 is indicated | the corresponding 
potential energy vs. distance. Since potential is the potential energy per unit 
charge (Sec. 1-4), curve b is obtained from curve a by multiplying each ordinate 
by the charge on the electron (a negative number). Since the total energy W of 
the electron remains constant, it is represented as a horizontal line. The kinetic 
energy at any distance z equals the difference between the total energy Ww and 
the potential energy U at this point. This difference is greatest at O, indicating 
that the kinetic energy is a maximum when the electron leaves the cathode. At 
the point P this difference is zero, which means that no kinetic energy exists, so 
that the particle is at rest at this point. This distance 2, is the maximum that 
the electron can travel from the cathode. At point P it comes momentarily to 
rest, and then reverses its motion and returns to the cathode. From geometry 
it is seen that x,/5 = yy, or z, = 1 em. 

Consider a point such as S which is at a greater distance than 1 cm from the 
cathode. Here the total energy QS is less than the potential energy RS, 80 that 
the difference, which represents the kinetic energy, is negative. This is an impos- 
sible physical condition, however, since negative kinetic energy (4mv? < 0) implies 
an imaginary velocity. We must conclude that the particle can never advance 
a distance greater than OP’ from the cathode. . 

The foregoing analysis leads to the very important conclusion that the shaded 
portion of Fig. 3-2b can never be penetrated by the electron. Thus, at point P, 
the particle acts as if it had collided with a solid wall, hill, or barrier and the 
direction of its flight had been altered. Potential-energy barriers of this sort play 
important roles in the analyses to follow. 4s 

It must be emphasized that the words “collides with” or “rebounds from” a 
potential “hill” are convenient descriptive phrases and that an actual encounter 
between two material bodies is not implied. 


As a second illustration, consider a mathematical pendulum of length 4 
consisting of a “point”? bob of mass m that is free to swing in the earth’s 
gravitational field. If the lowest point of the swing (point O, Fig. 3-3) is 
chosen as the origin, the potential energy of the mass at any point P corre- 
sponding to any angle @ of the swing is given by 


U = mgy = mgl(1 — cos 6) 


where g is the acceleration of gravity. This potential-energy function is illus- 
trated graphically in Fig. 3-4. 


Fig. 3-3 Point P represents the mass 
m of a mathematical pendulum 
Swinging in the earth's gravitational 
field, 
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Fig. 3-4 The potential energy of 
the mass m in Fig. 3-3 plotted as 
a function of the angle of swing. 
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Consider the resultant motion of the bob if it is given a potential energy 
U, by raising it through an angle 6, and releasing it with zero initial velocity. 
If dissipation is neglected, the particle will swing back and forth through the 
angle 20,, going from @, on one side to 6 on the other side of the vertical axis. 
How might we analyze the motion of the physical system if only the potential- 
energy field of Fig. 3-4 were given without specifying the physical character 
of the system? 

The procedure is the same as that followed in the simple diode problem 
considered above. A horizontal line aebc is drawn at a height equal to the 
total energy W, of the particle. At any point, such as ¢, the total energy is 
represented by eg = Wi, and the potential energy is represented by fg. The 
difference between these two, namely, ef, represents the kinetic energy of the 
particle when the angle of swing, given by the intercept of eg on the axis, 
corresponds to Og. In other words, the difference between the total-energy 
line and the potential-energy curve at any angle represents the kinetic energy 
of the particle under these conditions. This difference is greatest at O, indi- 
cating that the kinetic energy is a maximum at the bottom of the swing, an 
almost evident result. At the points a and b this difference is zero. This 
condition means that no kinetic energy exists, or that the particle is at rest 
at these points. This result is evident, since corresponding to the points 
a (0 = 6) and b (@ = —98,), the particle is about to reverse its motion. 

Consider a point in the shaded region outside the range —@, to +8, such 
ash. Here the total energy ch is less than the potential energy dh. This 
impossible condition is interpreted by our previous reasoning to mean that 
the particle whose total energy is W; can never swing to the angle Oh, so that 
the motion must be confined to the region ab. The shaded portions of Fig. 3-4 
represent the potential-energy barrier which can never be penetrated by the 
bob, if its total energy is no greater than W;. This type of constrained motion 
about a point O is closely analogous to that of the so-called “bound” elec- 
trons in a metal, as shown in Sec. 3-4. 

Now consider the case when the mass has a total energy equal to W:, 
which is greater than the maximum of the potential-energy curve. Clearly, 
from Fig. 3-4, the horizontal line corresponding to this energy cannot inter- 
sect the curve at any point. Consequently, the particle does not “collide” 
with the potential-energy barrier, and its course is never altered, so that it 
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moves through an ever-increasing angle. Of course, its kinetic energy varies 
over wide limits, being maximum for @ = 0, 2r, 4n, . .. and minimum for 
g= 7, 3x, 5m, .... Physically, this type of motion results when the bob 
has enough energy to set it spinning completely around in a circular path. 
This type of motion is somewhat analogous to that experienced by the so-called 
“free” electrons in a metal. ; 

rte simple but powerful energy method facilitates the discussion of the 
motion of a particle in a conservative field of force, such as that found in the 
body of a metal. It is also applied to many other types of problem. For 
example, the method of analysis just considered is extremely useful in deter- 
mining whether electrons will possess sufficient energy to pass through grids 
and reach the various electrodes in a vacuum tube, whether or not electrons 
will be able to penetrate electron clouds in a vacuum tube, and whether charge 
carriers can cross a semiconductor junction. This method is now applied to 
the analysis of the motion of electrons in metals. 


3-3 THE POTENTIAL-ENERGY FIELD IN A METAL 


It is desired to set up the potential-energy field for the three-dimensional array 
of atoms that exists in the interior of a metal and to discuss the motion of 
electrons in this field. The resultant potential energy at any point in the 
metal is simply the sum of the potential energies produced at this point, by 
all the ions of the lattice. To determine the potential energy due to one ion, 
it is noted that an atom of atomic number Z has a net positive charge Ze on its 
nucleus. Surrounding this nucleus is an approximately spherical cloud, or 
shell, of Z electrons. By Gauss’ law the potential at a point at a distance r 
from the nucleus varies inversely as r and directly as the total charge enclosed 
within a sphere of radius r. Since the potential V equals the potential energy 
U per unit charge (Sec. 1-4), then U = —eV. The minus sign is introduced 
since e represents the magnitude of the (negative) electronic charge. : 

The potential of any point may be chosen as the zero reference of potential 
because it is only differences of potential that have any physical significance. 
For the present discussion it is convenient to choose zero potential at infinity, 
and then the potential energy at any point is negative. Enough has been said 
to make plausible the potential-energy curve illustrated in Fig. 3-5. Here a 
represents a nucleus, the potential energy of which is given by the curve aia. 
The vertical scale represents U, and the horizontal scale gives the distance r 
from the nucleus. It must be emphasized that r represents a radial distance 
from the nucleus, and hence can be taken in any direction. If the direction is 
horizontal but to the left of the nucleus, the dashed curve represents the 
Potential energy. 

To represent the potential energy at every point in space requires a four- 
dimensional picture, three dimensions for the three space coordinates and a 
fourth for the potential-energy axis. This difficulty is avoided by plotting U 
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Fig. 3-5 The potential energy of an electron as 
a function of radial distance from an isolated 
nucleus, 


along some chosen line through the crystal, say, through a row of ions. From 
this graph and the method by which it is constructed it is easy to visualize 
what the potential energy at any other point might be. In order to build up 
this picture, consider first two adjacent ions, and neglect all others. The con- 
struction is shown in Fig. 3-6. aya is the U curve for nucleus a, and 61{2 is 
the corresponding U curve for the adjacent nucleus 6. If these were the only 
nuclei present in the metal, the resultant U curve in the region between a and 
8 would be the sum of these two curves, as shown by the dashed curve ad@1 
(since ad = ab + ac). It is seen that the resultant curve is very nearly the 
same as the original curves in the immediate vicinity of a nucleus, but it is 
lower and flatter than either individual curve in the region between the nuclei. 

Let us now single out an entire row of nuclei a, B, y, 6,¢,... from the 
metallic lattice (Figs. 3-1 and 8-7) and sketch the potential energy as we pro- 
ceed along this line from one nucleus to the other, until the surface of the 
metal is reached. Following the same type of construction as above, but con- 
sidering the small influence of other nearby nuclei, an energy distribution 
somewhat as illustrated in Fig. 3-7 is obtained. 

According to classical electrostatics, which does not take the atomic 
structure into account, the interior of a metal is an equipotential region. 
The present, more accurate, picture shows that the potential energy varies 
appreciably in the immediate neighborhoods of the nuclei and actually tends 
to —© in these regions. However, the potential is approximately constant 


Fig. 3-6 The potential energy resulting 
from two nuclei, a and 8. 


Sec. 3-4 
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Fig. 3-7 The potential-energy distribution within and at the surface of 


a metal. 


for a very large volume of the metal, as indicated by the slowly varying por- 
tions of the diagram in the regions between the ions. ‘ 

Consider the conditions that exist near the surface of the metal. It is 
evident, according to the present point of view, that the exact position of the 
“surface” cannot be defined. It is located at a small distance from the last 
nucleus « in the row. It is to be noted that, since no nuclei exist to the right 
of «, there can be no lowering and flattening of the potential-energy curve 
such as prevails in the region between the nuclei. This leads to a most impor- 
tant conclusion: A potential-energy “hill,” or “barrier,” exists al the surface 
of the metal. 


3-4 BOUND AND FREE ELECTRONS 


The motion of an electron in the potential-energy field of Fig. 3-7 is now dis- 
cussed by the method given in Sec. 3-2. Consider an electron in the metal 
that possesses a total energy corresponding to the level A in Fig. 3-7. oe 
electron collides with, and rebounds from, the potential walls at a and b. t 
cannot drift very far from the nucleus, but can move about only in the neigh- 
borhood ab of the nucleus. Obviously, this electron is strongly bound to the 
nucleus, and so is a bound electron. This particle is one of the inner-shell elec- 
trons of an isolated atom, discussed in Sec. 2-9. It is evident that these bound 
electrons do not contribute to the conductivity of the metal since they cannot 
drift in the metal, even under the stimulus of an externally applied electric 
field. These electrons are responsible for the heavy shading in the neighbor- 
hood of the nuclei of Fig. 3-1. j 
aoleel: abshent is in the free electrons in the metal rather than in 
the bound ones. A free electron is one having an energy such as level B of 
Fig. 3-7, corresponding to an energy in the conduction band. At no point 
within the metal is its total energy entirely converted into potential energy. 
Hence, at no point is its velocity zero, and the electron travels more or less 
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Outside of metal Fig. 3-8 For the free electrons, the interior 
of a metal may be considered an equi- 
potential volume, but there is a potential 
barrier at the surface, 


Distance, x 


freely throughout the body of the metal. However, when the electron reaches 
the surface of the metal, it collides with the potential-energy barrier there. 
At the point C, its kinetic energy is reduced to zero, and the electron is turned 
back into the body of the metal. An electron having an energy correspond- 
ing to the level D collides with no potential walls, not even the one at the 
surface, and so it is capable of leaving the metal. 


Simplified Potential-energy Picture of a Metal In our subsequent dis- 
cussions the bound electrons are neglected completely since they in no way 
contribute to the phenomena to be studied. Attention is focused on the free 
electrons. The region in which they find themselves is essentially a potential 
plateau, or equipotential region. It is only for distances close to an ion that 
there is any appreciable variation in potential. Since the regions of rapidly 
varying potential represent but a very small portion of the total volume of 
the metal, we henceforth assume that the field distribution within the metal is 
equipotential and the free electrons are subject to no forces whatsoever. The 
present viewpoint is therefore essentially that of classical electrostatics. 

Figure 3-7 is redrawn in Fig. 3-8, all potential} variations within the metal 
being omitted, with the exception of the potential barrier at the surface. For 
the present discussion, the zero of energy is chosen at the level of the plateau 
of this diagram. This choice of the zero-energy reference level is valid since, 
as has already been emphasized, only difference of potential has physical sig- 
nificance. The region outside the metal is now at a potential equal to Ez, the 
height of the potential-energy barrier in electron volts. 


3-5 ENERGY DISTRIBUTION OF ELECTRONS 


In order to be able to escape, an electron inside the metal must possess an 
amount of energy at least as great as that represented by the surface barrier 


} This figure really represents potential energy, and not potential. However, the 
phrase “potential barrier” is much more common in the literature than the phrase “poten- 
tial-energy barrier.’’ When no confusion is likely to arise, these two expressions are used 
interchangeably. These barriers are measured in electron volts, and hence the symbol E 
replaces the U of the preceding sections. It must be emphasized that one unit of E repre- 
sents 1.60 X 10-1 J of energy. - 
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E». It is therefore important to know what energies are possessed by the 
‘deotrons in a metal. This relationship is called the energy distribution Fune- 
tion. We here digress briefly in order to make clear what is meant by a distri- 
bution function. 


Age Density Suppose that we were interested in the distribution in age 
of the people in the United States. A sensible way to indicate this relation- 
ship is shown in Fig. 3-9, where the abscissa is age and the ordinate is pa, the 
density of the population in age. This density gives the number dna of people 
whose ages lie in the range between A and A + dA, or 


dna = padA (3-4) 


The data for such a plot are obtained from census information. We see, for 
example, that the number of persons of ages between 10 and 12 years is repre- 
sented by dna, with pa = 2.25 million per year chosen as the mean ordinate 
between 10 and 12 years, and dA is taken as 12 — 10 = 2 years. Thus 
dn, = pa dA = 4.50 million. Geometrically, this is the shaded area of Fig. 
3-9. Evidently, the total population n is given by 


n = S dng = fpadA a) 


or simply the total area under the curve. 


Energy Density We are now concerned with the distribution in energy 
of the free electrons in a metal. By analogy with Eq. (3-4), we may write 


dng = pg dE (3-6) 


where dng represents the number of free electrons per cubic meter whose 
energies lie in the energy interval dH, and pz gives the density of electrons 
in this interval. Since our interests are confined only to the free electrons, 
it is assumed that there are no potential variations within the metal. Hence 
there must be, a priori, the same number of electrons in each cubic meter 
of the metal. That is, the density in space (electrons per cubic meter) is 


Fig. 3-9 The distribution 
function in age of people 
in the United States. 


pa, millions per unit age 
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@ constant. However, within each unit volume of metal there will be elec- 
trons having all possible energies. It is this distribution in energy that is 


expressed by pz (number of electrons per electron volt per cubic meter of metal), 
The function pg may be expressed as the product 


px = f(E)N(E) (3-7) 


where N(Z) is the density of states (number of states per electron yolt per 
cubic meter) in the conduction band, and f(Z) is the probability that a quantum 
state with energy F is occupied by an electron. 

The expression for N(E) is derived in the following section and is given by 


N(E) = yE} (3-8) 


where y is a constant defined by 
1 = FF (2m)(1.60 x 10-4) = 6.82 Xx 10% (3-9) 


The dimensions of y are (m~*)(eV)-4; m is the mass of the electron in kilo- 
grams; and h is Planck’s constant in joule-seconds. 


The Fermi-Dirac Function The equation for f(Z) is called the Fermi- 
Dirac probability function, and specifies the fraction of all states at energy E 
(electron volts) occupied under conditions of thermal equilibrium, From 
quantum statistics it is found?’ that 


1 
S(B) = Tp ine (3-10) 
where k = Boltzmann constant, eV/°K 
T = temperature, °K 

Ep = Fermé level, or characteristic energy, for the crystal, eV 
The Fermi level represents the energy state with 50 percent probability of 
being filled if no forbidden band exists. The reason for this last statement is 
that, if B = Ey, then S(E) = } for any value of temperature. A plot of f(E) 
versus Z — E> is given in Fig, 3-10a and of E — Ey versus f(E) in Fig. 3-10b, 
both for 7 = 0°K and for larger values of temperature. When 7 = 0°K, 
two possible conditions exist: (1) If B > Ep, the exponential term becomes 
infinite and f(E) = 0. Consequently, there is no probability of finding an occu- 
pied quantum state of energy greater than E’y at absolute zero. (2) If E < Ey, 
the exponential in Eq. (3-10) becomes zero and f(Z) =1. All quantum levels 
with energies less than Ep will be occupied at T = 0°K. 

From Eqs. (3-7), (3-8), and (3-10), we obtain at absolute zero temperature 


0 for E > Ep a, 


7" ~ -* 
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(a) (0) 
Fig. 3-10 The Fermi-Dirac distribution function f(Z) gives the probability that 
a state of energy F is occupied. 


i ies in excess of Ep. 
ly, there are no electrons at 0°K which have energies 
nap the Fermi energy is the maximum energy that any electron me 
possess ad absolute zero. The relationship represented by Eq. (8-11) is calle 
the completely degenerate energy distribution function. Classically, all anes 
hat the electrons actually have 
should have zero energy at O°K. The fact ti J bo 

i i bsolute zero is a consequence of the Pauli 
energies extending from 0 to Ey at al ei 

i inci i electrons may have the same 
exclusion principle, which states that no two : 
ll electrons can have the 

\f tum numbers (Sec. 2-9). Hence not al elec an 

“whe er even at 0°K. The application of Fermi-Dirac statistics to the 
yinhed é 
theory of metals is due primarily to Sommerfeld. 

“4 plot of the distribution in energy given by Eqs. (3-7) and (3-11) Ea 
metallic tungsten at T = 0°K and T = 2500°K is shown in Fig. 3-11, © 
area under each curve is simply the total number of particles per cubic “jag 
of the metal; hence the two areas must be equal. Also, the caro "> 
temperatures must pass through the same ordinate, namely, pr = yEp*/2, al 
the point E = Er, since, from Eq. (3-10), f(£E) = 4 for EB = Ey, phish S 

A most important characteristic is to be noted, viz., the a if i 
function changes only very slightly with temperature, even though the tem- 


Pr 


\) T=0°K 
Fig. 3-11 Energy distribution in metallic tungsten 
at 0 and 2500°K. \ 


Ey E 
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perature change is as great as 2500°K. The effect of the high temperature 
is merely to give those electrons having the high energies at absolute zero 
(those in the neighborhood of E,) still higher energies, whereas those having 
lower energies have been left practically undisturbed. Since the curve for 


T = 2500°K approaches the energy axis asymptotically, a few electrons will 
have large values of energy. 


The Fermi Level An expression for Ep may be obtained on the basis of 
the completely degenerate function. The area under the curve of Fig. 3-11 


represents the total number of free electrons (as always, per cubic meter of 
the metal). Thus 


n= [ yBNdE = EA 


Er = 3) (3-12) 


Inserting the numerical value (6.82 X 10°”) of the constant + in this expression, 
there results 


Ey = 3.64 X 10-nt (3-13) 


Since the density x varies from metal to metal, Zr will also vary among metals. 
Knowing the specific gravity, the atomic weight, and the number of free elec- 
trons per atom, it is a simple matter to calculate n, and so Ey. For most 
metals the numerical value of Ep is less than 10 eV. 


e—e—e—_—_—_—————_——— 
EXAMPLE The specific gravity of tungsten is 18,8, and its atomic weight is 


184.0.¢ Assume that there are two free electrons per atom. Calculate the 
numerical value of n and Ey. 


Solution A quantity of any substance equal to its molecular weight in grams is 
a mole of that substance. Further, one mole of any substance contains the same 
number of molecules as one mole of any other substance. This number is Avo- 
gadro’s number and equals 6.02 X 10% molecules per mole. Thus 


n = 6.02 X 102 molecules _ 1 mole x ve x 2 electrons 1 atom 
em’ 


mole 184 g atom molecule 


= 123 x 102 “leetrons 
mi 


= 1.23 192 electrons 
3 


™m 


since for tungsten the atomic and the molecular weights are the same. There- 
fore, for tungsten, 
Er = 3.64 X 10-"(123 X 10%)! = 8.95 eV 


ee 
t The atomic weights of the elements are given in the periodic table (Appendix C). 
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3-6 THE DENSITY OF STATES 


iminary step in the derivation of the density function N(E) we first 
a Pie pig tcc IE of the momentum of an electron ina ae are 
uantized. Consider a metal in the form of a cube, each side of which has a 
path L. Assume that the interior of the metal is at a constant (zero) poten- 
tial but that the potential-energy barrier (Fig. 3-8) at the surface is arbitrarily 
high, so that no electrons can escape. Hence the wave functions representing 
the electrons must be zero outside the metal and at the surface. A pi 
dimensional model of the potential-energy diagram is given in Fig. 5 ey ~ 
two possible wave functions are indicated in Fig. 3-12b and c. mere ite : 
situation is possible only if the dimension L is a half-integral multiple of the 
De Broglie wavelength X, or 


Ae (3-14) 


where nz is a positive integer (not zero). From the De Broglie relationship 
(2-8), \ = h/pz and the z component of momentum is 
pe = a (8-15) 
7 nab 
Hence the momentum is quantized since p: can assume only values which are 
integral multiples of h/2L. ; , ; K 
“The energy W (in joules) of the electron in this one-dimensional problem is 
w = Pe a neh? (3-16) 
~ 2m ~ 8mL? 
The wave nature of the electron has led to the conclusion that its energy must 
also be quantized. Since nz = 1, 2, 3, . . - , the lowest possible energy is 
h?/8mL?, the next energy level is h?/2mL’, etc. 


The Schrédinger Equation The above results may be obtained sete 
by solving the one-dimensional Schrédinger equation with the potenti: 


Fig. 3-12 (a) A one- 
dimensional problem in 
which the potential U is 
Zero for a distance L 
but rises abruptly 
toward infinity at the 
boundaries z = 0 and 
z=L. (b,c) Two 
Possible wave functions 
for an electron in the 
System described by (a). 
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energy U set equal to zero. Under these circumstances Eq. (2-14) may be 


written 


oh eee =0 (3-17) 


The general solution of this second-order linear differential equation has two 
arbitrary constants, C; and C., and in the interval 0 < « < L is given by 


W = Clsin‘'ax +°C: cos az (8-18) 
where 
2, 
at Se (3-19) 


Since for = 0, ¥ = 0, then C: = 0. Since for z = L, y = 0, sin aL = 0, or 
aL = ner (3-20) 

where nz is an integer. Substituting from Eq. (3-20) into Eq. (3-19) and 

solving for W, we again obtain the quantized energies given in Eq. (3-16). 


The wave function is y = C, sin (nzrz/L). Since the probability of find- 
ing the electron somewhere in the metal is unity, then from Sec. 2-8, 


2 
fi var = 1 = [P cy sin? 9 ae = 2% 


or C; = (2/L)}, and 


ve (7) sin "2 (3-21) 


Note that n, cannot be zero since, if it were, y would vanish everywhere. 
For n,; = 1 the function y is plotted in Fig. 3-12b, and for n. = 2 the wave 
function y is as shown in Fig. 3-12c. Note also that a negative value of ns 
gives a value of y which is the negative of the value of y for the corresponding 
positive value of n;. Since only |y|? has a physical meaning (Sec. 2-8), the 
state described by —n, is the same as that for +n,. Hence only positive 
integers are to be used for nz. 


The Uncertainty Principle We digress for a moment to make the point 
that the measurement of a physical quantity is characterized in an essential 
way by a lack of precision. For example, in the one-dimensional electronic 
problem discussed above, there is an inherent uncertainty Ap; in momentum 
because nz can have only integral values. The smallest value of An. = 1, and 
hence Ap, = h/2L. Since the electron is somewhere between z = Oandz = L, 
the uncertainty in position is Ac = L. Therefore 

pubs = : (3-22) 

This equation is a statement of the uncertainty principle, first enunciated 

by Heisenberg. He postulated that, for all physical systems (not limited to 


Sec. 3-6 CONDUCTION IN METALS / 67 


electrons in a metal), there is always an uncertainty in the position and in the 
momentum of a particle and that the product of these two uncertainties is of 
the order of magnitude of Planck’s constant h. 


Quantum States in a Metal The above results may be generalized to 
three dimensions. For an electron in a cube of metal, each component of 
momentum is quantized. Thus 


De = Np Py = Nyp De = Nesp (3-23) 


where p = h/2L, and nz, n,, and n, are positive integers. A convenient pic- 
torial representation may be obtained by constructing three mutually perpen- 
dicular axes labeled p:, p,, and p;. This “volume” is called momentum space. 
The only possible points which may be occupied by an electron in momentum 
space are those given by Eq. (3-23). These are indicated in Fig. 3-13, where 
for clarity we have indicated points only in a plane for a fixed value of pz (say, 
p. = 2p). By the Pauli exclusion principle (Sec. 2-9), no two electrons in a 
metal may have the same four quantum numbers, nz, ny, %, and the spin 
number s. Hence each dot in Fig. 3-13 represents two electrons, one for 
s = 4 and the other for s = —}. 

We now find the energy density function N(Z). Since in Fig. 3-13 there 
is one dot per volume p* of momentum space, the density of electrons in this 
space is 2/p*, The magnitude of the momentum is p = (p.? + p,? + p.2)}. 
The number of electrons with momentum between p and p + dp is those 


Fig, 3-13 Momentum space. 
Each dot represents three 
quantum numbers, nz, ny, 
and n,. There are two 
electrons per dot, corre- 
ponding to the two possible 
Values of spin. 
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lying in the shaded spherical shell of Fig. 3-13. This number is 


2 . 1\ _ xp*dp = 8xL*p? dp 
(2) rot an) (8) = Gaps - (3-24) 
The factor 4 introduced in the above equation is due to the fact that only 
positive values of nz, ny, and n, are permissible, and hence only that part of 
the shell in the first octant may be used. 
If W is the energy (in joules), then W = p?/2m. Hence 


p=(2mW)' pdp=mdW  p*dp = 2tntwidw (8-25) 


If N(W) is the density of states (per cubic meter), then, since the volume of 
the metal is L*, it follows from Eq. (3-24) that 


Now) aw = #0 a (3-26) 
gives the number of electrons with momenta between p and p + dp, corre- 


sponding to energies between W and W+dW. Substituting for p?dp from 
Eq. (3-25) in Eq. (8-26), we finally obtain 


NW) aW = $F (amt aw (3-2) 


If we use electron volts Z instead of joules W as the unit of energy, then 
since W = 1.60 X 10-' EZ (Sec. 1-5), the energy density N(Z) is given by 
Eq. (3-8), with y defined in Eq. (3-9). 


3-7 WORK FUNCTION 


In Fig. 3-14, Fig. 3-11 has been rotated 90° counterclockwise and combined 
with Fig. 3-8, so that the vertical axis represents energy for both sets of curves. 
At 0°K it is impossible for an electron to escape from the metal because this 
requires an amount of energy equal to Zz, and the maximum energy possessed 
by any electron is only Zp. It is necessary to supply an additional amount 
of energy equal to the difference between Ez and L, in order to make this 
escape possible. This difference, written Hw, is known as the work function 
of the metal. 


Ew = Ey — Ep (3-28) 


Energy, eV 


Outside 
T=2500°K Fig. 3-14 Energy diagram used 
T=0°K to define the work function, 
Pr Distance, x 
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‘Thus the work function of a metal represents the minimum amount of energy 
that must be given to the fastest-moving electron at the absolute zero of tem- 
perature in order for this electron to be able to escape from the metal. 

The experiments of Davisson and Germer‘ on the diffraction of electrons 
in passing through matter have verified the existence of the potential-energy 
parrier at the surface of the metal. In fact, based on the results of these 
experiments, together with experimentally determined values of Hw, it is 
possible to calculate the values of Hy for the metals used. These data show 
fair agreement between the experimental and theoretical values. 

A second physical meaning of the term work function may be obtained 
by considering what happens to an electron as it escapes from a metal, with- 
out particular regard to the conditions within the interior of the metal. A 
negative electron will induce a positive charge on a metal from which it escapes. 
There will then be a force of attraction between the induced charge and the 
electron. Unless the electron possesses sufficient energy to carry it out of the 
region of influence of this image force of attraction, it will be returned to 
the metal. The energy required for the electron to escape from the metal is 
the work function Ew (based upon this classical electrostatic model). 


3-8 THERMIONIC EMISSION 


The curves of Fig. 3-14 show that the electrons in a metal at absolute zero 


are distributed among energies which range in value from zero to the maxi- 
mum energy Er. Since an electron must possess an amount of energy at 
least as great as Eg in order to be able to escape, no electrons can leave the 
metal. Suppose now that the metal, in the form of a filament, is heated by 
sending a current through it. Thermal energy is then supplied to the elec- 
trons from the lattice of the heated metal crystal. The energy distribution 
of the electrons changes, because of the increased temperature, as indicated in 
Fig. 3-14. Some of the electrons represented by the tail of the curve will have 
energies greater than Ly and so may be able to escape from the metal, 

Using the analytical expression from the distribution function, it is possible 
to calculate the number of electrons which strike the surface of the metal per 
second with sufficient energy to be able to surmount the surface barrier and 

ence escape. Based upon such a calculation,*:* the thermionic current in 
amperes is given by 


Ty = SAoT%e-F wk? (3-29) 


where § = area of filament, m? 


A, = a constant, whose dimensions are A/(m?) (°K?) 
T = temperature, °K 
k = Boltzmann constant, eV/°K 

Ew = work function, eV 


_— = —" lS et tt i a ee mee 
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Equation (3-29) is called the thermionic~emission, Dushman, or Richardson 
equation. The work function By is known also as the “latent heat of evapo- 
ration of electrons’ from the metal, from the analogy of electron emission 
with the evaporation of molecules from a liquid. 

Tho thermionic-emission equation has received considerable experimental 
verification.’ The graphical representation between the thermionic-emission 
current and the temperature is generally obtained by taking the logarithm of 
Kq. (3-29), viz., 

log Im — 2 log T = log SA, — 0.434 Be (3-30) 
where the factor 0.434 represents loge. Hence, if we plot log Ja — 2 log 7 
versus 1/T, the result should be a straight line having a slope equal to 
—0.434Ew/k, from which the work function may be determined. 

By taking the derivative of the natural logarithm of Eq. (3-29), we obtain 

da, Ew\ dT 

do = @ a i) (-31) 
For tungsten, Hw = 4.52 eV, and we calculate that at a normal operating tem- 
perature of 2400°K, the fractional change in current dZ/I is 2 + 22 times 
the fractional change in the temperature. It is to be noted that the term 22 
arises from the exponential term in the Dushman equation, and the term 2 
arises from the 7 term. We observe that the thermionic current is a very 
sensitive function of the temperature, since a 1 percent change in T' results in 
a 24 percent change in J. 

It must be emphasized that Eq. (3-29) gives the electron emission from a 
metal at a given temperature provided that there are no external fields present. 
Tf there are either accelerating or retarding fields at the surface, the actual 


current collected will be greater or less than the emission current, respectively, 
The effect of such surface fields is discussed later in this chapter. 


3-9 CONTACT POTENTIAL 


Consider two metals in contact with each other, as at the junction C in Fig. 
3-15. The contact difference of potential between these two metals is defined 
as the potential difference V4» between a point A just outside metal 1 and a 


Fig. 3-15 Two metals in contact at the junction C. 
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int B just outside metal 2. The reason for the existence of the difference 
of potential is easily understood. When the two metals are joined at the 
boundary C, electrons will flow from the lower-work-function metal, say 1, 
to the other metal, 2. This flow will continue until metal 2 has acquired so 
much negative charge that a retarding field has built up which repels any 
further electrons. A detailed analysis’ of the requirement that the number 
of electrons traveling from metal 1 across junction C into metal 2 is the same 
as that in the reverse direction across C leads to the conclusion that this equi- 
librium condition is attained when the Fermi energies Hp of the two metals 
are located at the same height on the energy-level diagram. To satisfy this 
condition, the potential-energy difference £4, between points A and B is given 
by (Prob. 3-16) 


Ean = Ew2 — Ew (3-82) 


which means that the contact difference of potential energy between two metals 
equals the difference between their work functions. This result has been verified 
experimentally by numerous investigators. Corresponding to the potential 
energy Eas, there is a contact potential (volts) which we designate by 
Vaz = V’ and which is numerically equal to Eas. 

If metals 1 and 2 are similar, the contact potential between them is evi- 
dently zero. If they are dissimilar metals, the metal having the lower work 
function becomes charged positively and the higher-work-function metal 
becomes charged negatively. In a vacuum tube the cathode is usually the 
lowest-work-function metal. If it is connected to any other electrode exter- 
nally by means of a wire, the effective voltage between the two electrodes is 
not zero, but equals the difference in the work functions. This potential 
difference is in such a direction as to repel the electrons being emitted from 
the cathode. If a battery is connected between the two electrodes, the effec- 
tive potential is the algebraic sum of the applied voltage and the contact 
potential, 


3-10 ENERGIES OF EMITTED ELECTRONS 


Since the electrons inside a metal have a distribution of energies, those which 
€scape from the metal will also have an energy distribution. It is easy to 
demonstrate this experimentally. Thus consider a plane emitter and a plane- 
parallel collector. The current is measured as a function of the retarding 
voltage V, (the emitter positive with respect to the collector). If all the elec- 
trons left the cathode with the same energy, the current would remain con- 
stant until a definite voltage was reached and then it would fall abruptly to 
zero. For example, if they all had 2 eV energy, then, when the retarding 
Voltage was greater than 2 V, the electrons could not surmount the potential 
barrier between cathode and anode and no particles would be collected. 
Experimentally, no such sudden falling off of current is found, but instead 


72 / ELECTRONIC DEVICES AND CIRCUITS Sec, 3-10 


there is an exponential decrease of current I with voltage according to the 
equation 


LT = [pe-¥el Vr (3-38) 
where V7 is the “volt equivalent of temperature,” defined by 
Spina ag 
Vr => = 71,600 srt 


where & is the Boltzmann constant in joules per degree Kelvin. Note the 
distinction between & and k; the latter is the Boltzmann constant in electron 
volts per degree Kelvin. (Numerical values of & and k are given in Appen- 
dix A. From Sec. 1-5 it follows that & = 1.60 x 10-1%,) 


The Volt-Ampere Characteristic Equation (3-33) may be obtained 
theoretically as follows: Since Z, is the current for zero retarding voltage, 
the current obtained when the barrier height is increased by E, is determined 
from the right-hand side of Eq. (3-29) by changing Ey to Ey + E,. Hence 


I = SA,T%e-Ewt Bo ikt = Jye-E,/kr (3-35) 


where use was made of Eq. (3-29). Since V, is numerically equal to E,, and 
Vr is numerically equal to kT, then 


E, _ Vy 
ne (3-36) 


Hence Eq. (3-33) follows from Eq. (3-35). 
If V is the applied (accelerating) anode potential and if V’ is the (retard- 
ing) contact potential, then V, = V/ — V, and Eq. (3-33) becomes 


’ T= Tyet¥ lV (3-87) 
where 
To = Iyye-¥'/¥r (3-38) 


represents the current which is collected at zero applied voltage. Since 
V’ > Vr, this current J, is a small fraction of Iw. If V is increased from 
zero, the current J increases exponentially until the magnitude of the applied 
voltage V equals the contact potential V’. At this voltage V, = 0, and the 
thermionic current is collected. If V > V’, the field acting on the emitted 
electrons is in the accelerating direction and the current remains at the value 
Iu. A plot of the term log J versus V should be of the form shown in Fig. 3-16. 
The nonzero slope of this broken-line curve is (11,600 log ¢)/T = 5,030/7.. 
From the foregoing considerations, the potential represented by the distance 
from O to 0’ is the contact potential V’. Because most commercial diodes 
do not even approximate a plane eathodé with a plane-parallel anode, the 
volt-ampere characteristic indicated in Fig. 3-16 is only approached in practice. 
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log In 
Fig. 3-16 To verify the retarding- 


potential equation, log I is plotted 
versus V. 


ee 
Retarding I Accelerating 


Furthermore, since the effect of space charge (Chap. 4) has been completely 
neglected, Eq. (3-38) is valid only for low values (microamperes) of current. 
For larger values of J, the current varies as the three-halves power of the 
plate potential (Sec. 4-4). 


EXAMPLE What percentage of the electrons leaving a tungsten filament at, 
2700°K can surmount a barrier whose height is 1 eV? 


Solution Using Eq. (3-33), with V, = 1, and remembering that Vr = 7'/11,600, 
yields 


a €7 (11, 600%1)/2,700 oe g=4.28 — 0,014 
Tu 


Hence only about 1.4 percent of the electrons have surface-directed energies in 
excess of 1 eV. 


_— 


If the emitter is an oxide-coated cathode operating at 1000°K, a caleu- 
lation similar to the above gives the result that only about 0.001 percent of 
the electrons have a surface-directed energy in excess of 1 eV. : 

A statistical analysis*® shows that the average energy of the escaping 
electrons is given by the expression 


E = 2kT (3-89) 


For perating temperatures of 2700 and 1000°K, the average energies of the 
€mitted electrons are 0.47 and 0.17 eV, respectively. , 
These calculations demonstrate the validity of the assumption made in 
‘ap. 1 in the discussion of the motion of electrons in electric and magnetic 
lelds, viz., that the electrons begin their motions with very small initial veloci- 
In most applications the initial velocities are of no consequence. 
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3-11 ACCELERATING FIELDS 


Under normal operating conditions, the field applied between the cathode and 
the collecting anode is accelerating rather than retarding, and so the field aids 
the electrons in overcoming the image force at the surface of the metal. This 
accelerating field tends, therefore, to lower the work function of the metal, 
and so results in an increased thermionic emission from the metal. It can be 
shown’ that the current J under the condition of an accelerating field of & 
(volts per meter) at the surface of the emitter is 


I = Iyeto-asotir (3-40) 


where J, is the zero-field thermionic current, and T is the cathode tempera- 
ture in degrees Kelvin. The fact that the measured thermionic currents con- 
tinue to increase as the applied potential between the cathode and the anode is 
increased is often referred to as the Schottky effect, after the man who first pre- 
dicted this effect. Some idea of the order of magnitude of this increase can be 
obtained from the following illustration. 


EXAMPLE Consider a cylindrical cathode of radius 0.01 cm and a coaxial 
cylindrical anode of radius 1.0 cm. The temperature of the cathode is 2500°K. 
If an accelerating potential of 500 V is applied between the cathode and the anode, 
calculate the percentage increase in the zero-external-field thermionic-emission 
current because of the Schottky effect. 


Solution The electric field intensity (volts per meter) at any point r (meters) 
in the region between the electrodes of a cylindrical capacitor, according to 
classical electrostatics, is given by the formula 


Deeotiagal 
In (ro/re) Fr 


(3-41) 


where In = logarithm to the natural base ¢ 
V = plate voltage 
Ta = anode radius 
rx = cathode radius 
Thus the electric field intensity at the surface of the cathode is 


Se OOO ke 
2.303 log 100 10-4 


It follows from Eq. (3-40) that 


= 1.085 X 10° V/m 


Ae! vf Pr (0.434) (0.44) (1.085 105)! 
Eley 2,500 


= 0.0795 


Hence J/I» = 1.20, which shows that the Schottky theory predicts a 20 percent 
increase over the zero-field emission current. 
ree a es ee ts 
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3-12 HIGH-FIELD EMISSION 


Suppose that the accelerating field at the surface of a ‘“‘cold” cathode (one for 
which the thermionic-emission current is negligible) is very intense. Then, 
not only is the potential-energy barrier at the surface of the cathode lowered, 
put also it is reduced in thickness. For fields of the order of 10° V/m, the 
barrier may become so thin (~100 A) that an electron, considered as a De 
Broglie wave, may penetrate, or “tunnel,” through the barrier (Sec. 6-13). 
Under these circumstances the variation of the emission-current density with 
the strength of the electric field intensity at the surface of the metal has been 
calculated by several investigators.” 

This tunneling effect is called high-field, cold-cathode, or autoelectronic 
emission. The electric field intensity at an electrode whose geometry includes 
a sharp point or edge may be very high even if the applied voltage is moderate. 
Hence, if high-field emission is to be avoided, it is very important to shape 
the electrodes in a tube properly so that a concentration of electrostatic lines 
of flux does not take place on any metallic surface. On the other hand, the 
cold-cathode effect has been used to provide several thousand amperes in an 
x-ray tube used for high-speed radiography. 


3-13 SECONDARY EMISSION® 


The number of secondary electrons that are emitted from a material, either a 
metal or a dielectric, when subjected to electron bombardment has been found 
experimentally to depend upon the following factors; the number of primary 
electrons, the energy of the primary electrons, the angle of incidence of the 
electrons on the material, the type of material, and the physical condition of 
the surface. The yield, or secondary-emission ratio 5, defined as the ratio of the 
number of secondary electrons per primary electron, is small for pure metals, 
the maximum value being between 1.5 and 2. It is increased markedly by 
the presence of a contaminating layer of gas or by the presence of an electro- 
Positive or alkali metal on the surface. For such composite surfaces, second- 
ary-emission ratios as high as 10 or 15 have been detected. Most secondary 
electrons are emitted with small (less than 3 eV) energies. 

The ratio 6 is a function of the energy EZ of the impinging primary elec- 
trons, and a plot of 6 versus E exhibits a maximum, usually at a few hundred 
electron volts. This maximum can be explained qualitatively as follows: 

or low-energy primaries, the number of secondaries that are able to over- 
come the surface attraction is small. As the energy of the impinging electrons 
iMereases, more energetic secondaries are produced and the yield increases. 
Since, however, the depth of penetration increases with the energy of the 
Incident electron, the secondaries must travel a greater distance in the metal 
fore they reach the surface. This increases the probability of collision in 
‘© metal, with a consequent loss of energy of these secondaries. Thus, if the 


= 7 = ~~ > 
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primary energy is increased too much, the secondary-emission ratio must pass 


through a maximum. 
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4 VACUUM-DIODE 
CHARACTERISTICS 


The properties of practical thermionic cathodes are discussed in this 
chapter. In order to collect the emitted electrons, a plate or anode is 
placed close to the cathode in an evacuated envelope. If an acceler- 
ating field is applied, it is found that the plate current increases as the 
anode voltage is increased. When a large enough plate potential is 
applied to collect the thermionic-emission current I, the anode cur- 
rent will remain constant at the value J even though the plate volt- 
age is increased further. The limitation of the current which can be 
collected in a diode at a given voltage because of the space charge of 
the electrons is discussed in detail in this chapter. 

Finally, practical diode volt-ampere characteristics are considered, 
and an analysis of a circuit containing a diode is given. 


4-1 CATHODE MATERIALS 


The three most important practical emitters are pure tungsten, thori- 
ated tungsten, and oxide-coated cathodes. The most important prop- 
erties of these emitters are now discussed, and are summarized in 
Table 4-1. 


Tungsten Unlike the other cathodes discussed below, tungsten 
does not have an active surface layer which can be damaged by 
positive-ion bombardment. Hence tungsten is used as the cathode 
in high-voltage high-vacuum tubes. These include x-ray tubes, 
diodes for use as rectifiers above about 5,000 V, and large power- 
amplifier tubes for use in communication transmitters. 

Tungsten has the disadvantage that the cathode-emission efficiency, 
defined as the ratio of the emission current, in amperes, to the heating 
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TABLE 4-1 Comparison of thermionic emitters 


Gas or 
vacuum 
tube 


Type of 


cathode | A/(m*)(°K*) 


Tungsten... . 


Vacuum 

Thoriated 
tungsten. . 750-5, 000 | Vacuum 
Oxide-coated 100-10,000 | Below 750) Vacuum 


{ K. R. Spangenberg, ‘Vacuum Tubes,’ McGraw-Hill Book Company, New’ York, 


1948, 


power, in watts, is small. However, a copious supply of electrons can be pro- 
vided by operating the cathode at a sufficiently high temperature. The higher 
the temperature, the greater will be the evaporation of the filament during its 
operation and the sooner it will burn out. Economic considerations dictate 
that the temperature of the filament be about 2500°K, which gives it a life of 
approximately 2,000 hr. The melting point of tungsten is 3650°K. 


Thoriated Tungsten! In order to obtain copious emission of electrons 
at moderately low temperatures, it is necessary for the material to have a low 
work function. Unfortunately, the low-work-function metals, such as cesium, 
rubidium, and barium, in some cases melt and in other cases boil at tempera- 
tures necessary for appreciable thermionic emission. However, it is possible 
to apply a very thin (monatomic) layer of low-work-function material, such as 
thorium, on a filament of tungsten. Thoriated-tungsten filaments are obtained 
by adding a small amount (1 or 2 percent by weight) of thorium oxide to the 
tungsten. The base metal holds the adsorbed layer at high temperatures, 
even above the point at which the pure thorium would normally evaporate. 
Such a filament possesses emission properties that are considerably better than 
those of the pure tungsten. 

The limitation to the use of thoriated-tungsten emitters is the deacti- 
vation due to positive-ion bombardment. The effect of even a few ions is 
severe at high potentials, so that these filaments are confined to use in tubes 
that operate with potentials of less than about 5,000 V. Thoriated-tungsten 
filaments are used in a number of moderate-voltage transmitting tubes as well 
as in high-power beam-type microwave tubes. 


EXAMPLE At what temperature will a thoriated-tungsten filament give 5,000 
times as much emission as a pure tungsten filament at the same temperature? 
The filament dimensions of the two emitters are the same. 
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Solution It is required that I7_w = 5,000Jw. From Eq. (3-15) and Table 4-1, 
Tr_w = (S)(3.0 X 104)(T?)e~?- oa/k? 

and 
Tw = (S)(60.2 X 104)(T?)e-4.s2/er 

Upon dividing these two equations, there results 


Ir_w 3 3 
—— = 5,000 = ——— ¢(4. 52—2. 63)/(8.62X10~§7) 
iy 602° 


ute 21, 900/77 


20.1 


where the value of & in electron volts per degree Kelvin given in Appendix A was 
used. We can solve for 7' with the aid of logarithms. Thus 
ee = log (5,000)(20.1) = 5.00 


or 
T = 1900°K 


Oxide-coated Cathodes? The modern oxide-coated cathode is the most 
efficient type of emitter that has been developed commercially. It consists 
of a metallic base of platinum, nickel, nickel with a few percent of cobalt or 
silicon, or Konal metal. Konal metal is an alloy consisting of nickel, cobalt, 
iron, and titanium. Konal-metal sleeves are used very extensively as the 
indirectly heated cathode of radio receiving tubes. The wire filaments or 
the metallic sleeves are coated with oxides of the alkaline-earth group, espe- 
cially barium and strontium oxides. 

Four characteristics of the coating account for its extensive use: (1) It 
has a long life, several thousand hours under normal operating conditions being 
common. At reduced filament power, several hundred thousand hours has 
been obtained. (2) It can easily be manufactured in the form of the indirectly 
heated cathode. (3) It gives tremendous outputs under pulsed conditions. 
Thus it has been found that for (microsecond) pulses current densities in excess 
of 10* A/m? may be obtained.* (4) It has very high cathode efficiency. 

Oxide-coated cathodes are subject to deactivation by positive-ion bom- 
bardment, and so are generally used in low-voltage tubes only. The emission 
Properties of an oxide-coated cathode are influenced by many factors, for 
example, the proportion of the contributing oxides, the thickness of the oxide 
Coating, possibly the core material, and the details of the processing. Hence 
the emission characteristics change with the age of the cathode and vary 
markedly from tube to tube. How then can tubes using oxide-coated cathodes 
Serve Satisfactorily in any circuit? It is shown in Sec. 4-4 that tubes usually 
°perate under conditions of space-charge limitation and not under conditions 
of temperature limitation. This statement means that the current is determined 
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by the plate voltage and not, by the cathode temperature. Thus, despite their 
rather unpredictable emission characteristics, oxide-coated cathodes make 
excellent tube elements, provided only that their thermionic-emission current 
never falls below that required by the circuit. 

Oxide-coated cathodes are used in the greatest percentage of commercial 
electron tubes. Almost all receiving tubes, many low-voltage transmitting 
tubes, and practically all gas tubes use such cathodes. 


4-2 COMMERCIAL CATHODES 


The cathodes used in thermionic tubes are sometimes directly heated filaments 
in the form of a V, a W, or astraight wire, although most tubes use indirectly 
heated cathodes. 

The indirectly heated cathode was developed so as to minimize the hum 
(Sec. 16-11) arising from the various effects of ac heater operation. The 
heater wire (tungsten) is contained in a ceramic insulator (oxides of beryllium 
and aluminum) enclosed by a nickel or Konal-metal sleeve on which the oxide 
coating is placed. The cathode as a unit is so massive that its temperature 
does not vary appreciably with instantaneous variations in the magnitude of 
the heater currents. Further, since the sleeve is the emitting surface, the 
cathode is essentially equipotential. The ceramic insulator which acts to iso- 
late electrically the heater wire from the cathode must, of course, be a good 
heat conductor. Under normal conditions of operation, the heater is main- 
tained at about 1000°C, which results in the cathode temperature being at 
approximately 850°C. 


Heaterless Cathodes Vacuum diode and multielectrode tubes have been 
constructed which contain no heater. The Thermionic Integrated Micro- 
Module, known as TIMM (General Electric trade name), obtains the heat 
needed to develop thermionic emission by conserving the normal dissipations 
of both active and passive components and containing this energy within a 
suitable insulated enclosure. 

A TIMM is constructed of special ceramic materials, with electrodes of 
titanium, and is operated at approximately 600°C. The oxide cathode coating 
is deposited upon platinum base metal, leading to chemical stability and long 
emitter life. 


4-3 THE POTENTIAL VARIATION BETWEEN THE ELECTRODES 


Consider a simple thermionic diode whose cathode can be heated to any desired 
temperature and whose anode or plate potential is maintained at Vp. It 
will be assumed that the cathode is a plane equipotential surface and that the 
collecting plate is also a plane parallel to it. The potential variations between 
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Potential, V 


T,> T,> T, 


Fig. 4-1 The potential variation 
between plane-parallel elec- 
trodes for several values of 
cathode temperature. 


Cathode 


Vn a ee nonzero initial 


velocities 


the electrodes for various temperatures of the cathode are given in Fig. 4-1. 
The general shape of these curves may be explained as follows: At the tem- 
perature T, at which no electrons are emitted, the potential gradient is con- 
stant, so that the potential variation is a linear function of the distance from 
the cathode to the anode. 

At the higher temperature 72, an appreciable density of electrons exists 
in the interelectrode space. The potential variation will be somewhat as 
illustrated by the curve marked 72 in Fig, 4-1. The increase in temperature 
can change neither the potential of the cathode nor the potential of the anode. 
Hence all the curves must pass through the fixed end points K and A. Since 
negative charge (electrons) now exists in the space between K and A, then, 
by Coulomb’s law, the potential at any point will be lowered. The greater 
the space charge, the lower will be the potential. Thus, as the temperature is 
increased, the potential curves become more and more concave upward. At 
Ts, the curve has drooped so far that it is tangent to the X axis at the origin. 
That is, the electric field intensity at the cathode for this condition is zero. 
One may sketch the broken curve of Fig. 4-1 to represent the potential vari- 
ation at a temperature higher than 7';. This curve contains a potential mini- 
mum. Such a condition is physically impossible if the initial velocities of the 
emitted electrons are assumed negligible. That this is so follows from the 
discussion given below. 


The Potential-energy Curves Since the potential energy is equal to the 
Product of the potential V and the charge —e, the curves of Fig. 4-2 are simply 
those of Fig. 4-1 inverted, the unit of the ordinates being changed to electron 
Volts. It is immediately evident that the broken curve represents a potential- 
ehergy barrier at the surface of the cathode. Several such potential-energy 

®rriers have already been considered in Chap. 3. On the basis of our previ- 
us discussions, it is clear that only those electrons which possess an initial 
®nergy greater than Ey, the maximum height of the barrier, can escape from 
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the cathode and reach the anode. Consequently, the assumed condition of 
zero initial velocities of the emitted electrons precludes the possibility of any 
electrons being emitted. As a result, the barrier will be broken down, since 
the applied field will cause those electrons which produce the barrier to leave 
the interelectrode space and become part of the anode current. This auto- 
matic growth and collapse of the potential barrier outside the cathode may be 
considered as a self-regulating valve that allows a certain definite number of 
electrons per second to escape from the cathode and reach the anode, for a 
given value of plate voltage. 


The Field Intensity at the Cathode It can be inferred from the fore- 
going argument that the maximum current that can be drawn from a diode 
for a fixed plate voltage and any temperature whatsoever is obtained under 
the condition of zero electric field at the surface of the cathode. Thus, for 
optimum conditions, 

e=--Hao0 atia=i0 (4-1) 
This condition is based on the assumption that the emitted electrons have 
zero initial energies. Because the initial velocities are not truly zero, the 
potential variation within the tube may actually acquire the form illustrated 
by the broken curve of Fig. 4-1. However, since the potential minimum in 
Fig. 4-1 is usually small in comparison with the applied potential, it is neg- 
lected, and condition (4-1) is assumed to represent the true status when space- 
charge current is being drawn. , 


4-4 SPACE-CHARGE CURRENT 


We shall now obtain the analytical relationship between the current and volt- 
age in a diode. The electrons flowing from the cathode to the anode consti- 


Potential 
energy, eV 


Fig. 4-2 The potential-energy varia- 
tions corresponding to the curves of 
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tute the current. The magnitude of the current density J in amperes per 
square meter is given by Eq. (1-38), viz., 


J = pu (4-2) 


where v is the drift velocity of these electrons in meters per second, and p is 
the volume density of electric charge in coulombs per cubic meter. Both p 
and v are functions of the distance from the origin (the cathode). However, 
the product is constant, since the number of electrons passing through unit 
area per second must be the same for all points between a plane cathode and a 
parallel anode. This statement expresses the principle of conservation of elec- 
tric charge. Therefore, at the cathode, where the velocity of the electrons is 
very small (the velocities being the initial velocities), the charge density must 
be very large. In the neighborhood of the anode, the velocity is a maximum; 
hence the charge density is a minimum. If the initial velocities are neglected, 
the velocity of the electrons at any point in the interelectrode space may be 
determined from the equation that relates the kinetic energy of the particle 
with the potential through which it has fallen, viz., 


}mv* = eV (4-3) 
Poisson’s equation is 

ay 

on™ é (4-4) 


where x = distance from cathode, m 
V = potential, V 
p = magnitude of electronic volume charge density, C/m* 
€ = permittivity of free space, mks system 
There results, from Eqs. (4-2) to (4-4), 


Cid ay Toe ea J Ane - rv 
at 6 06 ~ Ble/myfe, = KV ma 


where 


J 
K= Bejm)Ie Sts 


is a constant, independent of z. 


The Solution of Eq. (4-5) Let y = dV /dz, and this nonlinear differential 
€quation may be solyed by the separation-of-variables method. Thus 


dy = KV-4dz = Kyi 


ydy = KV4dV 
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which integrates to 

es = 2KV?+C; (4-7) 
The constant of integration C; is zero because, at the cathode, V = 0 and 


y = dV/dx = 0, from Eq. (4-1). By taking the square root of Eq. (4-7) there 
results 


y= DM aoKyi = ond Va = 2K ds 
This equation integrates to 


$V = 2K'z + Cp 
The constant of integration C2 is zero because V = Oat z= 0. Finally, 
V = @)'Kiz! (4-8) 


It is seen that the potential depends upon the four-thirds power of the 
interelectrode spacing. For example, the curve marked 7’; in Fig. 4-1 is 
expressed by the relation 


V = az! (4-9) 


where a is readily found in terms of constants and the current density J from 
the foregoing equations. However, « may also be written as Vp/d’, where 
d is the separation of the electrode and Vp is the plate potential. This is so 
because Eq. (4-9) is valid for the entire interelectrode space, including the 
boundary z = d, where V = Vp. 


The Three-halves-power Law The complete expression for the current 
density is obtained by combining Eqs. (4-8) and (4-6). The result is 


& (aie 4-10 
1=5(2§) «3 a 
In terms of the boundary values, this becomes, upon inserting the value of 
e/m for electrons and ¢, = 10-*/36r, 

J = 2.33 x 1022 (4-11) 
Therefore the plate current varies as the three-halves power of the plate potential. 
This result was established by Langmuir,‘ although it had been previously 
published in a different connection by Child.’ It is known by several differ- 
ent names, for example, the Langmuir-Child law, the three-halves-power law, 
or simply, the space-charge equation. : 

It will be noticed that this equation relates the current density, and so 
the current, in terms only of the applied potential and the geometry of the 
tube. The space-charge current does not depend upon either the temperature 
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or the work function of the cathode. Hence, no matter how many electrons 
a cathode may be able to supply, the geometry of the tube and the potential 
applied thereto will determine the maximum current that can be collected by 
the anode. Of course, it may be less than the value predicted by Eq. (4-11) 
if the electron supply from the cathode is restricted (because the temperature 
is too low). To summarize, the plate current in a given diode depends only 
upon the applied potential, provided that this current is less than the tempera- 
ture-limited current. 

The velocity of the electrons as a function of position between the cathode 
and anode can be found from Eq. (4-3) with the aid of Eq. (4-10). Then the 
charge density as a function of z can be obtained from Eq. (4-2). It is found 
(Prob. 4-6) that v varies as the two-thirds power of x and that p varies inversely 
as the two-thirds power of z. This physically impossible result that at the 
cathode the charge density is infinite is a consequence of the assumption that 
the electrons emerging from the cathode all do so with zero initial velocity. 
Actually, of course, the initial velocities are small, but nonzero, and the charge 
density is large, though finite. 

Systems that possess plane-parallel electrodes were considered above 
because the simplicity of this geometry made it easy to understand the 
physical principles involved. However, such tube geometry is almost never 
met in practice. More frequently, tubes are constructed with cylindrical 
symmetry, the anode being in the form of a cylinder that is coaxial with a 
cathode of either the directly or the indirectly heated type. It is possible to 
demonstrate® that an expression of the form 


Tp = GV? (4-12) 


where Ip is the plate current, applies for any geometrical arrangement of cathode 
and anode, provided that initial velocities are neglected. The specific value 
of the constant G, called the perveance, that exists in this expression depends 
upon the geometry of the system. 


4-5 FACTORS INFLUENCING SPACE-CHARGE CURRENT 


Several factors modify the equations for space charge given above, particu- 
larly at low plate voltages. Among these factors are: 


1. Filament Voltage Drop The space-charge equations are derived on 
the assumption that the cathode is an equipotential surface. This is not a 
Valid assumption for a directly heated emitter, and the voltage across the ends 
of the filament causes a deviation from the three-halves-power equation. In 
fact, the results depend on whether the plate current is returned to the positive 
or to the negative end of the filament. Usually, the filament is heated with a 


transformer, and the plate is returned to the center tap of the secondary 
Winding. 


7 ° - a 
1 hs 2 . ~~ 
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2. Contact Potential In every space-charge equation, the symbol Vp 
must be understood to mean the sum of the applied voltage from plate to 
cathode plus the contact potential between the two. For plate voltages of 
only a few volts, this effect may be quite appreciable. 


3. Asymmetries in Tube Structure Commercial tubes seldom possess 
the ideal geometry assumed in deriving the space-charge equations, 


4, Gas The presence of even minute traces of gas in a tube can have 
marked effects on the tube characteristics. If the voltage is sufficiently high 
to cause ionization of the residual gas molecules, the plate current will rise 
above that demanded by the space-charge equations because the positive ions 
that are formed neutralize the electronic-charge density. Modern vacuum 
tubes are exhausted to pressures of about 10-' mm Hg. 


5. Initial Velocities of Emitted Electrons If the initial velocities of the 
electrons are not neglected, the variations of potential with interelectrode 
spacing will be somewhat as depicted by the broken curve of Fig. 4-1, which is 
reproduced in Fig. 4-3 for convenience. This represents a potential-energy 
barrier at the cathode surface, and so it is only those electrons whose energies 
are greater than the height F,, = eV, of this barrier that can escape from the 
cathode. The height of this barrier is, from the results of Sec. 3-10, a fraction 
of 1 eV. 

At a distance a, from the surface of the thermionic emitter, the point of 
the potential minimum, the electric field intensity passes through zero, Hence 
the point M may be considered as the position of a “virtual” cathode. Evi- 
dently, the distance that will enter into the resulting space-charge equation 
will be d— 2m, and not d. Likewise, the effective plate potential will be 
Vp + Vm, and not Vp alone. Both of these factors will tend to increase the 
current above that which exists when the initial velocities are neglected. The 
exact mathematical formulation of the volt-ampere equation, taking into 
account the energy distribution of the electrons, is somewhat involved.? To 
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parallel space-charge diode, with the initial 
velocities of the electrons taken into account. 
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summarize, the space-charge current in a diode is not strictly a function of 
the plate potential only, but does depend, to a small extent, upon the tem- 
perature of the cathode. 


4-6 DIODE CHARACTERISTICS 


The two most important factors that determine the characteristics of diodes 
are thermionic emission and space charge. The first gives the temperature- 
saturated value, i.e., the maximum current that can be collected at a given 
cathode temperature, regardless of the magnitude of the applied accelerating 
potential. The second gives the space-charge-limited value, or the voltage- 
saturated value, and specifies the maximum current that can be collected at a 
given voltage regardless of the temperature of the filament. 


Large-voltage Characteristics The volt-ampere curves obtained 
experimentally for an oxide-coated cathode are shown in Fig. 4-4. It should 
be noted that the space-charge currents corresponding to the different tem- 
peratures do not coincide, but that the currents decrease slightly as the tem- 
perature decreases. Further, there is no abrupt transition between the space- 
charge-limited and the temperature-limited portions of the curves, but rather 
a gradual transition occurs. Also, the current for the temperature-limited 
regions gradually rises with increased anode potentials (because of the Schottky 
effect, Sec. 3-11). The shapes of these curves are determined by the factors 
mentioned in the preceding section. 


Low-voltage Characteristic The diode curve does not follow Hq. (4-12) 
for small currents or voltages because the initial velocities of the electrons and 
the contact potential cannot be neglected in this region. An expanded view 
of the volt-ampere curve near the origin is given in Fig. 4-5. Space charge is 
negligible at these small currents, and the volt-ampere relationship is given 
by Hq. (3-37), namely, 


Ip = Ige¥el¥r (4-13) 
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Fig. 4-4 Volt-ampere diode characteristics 
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Fig. 4-5 The volt-ampere characteristic of 
a vacuum diode for small voltages. 


where J, is the plate current at zero applied voltage V, and Vr = 77/11,600 
[{Eq. (8-34)] is the volt equivalent of temperature. Note that the curve does 
not pass through the origin. 


4-7 AN IDEAL DIODE VERSUS A THERMIONIC DIODE 


An ideal diode is defined as a two-terminal circuit element having the following 
characteristics: (1) It offers no resistance to current flow if the plate is posi- 
tive with respect to cathode (zero forward resistance). (2) There is no current 
if the plate is negative with respect to the cathode (infinite reverse resistance). 
(3) The capacitance shunting the diode is zero. (4) These characteristics are 
independent of temperature. The volt-ampere characteristic of an ideal diode 
is shown in Fig. 4-6. 

A physical thermionic diode differs in the following important respects 
from the ideal diode: 


1, The forward resistance is not zero, but lies in the approximate range of 
100 to 1,000 2. 

2. The value of the resistance is not constant, but depends upon the 
applied voltage. Hence a distinction must be made between static and 
dynamic resistance. The static resistance R is defined as the ratio Vp/Ip. 
At any point P on the volt-ampere characteristic of the diode, R is the recipro- 
cal of the slope of the line joining P to the origin. The static resistance varies 
widely with voltage, and hence is seldom used. For small-signal operation, 


Ip 


Fig. 4-6 An ideal-diode characteristic. 
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an important parameter is the dynamic, incremental, or plate resistance, defined 
r= (4-14) 


This dynamic forward resistance will also be designated by R,. Of course, 
if the volt-ampere characteristic were a straight line passing through the 
origin, R; would equal R. Although r, varies with current, it is reasonable 
to treat this parameter as a constant in a small-signal model. 

3. The back, or reverse, resistance R, is not infinite, although values of 
hundreds or even thousands of megohms are attainable even for small negative 
applied voltages. 

4. The “break” in the characteristic (the division between the high- and 
low-resistance regions) is not sharp, and may not occur at zero applied voltage. 

5. As already mentioned in Sec. 4-5, the volt-ampere characteristic is not 
strictly space-charge-limited, but does depend somewhat upon the filament 
temperature. Experiment reveals that there is a shift in the voltage at con- 
stant current of about —0.1 V for a 10 percent increase in the healer voltage. 
The higher the filament voltage, the more the curves shift to the left, because 
the increase in the initial velocities of the electrons with increase in tempera- 
ture results in higher currents at a given voltage. The shift with tube replace- 
ment or tube aging is found in practice to be of the order of +0.25 V. 

6. Since a diode consists of two metallic electrodes (a cathode and an 
anode) separated by a dielectric (a vacuum), this device constitutes a capaci- 
tor. The order of magnitude of this capacitance is 5 pF. To this value must 
be added the wiring capacitance introduced when the diode is inserted into a 
circuit. 


4-8 RATING OF VACUUM DIODES 


The rating of a vacuum diode, i.e., the maximum current that it may normally 
carry and the maximum potential difference that may be applied between the 
cathode and the anode, is influenced by a number of factors. 


1. The plate current cannot exceed the thermionic-emission current. 

2. In order that the gas adsorbed by the glass walls should not be liber- 
ated, the temperature of the envelope must not be allowed to exceed the tem- 
Perature to which the tube was raised in the outgassing process. 

3. The most important factor limiting the rating of a tube is the allowa- 
ble temperature rise of the anode. When a diode is in operation, the anode 
becomes heated to a rather high temperature because of the power (pV p) 
that must be dissipated by the anode. The temperature of the anode will rise 
until the rate at which the energy supplied to the anode just equals the rate 
at which the heat is dissipated from the anode in the form of radiation. Conse- 
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quently, the temperature will depend upon the area of the anode and the mate- 
rial of which it is constructed. The most common metals used for anodes are 
nickel and iron for receiving tubes and tantalum, molybdenum, and graphite 
for transmitting tubes. The surfaces are often roughened or blackened in 
order to increase the thermal emissivity and permit higher-power operation. 
These anodes may be operated at a cherry-red heat without excessive gas 
emission or other deleterious effects. For the larger tubes, it is necessary that 
the anodes be cooled either by circulating water through special cooling coils 
or by forced-air-cooling radiator fins attached to the anode. 

4. The voltage limitation of a high-vacuum diode is not always deter- 
mined by the permissible heating of the anode. Conduction may take place 
between the filament leads and the anode lead through the glass itself, if the 
voltage between these leads is high. For this reason, high-voltage rectifiers 
are generally constructed with the filament leads and the anode lead at opposite 
ends of the glass envelope. 


Peak Inverse Voltage The separation of the leads of high-voltage recti- 
fiers must be large enough to preclude flashover through the air. In fact, it is 
the highest voltage that may be safely impressed across the electrodes with 
no flow of charge which determines the safe voltage rating of a tube. Since, 
with an alternating potential applied between the cathode and anode, no cur- 
rent must exist during the portion of the cycle when the anode is negative 
with respect to the cathode, the maximum safe rating of a rectifying diode is 
known as the peak-inverse-voltage rating. 

Commercial vacuum diodes are made to rectify currents at very high 
voltages, up to about 200,000 V. Such units are used with x-ray equipment, 
high-voltage cable-testing equipment, and high-voltage equipment for nuclear- 
physics research. 


Semiconductor Diodes Because of their small size and long life and 
because no filament power is required, semiconductor diodes (Chap. 6) are 
replacing vacuum rectifiers in many applications. The tube must be used, 
however, if very high voltage or power is involved, if extremely low reverse 
currents are necessary, or if the diode is located in an unusual environment 
(high nuclear radiation or high ambient temperature). 


49 THE DIODE AS A CIRCUIT ELEMENT 


The basic diode circuit of Fig. 4-7 consists of the tube in series with a load 
resistance Rz and an input-signal source v;. Since the heater plays no part 
in the analysis of the circuit, it has been omitted from Fig. 4-7, and the diode 
is indicated as a two-terminal device. This circuit is now analyzed to find 
the instantaneous plate current 7p and the instantaneous voltage across the 
diode vp when the instantaneous input voltage is v;. 


VACUUM-DIODE CHARACTERISTICS / 91 


eer: 

+ z 

Fig. 4-7. The basic diode circuit. luke 
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The Load Line From Kirchhoff’s voltage law, 
vp = 4, — ipRy (4-15) 


where Rz is the magnitude of the load resistance. This one equation is not 
sufficient to determine the two unknowns vp and 7p in this expression. How- 
ever, a second relation between these two variables is given by the static plate 
characteristic of the diode (Fig. 44). In Fig. 4-8a is indicated the simultane- 
ous solution of Eq. (4-15) and the diode plate characteristic. The straight 
line, which is represented by Eq. (4-15), is called the load line. The load line 
passes through the points ip = 0, vp = »;, and ip = v,/Rz, vp = 0. That is, 
the intercept with the voltage axis is »;, and with the current axis is v;/Rz. 
The slope of this line is determined, therefore, by Rz. It may happen that 
ip = v;/Rz is too large to appear on the printed volt-ampere characteristic 
supplied by the manufacturer. If J’ does appear on this characteristic, one 
point on the load line is ip = I’, vp = v; — I’Rz, and the second point is 
ip = 0, vp =». The point of intersection A of the load line and the static 
curve gives the current i, that will flow under these conditions. This con- 
struction determines the current in the circuit when the instantaneous input 
potential is ». 


The Dynamic Characteristic Consider now that the input voltage is 
allowed to vary. Then the above procedure must be repeated for each volt- 
age value. A plot of current vs. input voltage, called the dynamic charac- 
teristic, may be obtained as follows: The current i4 is plotted vertically above 
% at point B in Fig. 4-8b. As v; changes, the slope of the load line does not 
vary since Rz is fixed. Thus, when the applied potential has the value »{, the 
corresponding current is i4._ This current is plotted vertically above v; at B’. 

he resulting eurve OB’B that is generated as v; varies is the dynamic 
characteristic. 

? It is to be emphasized that, regardless of the shape of the static charac- 
teristic or the waveform of the input voltage, the resulting waveform of the 
current in the output circuit can always be found graphically from the dynamic 
characteristic. This construction is indicated in Fig. 4-9. The input-signal 
Waveform (not necessarily sinusoidal) is drawn with its time axis vertically 
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() 


Fig. 4-8 (a) The intersection A of the load line with the diode static charac- 
teristic gives the current i, corresponding to an instantaneous input voltage vj. 
(b) The method of constructing the dynamic curve from the static curve and 
the load line. 


downward, so that the voltage axis is horizontal. Suppose that the input 
voltage has the value indicated by the point A at an instant t’. The corre- 
sponding current is obtained by drawing a vertical line through A and noting 
the current a where this line intersects the dynamic curve. This current is 
then plotted at an instant of time equal to ¢’. Similarly, points b, c,d, . . 
of the current waveform correspond to points B, C, D, . . . of the input- 
voltage waveform. 


Diode Applications The construction of Fig. 4-9 indicates that, for 
negative input voltages, zero output current is obtained. If the dynamic 


Fig. 4-9 The method of 
obtaining the output-current 
waveform from the dynamic 
curve for a given input- 
voltage waveform. 
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Sec. 4-9 
characteristic is linear, the output voltage », = ipRz is an exact replica of the 
input voltage v except that the negative portion of »; is missing. In this 
application the diode acts as a clipper. If the diode polarity is reversed, the 
positive portion of the input voltage is clipped. The clipping level need not 
be at zero (or ground) potential. For example, if a reference battery Vr is 
added in series with Ry of Fig. 4-7 (with the negative battery terminal at 
ground), signal voltages smaller than Vz» will be clipped. Many other wave- 
shaping circuits* employ diodes. 

One of the most important applications of a diode is rectification. If the 
input voltage is sinusoidal, the output consists of only positive sections (resem- 
bling half sinusoids). The important fact to note is that, whereas the average 
yalue of the input is zero, the output contains a nonzero de value. Hence 
rectification, or the conversion from alternating to direct voltage, has taken 
place. Practical rectifier circuits are discussed in Chap. 20. Diodes also find 
extensive application in digital computers® and in circuits used to detect radio- 


frequency signals. 
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5 CONDUCTION 
IN SEMICONDUCTORS 


In Chap. 2 we consider the energy-band structure of crystals and 
the classification of materials as insulators, conductors, and semicon- 
ductors. Because of their importance we examine semiconductors in 
this chapter, with special emphasis on the determination of hole and 
electron concentrations. The effect of carrier concentrations on the 
Fermi level and the transport of holes and electrons by conduction or 
diffusion are also investigated. 


5-1 ELECTRONS AND HOLES IN AN 
INTRINSIC SEMICONDUCTOR! 


From Eq. (3-3) we see that the conductivity is proportional to the 
concentration n of free electrons. For a good conductor, n is very 
large (~10* electrons/m*); for an insulator, n is very small (~10); 
and for a semiconductor, 7 lies between these two values. The valence 
electrons in a semiconductor are not free to wander about as they are 
in a metal, but rather are trapped in a bond between two adjacent ions, 
as explained below. 

Germanium and silicon are the two most important semicon- 
ductors used in electronic devices. The crystal structure of these 
materials consists of a regular repetition in three dimensions of a 
unit cell having the form of a tetrahedron with an atom at each 
vertex. This structure is illustrated symbolically in two dimensions 
in Fig. 5-1. Germanium has a total of 32 electrons in its atomic 
structure, arranged in shells as indicated in Table 2-2. As explained 
in Sec. 2-10, each atom in a germanium crystal contributes four valence 
electrons, so that the atom is tetravalent. The inert ionic core of the 
germanium atom carries a positive charge of +4 measured in units 
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pond is called a hole. The importance of the hole is that it may serve as a 
carrier of electricity comparable in effectiveness to the free electron. , : 
The mechanism by which a hole contributes to the conductivity is quali- 
tatively as follows: When a bond is incomplete so that a hole exists, it is 
relatively easy for a valence electron in a neighboring atom to leave its covalent 
bond to fill this hole. An electron moving from a bond to fill a hole leaves a 
hole in its initial position. Hence the hole effectively moves in the direction 
opposite to that of the electron. This hole, in its new position, may now be 
filled by an electron from another covalent bond, and the hole will correspond- 
ingly move one more step in the direction opposite to the motion of the elec- 
tron. Here we have a mechanism for the conduction of electricity which does 
not involve free electrons. This phenomenon is illustrated schematically in 
Fig. 5-3, where a circle with a dot in it represents a completed bond, and an 
empty circle designates a hole. Figure 5-3a shows a row of 10 ions, with a 
broken bond, or hole, at ion 6. Now imagine that an electron from ion 7 
moves into the hole at ion 6, so that the configuration of Fig. 5-3b results. 
If we compare this figure with Fig. 5-3a, it looks as if the hole in (a) has 
moved toward the right in (b) (from ion 6 toion 7). This discussion indicates 
that the motion of the hole in one direction actually means the transport of a 
negative charge an equal distance in the opposite direction. So far as the flow 
of electric current is concerned, the hole behaves like a positive charge equal in 
magnitude to the electronic charge. We can consider that the holes are physi- 
cal entities whose movement constitutes a flow of current. 
In a pure semiconductor the number of holes is equal to the number of 
free electrons. Thermal agitation continues to produce new hole-electron 
pairs, whereas other hole-electron pairs disappear as a result of recombination. 


Fig. 5-1 Crystal structure of germanium, 
illustrated symbolically in two dimensions. 


of the electronic charge. The binding forces between neighboring atoms 
result from the fact that each of the valence electrons of a germanium atom is 
shared by one of its four nearest neighbors. This electron-pair, or covalent, 
bond is represented in Fig. 5-1 by the two dashed lines which join each atom 
to each of its neighbors. The fact that the valence electrons serve to bind 
one atom to the next also results in the valence electron being tightly bound 
to the nucleus. Hence, in spite of the availability of four valence electrons, 
the crystal has a low conductivity. 

At a very low temperature (say 0°K) the ideal structure of Fig. 5-1 is 
approached, and the crystal behaves as an insulator, since no free carriers of 
electricity are available. However, at room temperature, some of the covalent 
bonds will be broken because of the thermal energy supplied to the crystal, 
and conduction is made possible. This situation is illustrated in Fig. 5-2. 
Here an electron, which for the far greater period of time forms part of a 
covalent bond, is pictured as being dislodged and therefore free to wander in 
a random fashion throughout the crystal. The energy Eg required to break 
such a covalent bond is about 0.72 eV for germanium and 1.1 eV for silicon 
at room temperature. The absence of the electron in the covalent bond is 
represented by the small circle in Fig. 5-2, and such an incomplete covalent 


5-2 CONDUCTIVITY OF A SEMICONDUCTOR 


With each hole-electron pair created, two charge-carrying “particles” are 
formed. One is negative (the free electron), of mobility un, and the other is 
Positive (the hole), of mobility uy. These particles move in opposite directions 
M an electric field &, but since they are of opposite sign, the current of each is in 
Same direction. Hence the current density J is given by (Sec. 3-1) 


Fig. 5-2. Germanium crystal with a 
broken covalent bond. 


J = (nun + puy)e& = 06 (5-1) 
Where n, 


P 
cg 


magnitude of free-electron (negative) concentration 
magnitude of hole (positive) concentration 
conductivity 


98 / ELECTRONIC DEVICES AND CIRCUITS 


Hence 
o = (nn + ip)e (5-2) 


For the pure (called inérinsic) semiconductor considered here, n = p = ny 
where n; is the intrinsic concentration. 

In pure germanium at room temperature there is about one hole-electron 
pair for every 2 X 10° germanium atoms. With increasing temperature, the 
density of hole-electron pairs increases [Eq. (5-21)], and correspondingly, the 
conductivity increases. In the following section it is found that the intrinsie 
concentration n; varies with temperature in accordance with the relationship 


ng = A, T%e-BaolkT (5-8) 


The constants Ego, 4a, #p, and many other important physical quantities for 
germanium and silicon are given in Table 5-1. 

The conductivity of germanium (silicon) is found from Eq, (5-3) to 
increase approximately 6 (8) percent, per degree increase in temperature, 
Such a large change in conductivity with temperature places a limitation 
upon the use of semiconductor devices in some circuits. On the other hand, 
for some applications it is exactly this property of semiconductors that is used. 
to advantage. A semiconductor used in this manner is called a thermistor.* 
Such a device finds extensive application in thermometry, in the measurement 
of microwave-frequency power, as a thermal relay, and in control devices 
actuated by changes in temperature. Silicon and germanium are not used as 
thermistors because their properties are too. sensitive to impurities. Com= 
mercial thermistors consist of sintered mixtures of such oxides as NiO, Mn20a, 
and Co203. 


TABLE 5-1 Properties of germanium and silicon} 

Property Ge Si 
Atomic number, 82 4 
Atomic weight. . 72.6 28.1 
Density, g/em*.... 5.32 2.33 
Dielectric constant (relative). 16 12 
Atoms/em*......0.0... 4.4 xX 10% 5.0 X 10* 
Eco, eV, at 0°K. 0,785 1.21 
Eg, eV, at 300°K 0.72 it 
n; at 300°K, cm-*. 2.5 X 108 1.5 X 10% 
Intrinsic resistivity at 300°K, 2-cm 45 230,000 
Hn, cm*/V-sec. . 8,800 1,300 
Hy, cm?/V-sec 1,800 500 t 
Dn, em?/see = unVir. 99 34 
D,, em?/see = wpVr... 47 13 


+G. L. Pearson and W. H. Brattain, History of Semiconductor 
Research, Proc. IRE, vol. 43, pp. 1794-1806, December, 1955, E. M. 
Conwell, Properties of Silicon and Germanium, Part Il, Proc. IRE, vol. 
46, no. 6, pp. 1281-1299, June, 1958. 
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The exponential decrease in resistivity (reciprocal of conductivity) of a 
semiconductor should be contrasted with the small and almost linear increase 
jn resistivity of a metal. An increase in the temperature of a metal results in 
ter thermal motion of the ions, and hence decreases slightly the mean free 
th of the free electrons. The result is a decrease in the mobility, and hence in 
conductivity. For most metals the resistance increases about 0.4 percent/°C 
increase in temperature. It should be noted that a thermistor has a negative 
coefficient of resistance, whereas that of a metal is positive and of much smaller 
magnitude. By including a thermistor in a circuit it is possible to compen- 
sate for temperature changes over a range as wide as 100°C. 


5-3 CARRIER CONCENTRATIONS IN AN 
INTRINSIC SEMICONDUCTOR 


In order to calculate the conductivity of a semiconductor from Eq. (5-2) it is 
necessary to know the concentration of free electrons n and the concentration 
of holes p. From Eqs. (3-6) and (8-7), with Z in electron volts, 


dn = N(E)f(E) dE (5-4) 


where dn represents the number of conduction electrons per cubic meter whose 
energies lie between E and E+dE. The density of states N(Z) is derived 
in Sec. 3-6 on the assumption that the bottom of the conduction band is at 
zero potential. In a semiconductor the lowest energy in the conduction band 
is Zo, and hence Eq. (3-8) must be generalized as follows: 


N(E) = y(E — Eo) (5-5) 
The Fermi function f(E) is given by Eq. (3-10), namely, 
1 
S(E) = TS} Eni (5-6) 


At room temperature kT’ ~ 0.03 eV, so that f(Z) = 0 if E — Er >> 0.03 and 
J(Z) = 1 if B — Ey <0.03 (Fig. 3-10). We shall show that the Fermi level 
lies in the region of the energy gap midway between the valence and con- 
duetion bands, as indicated in Fig. 5-4. This diagram shows the Fermi-Dirac 
distribution of Eq. (5-6) superimposed on the energy-band diagram of a semi- 
Conductor. At absolute zero (T’ = 0°K) the function is as shown in Fig, 5-4a. 
At room temperature some electrons are excited to higher energies and some 
States near the bottom of the conduction band Ee will be filled. Similarly, 
Near the top of the valence band Ey, the probability of occupancy is decreased 
mM unity since some electrons have escaped from their covalent bond and 
are now in the conduction band. For a further increase in temperature the 
ction is as shown by the curve in Fig, 5-4b marked “7 = 1000°K.” 
The concentration of electrons in the conduction band is, from Eq. (5-4), 


n= [7 NY) dE (6-7) 
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For E > Ec, E — Er > kT and Eq. (5-6) reduces to 


{(E) = e (BE) kT 


and- 

hye Pa — Eo)te-@-2n kT dE (5-8) 
This integral evaluates to 

n = Nee Bc-B er (5-9) 
where 

Ne=2 (= red » (1.60 x 10-)§ = 2 a7) (5-10) 


In deriving this equation the value of y from Eq. (3-9) is used, k is given in 
electron volts per degree Kelvin, and & is expressed in joules per degree Kelvin, 
(The relationship between joules and electron volts is given in Sec. 1-5.) The 
mass m has been replaced by the symbol m,, which represents the effective mass 
of the electron. 


Effective Mass’ We digress here briefly to discuss the concept of the 
effective mass of the electron and hole. It is found that, when quantum 
mechanics is used to specify the motion within the crystal of an electron or 
hole on which an external field is applied, it is possible to treat the hole and 
electron as imaginary classical particles with effective positive masses m, and 
‘Mn, respectively. This approximation is valid provided that the externally 
applied fields are much weaker than the internal periodic fields produced by 


et BS — 
T=0°K 


0.5 10 0 0.5 10 


(a) f(B) (6) f(2) 


Fig. 5-4 Fermi-Dirac distribution and energy-band diagram for 
an intrinsic semiconductor. (a) 7 = 0°K and (b) T = 300°K and 
T = 1000°K. 
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the lattice structure. In a perfect crystal these imaginary particles respond 
only to the external fields. 

In conclusion, then, the effective-mass approximation removes the quan- 
tum features of the problem and allows us to use Newton’s laws to determine 
the effect of external forces on the electrons and holes within the crystal. 


The Number of Holes in the Valence Band Since the top of the valence 
band (the maximum energy) is Ey, the density of states [analogous to Eq. 
(5-5)] is given by 


N(E) = y(Ey — E)} (5-11) 


Since a “hole” signifies an empty energy level, the Fermi function for a hole is 
1 — {(B), where f(2) is the probability that the level is occupied by an elec- 
tron. For example, if the probability that a particular energy level is occupied 
by an electron is 0.2, the probability that it is empty (occupied by a hole) is 
0.8. Using Eq. (5-6) for f(£), we obtain 
(BE kr 
1—§®) = yee FO (5-12) 


where we have made use of the fact that Er — E >> kT for E < Ey (Fig. 5-4). 
Hence the number of holes per cubic meter in the valence band is 


p= [oo (By — Ble erone ag (6-13) 
This integral evaluates to 
p = Nye @rennr (5-14) 


ao ri v is given by Eq. (5-10), with m, replaced by my, the effective mass 
of a hole. 


The Fermi Level in an Intrinsic Semiconductor It is important to note 
that Eqs. (5-9) and (5-14) apply to both intrinsic and extrinsic or impure 
Semiconductors. In the case of intrinsic material the subscript 7 will be added 
tonand p. Since the crystal must be electrically neutral, 


mi = (5-15) 
and we have from Eqs. (5-9) and (5-14) 
Noe Fo-FNikT = Nye @r Ever 


Taking the logarithm of both sides, we obtain 


ae a at (5-16) 
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If the effective masses of a hole and a free electron are the same, Ne = Ny, 
and Eq. (5-16) yields 


_ cot ky 
2 


Ep (5-17) 


Hence the Fermi level lies in the center of the forbidden energy band, as shown 
in Fig. 5-4. 


The Intrinsic Concentration Using Eqs. (5-9) and (5-14), we have for 
the product of electron-hole concentrations 


np = NcNyeBe-B0 lk? = NeNye-®alt? (5-18) 


Note that this product is independent of the Fermi level, but does depend 
upon the temperature and the energy gap Eg = Hoe — Ey. Equation (5-18) 
is valid for either an extrinsic or intrinsic material. Hence, writing n = n; and 
Pp = pi = i, we have the important relationship (called the mass-action law) 


(5-19) 


Note that, regardless of the individual magnitudes of n and p, the product is 
always a constant at a fixed temperature. Substituting numerical values for 
the physical constants in Eq. (5-10), we obtain 


No = 4.82 X 102 (™) 1! 


np =n? 


(5-20) 


where Ne has the dimensions of a concentration (number per cubic meter). 
Note that Ny is given by the right-hand side of Eq. (5-20) with m, replaced by 
m,. From Eqs. (5-18) to (5-20), 


np = ni? = (2.33 X 10%) (ns) Tieton (5-21) 


As indicated in Eqs. (2-15) and (2-16), the energy gap decreases linearly with 
temperature, so that 
Eg = Ego — BT (5-22) 


where Ego is the magnitude of the energy gap at 0°K. Substituting this 
relationship into Eq. (5-21) gives an expression of the following form: 


nd = Al TBool? (5-23) 


This result has been verified experimentally.‘ The measured values of ni 
and Ego are given in Table 5-1. 


5-4 DONOR AND ACCEPTOR IMPURITIES 


If, to pure germanium, a small amount of impurity is added in the form of a 
substance with five valence electrons, the situation pictured in Fig. 5-5 results. 


ae 
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Free electron 


Fig. 5-5 Crystal lattice with a germanium 
atom displaced by a pentavalent impurity 
atom. 


The impurity atoms will displace some of the germanium atoms in the crystal 
lattice. Four of the five valence electrons will occupy covalent bonds, and 
the fifth will be nominally unbound and will be available as a carrier of current. 
The energy required to detach this fifth electron from the atom is of the order 
of only 0.01 eV for Ge or 0.05 eV for Si. Suitable pentavalent impurities are 
antimony, phosphorus, and arsenic. Such impurities donate excess (negative) 
electron carriers, and are therefore referred to as donor, or n-type, impurities. 
When donor impurities are added to a semiconductor, allowable energy 
levels are introduced a very small distance below the conduction band, as is 
shown in Fig. 5-6. These new allowable levels are essentially a discrete level 
because the added impurity atoms are far apart in the crystal structure, and 
hence their interaction is small. In the case of germanium, the distance of 
the new discrete allowable energy level is only 0.01 eV (0.05 eV in silicon) 
below the conduction band, and therefore at room temperature almost all of 
the “fifth” electrons of the donor material are raised into the conduction band. 
If intrinsic semiconductor material is “doped” with n-type impurities, 
hot only does the number of electrons increase, but the number of holes 
decreases below that which would be available in the intrinsic semiconductor. 
The reason for the decrease in the number of holes is that the larger number of 
electrons present increases the rate of recombination of electrons with holes. 
If a trivalent impurity (boron, gallium, or indium) is added to an intrinsic 


Fig. 5.6 Energy-band diagram of 
M-type semiconductor. 
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5-5 CHARGE DENSITIES IN A SEMICONDUCTOR 
Equation (5-19), namely, 


eer \ i Hole Fig. 5-7 Crystal lattice with a germa- np = ne (5-19) 
\ 


eS» SERS. nium atom displaced by an atom of a gives one relationship between the electron n and the hole p concentrations. 

coe ie evaye D @Ge trivalent impurity. These densities are further interrelated by the law of electrical neutrality, 
i re \in 73\ which we shall now state in algebraic form: Let Np equal the concentration 
Vet \ Wat? of donor atoms. Since, as mentioned above, these are practically all ionized, 
Voy ---~\e) -—~\a/ N>p positive charges per cubic meter are contributed by the donor ions. Hence 
aS &: : 8 bau the total positive-charge density is Np + p. Similarly, if N4 is the concen- 
s a % tration of acceptor ions, these contribute V4 negative charges per cubic meter. 


The total negative-charge density is N4 +n. Since the semiconductor is 
electrically neutral, the magnitude of the positive-charge density must equal 
that of the negative concentration, or 


No+p=Natn (5-24) 


Consider an n-type material having N, = 0. Since the number of elec- 
trons is much greater than the number of holes in an n-type semiconductor 
(n> p), then Eq. (5-24) reduces to 


n=Np (5-25) 


In an n-type material the free-electron concentration is approximately equal to 
the density of donor atoms. 

In later applications we study the characteristics of n- and p-type materials 
connected together. Since some confusion may arise as to which type is under 
consideration at a given moment, we add the subscript n or p for an n-type or & 
p-type substance, respectively. Thus Eq. (5-25) is more clearly written 


na = Np (5-26) 


The concentration p, of holes in the n-type semiconductor is obtained from 
Eq. (5-19), which is now written nap, = ni. Thus 


semiconductor, only three of the covalent bonds can be filled, and the vacancy 
that exists in the fourth bond constitutes a hole. This situation is illustrated 
in Fig. 5-7. Such impurities make available positive carriers because they 
create holes which can accept electrons. These impurities are consequently 
known as acceptor, or p-type impurities. The amount of impurity which must 
be added to have an appreciable effect on the conductivity is very small. For 
example, if a donor-type impurity is added to the extent of 1 part in 108, the 
conductivity of germanium at 30°C is multiplied by a factor of 12. 
When acceptor, or p-type, impurities are added to the intrinsic semi- 
conductor, they produce an allowable discrete energy level which is just above 
the valence band, as shown in Fig. 5-8. Since a very small amount of energy 
is required for an electron to leave the valence band and occupy the acceptor 
energy level, it follows that the holes generated in the valence band by these 
electrons constitute the largest number of carriers in the semiconductor 
material. 
We have the important result that the doping of an intrinsic semiconductor 
not only increases the conductivity, but also serves to produce a conductor in 
which the electric carriers are either predominantly holes or predominantly 
electrons. In an n-type semiconductor, the electrons are called the majority 
carriers, and the holes are called the minority carriers. In a p-type material, Pa = (5-27) 
the holes are the majority carriers, and the electrons are the minority carriers. 
Similarly, for a p-type semiconductor, 
MePp = 1? - Dp Na yp = (5-28) 


Fig. 5-8 Energy-band diagram of 
p-type semiconductor. 


Energy 
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From Eqs. (5-1) and (5-2) it is seen that the electrical characteristics of a semi- 
Conductor material depend on the concentration of free electrons and holes. 
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The expressions for n and p are given by Eqs. (5-9) and (5-14), respectively, 
and these are valid for both intrinsic semiconductors and semiconductors with 
impurities. The only parameter in Eqs. (5-9) and (5-14) which changes with 
impurities is the Fermi level Zr. In order to see how Hr depends on temper- 
ature and impurity concentration, we recall that, in the case of no impurities 
(an intrinsic semiconductor), Ey lies in the middle of the energy gap, indi- 
cating equal concentrations of free electrons and holes. If a donor-type 
impurity is added to the crystal, then, at a given temperature and assuming 
all donor atoms are ionized, the first Np states in the conduction band will be 
filled. Hence it will be more difficult for the electrons from the valence band 
to bridge the energy gap by thermal agitation, Consequently, the number of 
electron-hole pairs thermally generated for that temperature will be reduced. 
Since the Fermi level is a measure of the probability of occupancy of the 
allowed energy states, it is clear that Hy must move closer to the conduction 
band to indicate that many of the energy states in that band are filled by the 
donor electrons, and fewer holes exist in the valence band. This situation is 
pictured in Fig. 5-9a for an n-type material. The same kind of argument 
leads to the conclusion that Zr must move from the center of the forbidden 
gap closer to the valence band for a p-type material, as indicated in Fig. 5-9b. 
If for a given concentration of impurities the temperature of, say, the n-type 
material increases, more electron-hole pairs will be formed, and since all donor 
atoms are ionized, it is possible that the concentration of thermally generated 
electrons in the conduction band may become much larger than the concen- 
tration of donor electrons. Under these conditions the concentrations of holes 
and electrons become almost equal and the crystal becomes essentially intrinsic. 
We can conclude that as the temperature of either n-type or p-type material 
inereases, the Fermi level moves toward the center of the energy gap. 

A calculation of the exact position of the Fermi level in an n-type material 


Energy 


0.5 10 
E 
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Fig. 5-9 Positions of Fermi level in (a) n-type and (b) p-type 


semiconductors. 


‘os ‘a 


Sec. 5-7 CONDUCTION IN SEMICONDUCTORS / 107 


can be made if we substitute n = Np from Eq. (5-25) into Eq. (5-9). We 
obtain 
Np = Nee~c- Brkt (5-29) 


or solving for Ep, 
Ne 


Ey = Eo — kT In Np (5-30) 
Similarly, for p-type material, from Eqs. (5-28) and (5-14) we obtain 
Ey = Ey + kT ine (5-31) 
A 


Note that, if Nx = Np, Eqs. (5-30) and (5-31) added together (and divided 


by 2) yield Eq. (5-16). 


5-7 DIFFUSION 


In addition to a conduction current, the transport of charges in a semiconductor 
may be accounted for by a mechanism called diffusion, not ordinarily encoun- 
tered in metals. The essential features of diffusion are now discussed. 

We see later that it is possible to have a nonuniform concentration of 
particles in a semiconductor. Under these circumstances the concentration p 
of holes varies with distance z in the semiconductor, and there exists a concen- 
tration gradient dp/dz in the density of carriers. The existence of a gradient 
implies that, if an imaginary surface is drawn in the semiconductor, the density 
of holes immediately on one side of the surface is larger than the density on 
the other side. The holes are in a random motion as a result of their thermal 
energy. Accordingly, holes will continue to move back and forth across this 
surface. We may then expect that, in a given time interval, more holes will 
cross the surface from the side of greater concentration to the side of smaller 
Concentration than in the reverse direction. This net transport of charge 
across the surface constitutes a flow of current. It should be noted that this 
net transport of charge is not the result of mutual repulsion among charges 
of like sign, but is simply the result of a statistical phenomenon. This dif- 

Usion is exactly analogous to that which occurs in a neutral gas if a concen- 

tration gradient exists in the gaseous container. The diffusion hole-current 
density 7, (amperes per square meter) is proportional to the concentration 
Sradient, and is given by 


J, = —eD, = (5-82) 


Where D, (square meters per second) is called the diffusion constant for holes. 
Similar equation exists for diffusion electron-current density [p is replaced 
Yn, and the minus sign is replaced by a plus sign in Hq. (5-32). Since both 


7 
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diffusion and mobility are statistical thermodynamic phenomena, D and p are 


not independent. The relationship between them is given by the Einstein 
equation 


Dy De _ y, (5-38) 
Mp Bn 

where Vr = &T/e = T/11,600 is defined as in Eq. (3-34), At room temper- 
ature (300°K), » = 39D. Measured values of » and computed values of D 
for silicon and germanium are given in Table 5-1, on page 98. 


5-8 CARRIER LIFETIME 


In Sec. 5-1 we see that in a pure semiconductor the number of holes is equal 
to the number of free electrons. Thermal agitation, however, continues to 
produce new hole-electron pairs while other hole-electron pairs disappear as a 
result of recombination. On an average, a hole (an electron) will exist’ for 
Ty (rn) sec before recombination. This time is called the mean lifetime of the 
hole and electron, respectively. Carrier lifetimes range from nanoseconds 
(10-* sec) to hundreds of microseconds. These parameters are very impor- 
tant in semiconductor devices because they indicate the time required for elec- 
tron and hole concentrations which have been caused to change to return to 
their equilibrium concentrations. 

Consider a bar of n-type silicon illuminated by light of the proper fre- 
quency. As a result of this radiation the hole and electron concentrations 
will increase by the same amount. If pao and myo are the equilibrium concen- 
trations of holes and electrons in the n-type specimen, we have 


Bno — Pno = Tino — Nno (5-34) 


where Pine and fino represent the carrier concentrations during steady irradiation. 

Tf we now turn off the source of light, the carrier concentrations will return 
to their equilibrium values exponentially and with a time constant; = r, = Tp 
This result has been verified experimentally, and we can write 


Pn — Pro = (Pno — Pno)et!* (5-85) 
Nn — Nno = (Rno — Nno)e!* (5-36) 


We should emphasize here that majority and minority carriers in a specific 
region of a given specimen have the same lifetime 7. Using Eqs. (5-35) and 
(5-36), we can obtain the expressions for the rate of concentration change. 
For holes, we find from Eq. (5-35) 


care ree eas (Bin, ne) (5-87) 


For electrons, a similar expression with p replaced by n is valid. The quantity 
Pa — Poo represents the injected, or excess, carrier density. The rate of change 
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of excess density is proportional to the density—an intuitively correct result. 
The minus sign indicates that the change is a decrease in the case of recombi- 
nation and an increase when the concentration is recovering from a temporary 
depletion. ; y 

The most important mechanism through which holes and electrons recom- 
pine is the mechanism involving recombination centers*® which contribute 
electronic states in the energy gap of the semiconductor material. These new 
states are associated with imperfections in the crystal. Specifically, metallic 
impurities in the semiconductor are capable of introducing energy states in the 
forbidden gap. Recombination is affected not only by volume impurities, but 
also by surface imperfections in the crystal. ; 

Gold is extensively used as a recombination agent by semiconductor- 
device manufacturers. Thus the device designer can obtain desired carrier 
lifetimes by introducing gold into silicon under controlled conditions.’\* 


5-9 THE CONTINUITY EQUATION 


In the preceding section it is seen that if we disturb the equilibrium concen- 
trations of carriers in a semiconductor material, the concentration of holes or 
electrons will vary with time. In the general case, however, the carrier con- 
centration in the body of a semiconductor is a function of both time and dis- 
tance. We now derive the differential equation which governs this functional 
relationship. This equation is based upon the fact that charge can be neither 
created nor destroyed. Consider the infinitesimal element of volume of area A 
and length dz (Fig. 5-10) within which the average hole concentration is p. 
If r, is the mean lifetime of the holes, then p/rp, equals the holes per second 
lost by recombination per unit volume. If ¢ is the electronic charge, then, 
because of recombination, the number of coulombs per second 


Decreases within the volume = eA dx £ (5-38) 
P 
Tf g is the thermal rate of generation of hole-electron pairs per unit volume, 
the number of coulombs per second 


Increases within the volume = eA dx g (5-39) 


Fig. 5-10 Relating to the conservation of 
charge. 
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In general, the current will vary with distance within the semiconductor. If, 
as indicated in Fig. 5-10, the current entering the volume at x is J and leaving 
at x + dx is J + dJ, the number of coulombs per second 


Decreases within the volume = dI (5-40) 


Because of the three effects enumerated above, the hole density must change 
with time, and the total number of coulombs per second 


Increases within the volume = eA dz b (5-41) 

Since charge must be conserved, 
cA de P = cA dz? + 0A deg — dl (5-42) 
5 } 


The hole current is the sum of the diffusion current [Eq. (5-32)] and the drift 
current [Eq. (5-1)], or 


I= et4enes ae P+ Apeu;b (5-43) 


where & is the electric field intensity within the volume. If the semiconductor 
is in thermal equilibrium with its surroundings and is subjected to no applied 
fields, the hole density will attain a constant value p,. Under these conditions, 
I = 0 and dp/dt = 0, so that, from Eq. (5-42), 


ee (5-44) 


This equation indicates that the rate at which holes are generated thermally 
just equals the rate at which holes are lost because of recombination under 
equilibrium conditions. Combining Eqs. (5-42), (5-43), and (5-44) yields the 
equation of conservation of charge, or the continuity equation, 


d 0 d(p& 
Gn ~ P+ Se mp (5-45) 


If we are considering holes in the n-type material, the subscript n is added to 
pand p,. Also, since p is a function of both ¢ and 2, partial derivatives should 
be used. Making these changes, we haye, finally, 


ODn ee Nee Dn ‘7 O(pnf) 
oo TDi gyri ee (ae 


We now consider three special cases of the continuity equation. 


Concentration Independent of x and with Zero Electric Field We now 
derive Eqs. (5-35) and (5-37) using the continuity equation. Consider a situ- 
ation in which & = 0 and the concentration is independent of z. For example, 
assume that radiation falls uniformly over the surface of a semiconductor and 
raises the concentration to no, which is above the thermal-equilibrium value 
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At ¢ = 0 the illumination is removed. How does the concentration vary 
ih time? The answer to this query is obtained from Eq. (5-46), which now 


reduces to 


ape = — Pu Pro (5-47) 
t Tp . 
in agreement with Eq. (5-37). The solution of this equation is 

Dn — Pao = (Bro — Pro)e*ls (5-48) 


which is identical with Eq. (5-35). We now see that the mean lifetime of the 
holes r, can also be interpreted as the time constant with which the concen- 
tration returns to its normal value. In other words, r, is the time it takes 
the injected concentration to fall to 1/e of its initial value. 


Concentration Independent of ¢ and with Zero Electric Field Let us 
solve the equation of continuity subject to the following conditions: There is 
no electric field, so that § = 0, and a steady state has been reached, so that 
ap,/dt = 0. Then 


oe = Po Pe (5-49) 
27> 
The solution of this equation is 
Dn — Pno = Kye*!"s + Koet#!te (5-50) 


where K; and Ky are constants of integration and 


L, = Des (6-51) 


This solution may be verified by a direct substitution of Eq. (5-50) into Eq. 
(5-49). Consider a very long piece of semiconductor extending in the posi- 
tive X direction from x = 0. Since the concentration cannot become infinite 
a8z— o, then Ky must be zero. The quantity pa — Pno = Pa(z) by which 
the density exceeds the thermal-equilibrium value is called the injected concen- 
tration and is a function of the position «. We shall assume that at « = 0, 
P. = P,(0) = pa(O) — pao. In order to satisfy this boundary condition, 
K, = P,(0). Hence 


P.() = Pu — Pno = Px(O)e*/4 (5-52) 


We sce that the quantity L, (called the diffusion length for holes) represents 
the distance into the semiconductor at which the injected concentration falls 
to 1/e of its value at x = 0. 

The diffusion length L, may also be interpreted as the average distance 
Which an injected hole krawels before recombining with an electron. This 
Statement may be verified as follows: From Fig. 5-11 and Eq. (5-52), 

P,(0) 
Ly 


{aP,| = els de (5-53) 


_ 
' 
. 
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P,(0) 


Fig. 5-11 Relating to the injected hole _ 
concentration in n-type material. 


x=0 x 


|aP,| gives the number of injected holes which recombine in the distance 
between z and z + dz. Since each hole has traveled a distance x, the total 
distance traveled by |dP,| holes is x |dP,|. Hence the total distance covered b: 


all the holes is as z|dP,|. The average distance @ equals this total distance 
divided by the total number P,(0) of injected holes. Hence 


Jy = laPal gears 
° =x, 
law > alan re*!ly dx = Ly 


(5-54) 


thus confirming that the mean distance of travel of a hole before recombi- 
nation is L,. 


Concentration Varies Sinusoidally with ¢ and with Zero Electric Fi 
Let us retain the restriction 6 = 0 but assume that the injected concentration 
varies sinusoidally with an angular frequency w. Then, in phasor notation, 


a(x, t) = Pa(z)e (5-55) 


where the space dependence of the injected concentration is given by P,(z). 
If Eq. (5-55) is substituted into the continuity equation (5-46), the result 


jaPs(e) = — PH) + p, PEa@) : 

"ep ; 
"Py _ + je 

ded Erne (5-56) 


where use has been made of Eq. (5-51). At zero frequency the equation of 
continuity is given by Eq. (5-49), which may be written in the form 


dz ~ Lt 
A comparison of this equation with Eq. (5-56) shows that the ac solution at 


frequency w # 0 can be obtained from the de solution (w = 0) by replacing 
L, by L,(1 + jwr,). This result is used in Chap. 13. 
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5-10 THE HALL EFFECT! 


If a specimen (metal or semiconductor) carrying a current | is placed in a 
erse magnetic field B, an electric field & is induced in the direction per- 
dicular to both | and B. This phenomenon, known as the Hall effect, is 
used to determine whether a semiconductor is n- or p-type and to find the 
carrier concentration. Also, by simultaneously measuring the conductivity o, 
the mobility » can be calculated. 

The physical origin of the Hall effect is not difficult to find. If in Fig. 
5-12 | is in the positive X direction and B is in the positive Z direction, a 
force will be exerted in the negative Y direction on the current carriers. If 
the semiconductor is n-type, so that the current is carried by electrons, these 
electrons will be forced downward toward side 1 in Fig. 5-12, and side 1 
becomes negatively charged with respect to side 2. Hence a potential Viz, 
called the Hall voltage, appears between the surfaces 1 and 2. In the equi- 
librium state the electric field intensity € due to the Hall effect must exert a 
force on the carrier which just balances the magnetic force, or 


e& = Bev (5-57) 

where e is the magnitude of the charge on the carrier, and » is the drift speed. 

From Eq. (1-14), 8 = Vx/d, where d is the distance between surfaces 1 and 2. 

From Eq. (1-38), J = pv = I/wd, where J is the current density, p is the 

charge density, and w is the width of the specimen in the direction of the 

magnetic field. Combining these relationships, we find 
BJd _ BI 


Vu = 8d = Bod = =" = 


na (5-58) 


If Vx, B, I, and w are measured, the charge density p can be determined from 
Eq. (5-58). If the polarity of Vy is positive at terminal 2, then, as explained 
above, the carriers must be electrons, and p = ne, where n is the electron 
concentration, If, on the other hand, terminal 1 becomes charged positively 
With respect to terminal 2, the semiconductor must be p-type, and p = pe, 
where p is the hole concentration. 

It is customary to introduce the Hall coefficient Ry defined by 


1 
R. = 
in 


(5-59) 


Fig. 5-12 Pertaining to the Hall effect. 
The carriers (whether electrons or holes) 


re subjected to a force in the negative Y 
direction, 
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Hence 
Vw 
Ru = rr (5-60) 


If conduction is due primarily to charges of one sign, the conductivity ¢ 
is related to the mobility » by Eq. (3-3), or 


o = ph (5-61) 


If the conductivity is measured together with the Hall coefficient, the mobility 
can be determined from 


u=oRy (5-62) 


We have assumed in the foregoing discussion that all particles travel with 
the mean drift speed v, Actually, the current carriers have a random therm 
distribution in speed. If this distribution is taken into account, it is found 
that Eq. (5-60) remains valid provided that. Ry is defined by 31/8». Also, 
Eq. (5-62) must be modified to 4 = (8¢/3r)Ru. t 
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6 SEMICONDUCTOR-DIODE 
CHARACTERISTICS 


In this chapter we demonstrate that if a junction is formed between 

a sample of p-type and one of n-type semiconductor, this combination 

possesses the properties of a rectifier. The volt-ampere character- 

istics of such a junction are derived. Electron and hole currents as a 

function of distance are studied in detail. The capacitance across the . 
junction is calculated. 

Although the transistor is a triode semiconductor, it may be con- 
sidered as one diode biased by the current from a second diode. Hence 
most of the theory developed in this chapter is utilized later in con- 
nection with our study of the transistor. 


6-1 QUALITATIVE THEORY OF THE p-n JUNCTION! 


If donor impurities are introduced into one side and acceptors into the 
other side of a single crystal of a semiconductor, say, germanium, a 
p-n junction is formed. Such a system is illustrated in Fig. 6-la. 
The donor ion is indicated schematically by a plus sign because, after 
this impurity atom “donates” an electron, it becomes a positive ion. 
The acceptor ion is indicated by a minus sign because, after this atom 
“accepts” an electron, ‘it becomes a negative ion. Initially, there are 
nominally only p-type carriers to the left of the junction and only 
n-type carriers to the right. Because there is a density gradient across 
the junction, holes will diffuse to the right across the junction, and 
electrons to the left. 

As a result of the displacement of these charges, an electric field 
will appear across the junction. Equilibrium will be established wher. 
the field becomes large enough to restrain the process of diffusion. 
The general shape of the charge distribution may be as illustrated in 


Ws 


~ es, F A 
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Fig. 6-1 A schematic diagram of a p-n junction, including the 
charge density, electric field intensity, and potential-energy 
barriers at the junction. (Not drawn to scale.) 
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Fig. 6-1b. The electric charges are confined to the neighborhood of the junc- 
tion, and consist of immobile ions. We see that the positive holes which 
neutralized the acceptor ions near the junction in the p-type germanium have 
disappeared as a result of combination with electrons which have diffused 
across the junction. Similarly, the neutralizing electrons in the n-type ger- 
manium have combined with holes which have crossed the junction from the 

material. The unneutralized ions in the neighborhood of the junction are 
referred to as uncovered charges. Since the region of the junction is depleted 
of mobile charges, it is called the depletion region, the space-charge region, or 
the transition region. The thickness of this region is of the order of 


10-4 em = 10-* m = 1 micron 


The electric field intensity in the neighborhood of the junction is indi- 
cated in Fig. 6-lc. Note that this curve is the integral of the density func- 
tion p in Fig. 6-1b. The electrostatic-potential variation in the depletion 
region is shown in Fig. 6-ld, and is the negative integral of the function & 
of Fig. 6-1c. This variation constitutes a potential-energy barrier against the 
further diffusion of holes across the barrier. The form of the potential-energy 
barrier against the flow of electrons from the n side across the junction is 
shown in Fig. 6-le. It is similar to that shown in Fig. 6-ld, except that it is 
inverted, since the charge on an electron is negative. 

The necessity for the existence of a potential barrier called the contact, or 
diffusion, potential is now considered further. Under open-circuited conditions 
the net hole current must be zero. If this statement were not true, the hole 
density at one end of the semiconductor would continue to increase indefinitely 
with time, a situation which is obviously physically impossible. Since the 
concentration of holes in the p side is much greater than that in the n side, 
4 very large diffusion current tends to flow across the junction from the p to 
the n material. Hence an electric field must build up across the junction in 
Such a direction that a drift current will tend to flow across the junction from 
the n to the p side in order to counterbalance the diffusion current. This 
equilibrium condition of zero resultant hole current allows us to calculate the 
height of the potential barrier V, [Eq. (6-8)] in terms of the donor and acceptor 
concentrations. The numerical value for V, is of the order of magnitude of a 
few tenths of a volt. 


6-2 THE p-n JUNCTION AS A DIODE 


The essential electrical characteristic of a p-n junction is that it constitutes a 

ode which permits the easy flow of current in one direction but restrains the 
flow in the opposite direction. We consider now, qualitatively, how this diode 
Action comes about. 


Reverse Bias In Fig. 6-2, a battery is shown connected across the 
als of a p-n junction. The negative terminal of the battery is con- 


laws 
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Metal ohmic contacts 
_— Fig. 6-2 (a) A p-n junction biased in the 
reverse direction. (b) The rectifier symbol 
iis = + is used for the p-n diode. 
Vv Vv 
(a) (6) 


nected to the p side of the junction, and the positive terminal to the n side, 
The polarity of connection is such as to cause both the holes in the p type and 
the electrons in the n type to move away from the junction. Consequently, 
the region of negative-charge density is spread to the left of the junction (Fig. 
6-1b), and the positive-charge-density region is spread to the right. However, 
this process cannot continue indefinitely, because in order to have a steady 
flow of holes to the left, these holes must be supplied across the junction from 
the n-type germanium. And there are very few holes in the n-type side. 
Hence, nominally, zero current results. Actually, a small current does flow 
because a small number of hole-electron pairs are generated throughout the 
crystal as a result of thermal energy. The holes so formed in the n-type ger- 
manium will wander over to the junction. A similar remark applies to the 
electrons thermally generated in the p-type germanium. This small current 
is the diode reverse saturation current, and its magnitude is designated by Io. 
This reverse current will increase with increasing temperature [Eq. (6-28)], 
and hence the back resistance of a crystal diode decreases with increasing 
temperature. 

The mechanism of conduction in the reverse direction may be described 
alternatively in the following way: When no voltage is applied to the p-n 
diode, the potential barrier across the junction is as shown in Fig. 6-1d. When 
a voltage V is applied to the diode in the direction shown in Fig. 6-2, the 
height of the potential-energy barrier is increased by the amount eV. This 
increase in the barrier height serves to reduce the flow of majority carriers 
(i.e., holes in p type and electrons in n type). However, the minority carriers 
(i.e., electrons in p type and holes inn type), since they fall down the potential- 
energy hill, are uninfluenced by the increased height of the barrier. The 
applied voltage in the direction indicated in Fig. 6-2 is called the reverse, or 
blocking, bias. 


Forward Bias An external voltage applied with the polarity shown in 
Fig. 6-3 (opposite to that indicated in Fig. 6-2) is called a forward bias. An 
ideal p-n diode has zero ohmic voltage drop across the body of the crystal. 
For such a diode the height of the potential barrier at the junction will be 
lowered by the applied forward voltage V. The equilibrium initially estab- 
lished between the forces tending to produce diffusion of majority carriers 
and the restraining influence of the potential-energy barrier at the junction 
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Metal contacts 


Fig. 6-3 (a) A p-n junction biased in the yee 
forward direction. (b) The rectifier sym- 
bol is used for the p-n diode. 2 ay aig 
Vv 
(a) (b) 


will be disturbed. Hence, for a forward bias, the holes cross the junction 
from the p type to the n type, and the electrons cross the junction in the 
opposite direction. These majority carriers can then travel around the closed 
circuit, and a relatively large current will flow. 


Ohmic Contacts! In Fig. 6-2 (6-3) we show an external reverse (forward) 
bias applied to a p-n diode. We have assumed that the external bias voltage 
appears directly across the junction and has the effect of raising (lowering) 
the electrostatic potential across the junction. In order to justify this assump- 
tion we must specify how electric contact is made to the semiconductor from 
the external bias circuit. In Figs. 6-2 and 6-3 we indicate metal contacts 
with which the homogeneous p-type and n-type materials are provided. We 
thus see that we have introduced two metal-semiconductor junctions, one at 
each end of the diode. We naturally expect a contact potential to develop 
across these additional junctions. However, we shall assume that the metal- 
Semiconductor contacts shown in Figs. 6-2 and 6-3 have been manufactured 
in such a way that they are nonrectifying. In other words, the contact 
potential across these junctions is approximately independent of the direction 
and magnitude of the current. A contact of this type is referred to as an 
ohmic contact. 

We are now in a position to justify our assumption that the entire applied 
Voltage appears as a change in the height of the potential barrier. Inasmuch 
4s the metal-semiconductor contacts are low-resistance ohmic contacts and 
the voltage drop across the bulk of the crystal is neglected, approximately the 
entire applied voltage will indeed appear as a change in the height of the 
Potential barrier at the p-n junction. 


in “la Short-circvited and Open-circuited p-n Junction If the voltage V 
nies 6-2 or 6-3 were set equal to zero, the p-n junction would be short- 
(r ‘ited. Under these conditions, as we show below, no current can flow 
= 0) and the electrostatic potential V, remains unchanged and equal to 
ae under open-circuit conditions. If there were a current (J # 0), the 
a, Pape become heated. Since there is no external source of energy avail- 
» the energy required to heat the metal wire would have to be supplied 
_ p-n bar. The semiconductor bar, therefore, would have to cool off. 
arly, under thermal equilibrium the simultaneous heating of the metal and 
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cooling of the bar is impossible, and we conclude that J = 0. Since under Space- 

short-circuit conditions the sum of the voltages around the closed loop must ~=—_——p region charge n region————= 
be zero, the junction potential V, must be exactly compensated by the region 

metal-to-semiconductor contact potentials at the ohmic contacts. Since the 
current is zero, the wire can be cut without changing the situation, and the 
voltage drop across the cut must remain zero. If in an attempt to measure V, 
we connected a voltmeter across the cut, the voltmeter would read zero voltage. 
In other words, it is not possible to measure contact difference of potential 
directly with a voltmeter. 


Large Forward Voltages Suppose that the forward voltage V in Fig. 
6-3 is increased until V approaches V.. If V were equal to V., the barrier 
would disappear and the current could be arbitrarily large, exceeding the 
rating of the diode. As a practical matter we can never reduce the barrier 
to zero because, as the current increases without limit, the bulk resistance 
of the crystal, as well as the resistance of the ohmic contacts, will limit the 
current. Therefore it is no longer possible to assume that all the voltage V 
appears as a change across the p-n junction. We conclude that, as the for- 
ward voltage V becomes comparable with V,, the current through a real p-n 
diode will be governed by the ohmic-contact resistances and the crystal bulk Fig. 6-4 Band diagram for a p-n junction under open-circuit condi- 
resistance. Thus the volt-ampere characteristic becomes approximately a tions. This sketch corresponds to Fig. 6-le and represents potential 
straight line. energy for electrons. The width of the forbidden gap is Eg in 

electron volts. 


6-3 BAND STRUCTURE OF AN OPEN-CIRCUITED p-n JUNCTION The Contact Difference of Potential We now obtain an expression for 
: q : presenta. 4s E,. From Fig. 6-4 we see that 
As in the previous section, we here consider that a p-n junction is formed by 


placing p- and n-type materials in intimate contact on an atomic scale. Under Ey — Ey, = 3Ee — FE (6-2) 
these conditions the Fermi level must be constant throughout the specimen at and 

equilibrium. If this were not so, electrons on one side of the junction would Eo. — Bp = 48a — Bs (6-3) 
have an average energy higher than those on the other side, and there would 

be a transfer of electrons and energy until the Fermi levels in the two sides Adding these two equations, we obtain 


did line up. In Sec. 5-6 it is verified that the Fermi level Zr is closer to 


the conduction band edge Ze, in the n-type material and closer to the valence E, = Ey + Ea = Eq — (Eon — Er) — (Er — Evp) (6-4) 
band edge Ey, in the p side. Clearly, then, the conduction band edge Zep From Eqs. (5-18) and (5-19), 
in the p material cannot be at the same level as Ecs, nor can the valence band 
edge Ey, in the n side line up with Ey,. Hence the energy-band diagram for Eg = kT In NecNy (6-5) 
a p-n junction appears as shown in Fig. 6-4, where a shift in energy levels EZ, ne 
is indicated: Note that From Eq. (5-30), 
Ne 
B, = Eo ~ Eos = Evy —Eyn = Bi + Bs (6-1) Bom Eg: Sth Fat 
From Eq. (5-31), 
This energy E, represents the potential energy of the electrons at the junction, Ny 
as is indicated in Fig. 6-le. Ep — Evy = kT In Na (6-7) 
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Substituting from Eqs. (6-5), (6-6), and (6-7) in Eq. (6-4) yields 


NcNv _, Ne _, Ny 
E, i (in z No ny, 
NeNy No Na\ _ NodNa : 
er in( rye Wt) = brn 22 (6-8) 


We emphasize that, in the above equations, the Z’s are expressed in electron 
volts and k has the dimensions of electron volts per degree Kelvin. The con- 
tact difference in potential V, is expressed in volts and is numerically equal to 
E,. Note that V, depends only upon the equilibrium concentrations, and not 
at all upon the charge density in the transition region. 

Other expressions for E, are obtained by substituting Eqs. (5-26), (5-27), 
and (5-28) in Eq. (6-8). We find 


B, = kT In 2® = kT In 2% (6-9) 
Pro Nye 


where the subscripts o are added to the concentrations to indicate that these 
are obtained under conditions of thermal equilibrium. Using the reasonable 
values Pp. = 10! cm—*, pro = 10¢ cm-', and kT = 0.026 eV at room tempera- 
ture, we obtain EZ, ~ 0.5 eV. 


An Alternative Derivation? for V, In Sec. 6-1 we indicate that an 
application of the equilibrium condition of zero resultant hole current allows 
a calculation of V, to be made. We now carry out such an analysis. Since 
the net hole current density is zero, the negative of the hole diffusion current 
[Eq. (5-32)] must equal the hole drift current [Eq. (3-2)], or 


eD, = euyp& (6-10) 
The Einstein relation (Eq. (5-38)] is 

Dee Ve (6-11) 

Mp 


where the volt equivalent of temperature Vr is defined by Eq. (3-34). Substi- 
tuting Eq. (6-11) in Eq. (6-10) and remembering the relationship (1-15) 
between field intensity and potential, we obtain 

i nope wie lys — 


If this equation is integrated between limits which extend across the junction 
(Fig. 6-1d) from the p material, where the equilibrium hole concentration is 
Pyo, to the n side, where the hole density is pro, the result is 


Poo = Pnoe¥el Vr (6-13) 
Since V./Vr = E,/kT, Eq. (6-13) is equivalent to Eq. (6-9). 


Fig. 6-5 The hole- and 
electron-current compo- 
nents vs. distance in a p-n 
junction diode. The space- (a) molto 
charge region at the junc- wm etal res 
tion is assumed to be 
negligibly small. Ip; hole cur 
Inp, electron current 


Inn» lectron current 


J,,, hole current 


x=0 Distance 
(6) 


6-4 THE CURRENT COMPONENTS IN A p-n DIODE 


In Sec. 6-2 it is indicated that when a forward bias is applied to a diode, 
holes are injected into the n side and electrons into the p side. The number 
of these injected minority carriers falls off exponentially with distance from 
the junction [Eq. (5-50)]. Since the diffusion current of minority carriers is 
proportional to the concentration gradient [Eq. (5-32)], this current must also 
vary exponentially with distance. There are two minority currents, Zp, and 
Inp, and these are indicated in Fig. 6-5. The symbolt J,n(z) represents the 
hole current in the n material, and J,,(z) indicates the electron current in the 
p side as a function of x. 

Electrons crossing the junction at z = 0 from right to left constitute a 
current in the same direction as holes crossing the junction from left to right. 
Hence the total current J at z = 0 is 


T = Iyn(0) + Inp(0) (6-14) 


Since the current is the same throughout a series circuit, J is independent of 2, 
and is indicated as a horizontal line in Fig. 6-5. Consequently, in the p side, 
there must be a second component of current I,, which, when added to Inp, 
gives the total current J. Hence this hole current in the p side Z,, (a majority 
carrier current) is given by 


T,p(t) = I — Ing(x) (6-15) 


This current is plotted as a function of distance in Fig. 6-5, as is also the 
corresponding electron current Jn. in the n material. This figure is drawn for 
an unsymmetrically doped diode, so that Ip, # Inp. 

Note that deep into the p side the current is a drift (conduction) current 
Ty» of holes sustained by the small electric field in the semiconductor. As the 


{If the letters p and n both appear in a symbol, the first letter refers to the type of 
carrier, and the second to the type of material. 
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holes approach the junction, some of them recombine with the electrons, which 
are injected into the p side from the side. Hence part of the current J,, 
becomes a negative current just equal in magnitude to the diffusion current 
Ing. The current J,, thus decreases toward the junction (at just the proper 
rate to maintain the total current constant, independent of distance). What 
remains of I,, at the junction enters the n side and becomes the hole diffusion 
current Zn. Similar remarks can be made with respect to current Inn. Hence, 
in a forward-biased p-n diode, the current enters the p side as a hole current 
and leaves the n side as an electron current of the same magnitude. 

We emphasize that the current in a p-n diode is bipolar in character since 
it is made up of both positive and negative carriers of electricity. The total 
current is constant throughout the device, but the proportion due to holes and 
that due to electrons varies with distance, as indicated in Fig. 6-5. 


6-5 QUANTITATIVE THEORY OF THE p-n DIODE CURRENTS 


We now derive the expression for the total current as a function of the applied 
voltage (the volt-ampere characteristic). In the discussion to follow we neg- 
lect the depletion-layer thickness, and hence assume that the barrier width is 
zero. If a forward bias is applied to the diode, holes are injected from the 
p side into the n material. The concentration p, of holes in the n side is 
increased above its thermal-equilibrium value p,. and, as indicated in Eq. 
(5-52), is given by 


Pn(Z) = Pno + Pn(O)e*!4r (6-16) 


where the parameter L, is called the diffusion length for holes in the n material, 
and the injected, or excess, concentration at z = 0 is 


P,(0) = pn(O) — Pro (6-17) 


These several hole-concentration components are indicated in Fig. 6-6, which 
shows the exponential decrease of the density p,(x) with distance x into the 
n material. 

From Eq. (5-32) the diffusion hole current in the n side is given by 


Tp, = —AeD, 92 (6-18) 


Taking the derivative of Eq. (6-16) and substituting in Eq. (6-18), we obtain 


Tya(ey = 4eD,P A) lly (6-19) 


This equation verifies that the hole current decreases exponentially with dis- 
tance. The dependence of J,, upon applied voltage is contained implicitly in 
the factor P,(0) because the injected concentration is a function of voltage. 
We now find the dependence of P,(0) upon V. 


= 7. s,s”. Ur eC lr? ee 
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Fig. 6-6 Defining the 
several components of hole 
concentration in the n side 
of a forward-biased diode. 
The diagram is not drawn 
to scale since pn(0) > Pro 


The Law of the Junction If the hole concentrations at the edges of the 
space-charge region are p, and p, in the p and n materials, respectively, and if 
the barrier potential across this depletion layer is Vz, then 


Pp = pnt a!¥r pe 


This is the Boltzmann relationship of kinetic gas theory. It is valid’ even 
under nonequilibrium conditions as long as the net hole current is small com- 
pared with the diffusion or the drift hole current. Under this condition, 
called low-level injection, we may to a good approximation again equate the 
magnitudes of the diffusion and drift currents. Starting with Eqs. (6-10) and 
(6-12) and integrating over the depletion layer, Eq. (6-20) is obtained. 

If we apply Eq. (6-20) to the case of an open-circuited p-n junction, then 
Pp = Pyoy Dn = Pro, and Vz = V,. Substituting these values in Eq. (6-20), 
it reducés to Eq. (6-13), from which we obtain the contact potential Vo. 

Consider now a junction biased in the forward direction by an applied 
voltage V. Then the barrier voltage Vs is decreased from its equilibrium 
value V, by the amount V, or Vs = V.— V. The hole concentration through- 
out the p region is constant and equal to the thermal equilibrium value, or 
Py = Py. The hole concentration varies with distance into the n side, as indi- 
cated in Fig. 6-6. At the edge of the depletion layer, z = 0, pn = px(0). The 
Boltzmann relation (6-20) is, for this case, 


Ppo = pn(O)eV-Y! Vr (6-21) 
Combining this equation with Eq. (6-13), we obtain 
Dn(O) = Pnoe¥ Vr (6-22) 


This boundary condition is called the law of the junction. It indicates that, 
for a forward bias (V > 0), the hole concentration pn(0) at the junction is 


; 
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greater than the thermal-equilibrium value p,.. A similar law, valid for elec- 
trons, is obtained by interchanging p and n in Eq. (6-22). 

The hole concentration P,(0) injected into the n side at the junction is 
obtained by substituting Eq. (6-22) in Eq. (6-17), yielding 


Pn(0) = pno(eV!¥7 — 1) (6-23) 
The Forward Currents The hole current J;n(0) crossing the junction 
into the n side is given by Eq. (6-19), with z = 0. Using Eq. (6-23) for 
P,(0), we obtain 
Tyn(0) = A&DsBee (erie — 1) (6-24) 
‘P 


The electron current J,,(0) crossing the junction into the p side is obtained 
from Eq. (6-24) by interchanging n and p, or 


Zn9(0) = Apetn (e"!"r — 1) (6-25) 


Finally, from Eq. (6-14), the total diode current J is the sum of J,,(0) and 
T,p(0), or 


I = I,(e¥!¥* — 1) (6-26) 
where 
AeDspno , AeDyn. 
I, = Ts + asa (6-27) 


If W, and W, are the widths of the p and n materials, respectively, the above 
derivation has implicitly assumed that W,>>L, and W,>>L,. If, as some- 
times happens in a practical diode, the widths are much smaller than the dif- 
fusion lengths, the expression for Z, remains valid provided that L, and L, are 
replaced by W, and W,, respectively (Prob. 6-9). 

The Reverse Saturation Current In the foregoing discussion a positive 
value of V indicates a forward bias. The derivation of Eq. (6-26) is equally 
valid if V is negative, signifying an applied reverse-bias voltage. For a reverse 
bias whose magnitude is large compared with Vr (~26 mV at room tempera- 
ture), 7— —I.. Hence J, is called the reverse saturation current. Combining 
Eqs. (5-27), (5-28), and (6-27), we obtain 


= Ae( Pe 4 Da \ na 
dec ene (A an) mn i 
where n,? is given by Eq. (5-23), 

nZ = A,T%e-Boolk? = A, T%¢-Veool¥s (6-29) 


where Vgo is a voltage which is numerically equal to the forbidden-gap energy 
Ego in electron volts, and Vy is the volt equivalent of temperature [Eq. 
(8-34)]. For germanium the diffusion constants D, and D, vary approxi- 
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mately® inversely proportional to 7. Hence the temperature dependence 
of I. is 

I, = KiT*eVool¥e (6-30) 


where K; is a constant independent of temperature. ; : 

Throughout this section we have neglected carrier generation and recombi- 
nation in the space-charge region. Such an assumption is valid for a ger- 
manium diode, but not for a silicon device. For the latter, the diffusion cur- 
rent is negligible compared with the transition-layer charge-generation®.* 
current, which is given approximately by 


T = I,(eV'"¥r — 1) (6-81) 


where 7 ~ 2 for small (rated) currents and 7 ~ 1 for large currents. Also, 
I, is now found to be proportional to n; instead of n°. Hence, if K, isa 
constant, 


I, = Kite oolt¥s (6-82) 


The practical implications of these diode equations are given in the 
following sections. 


6-6 THE VOLT-AMPERE CHARACTERISTIC 


The discussion of the preceding section indicates that, for a p-n junction, the 
current J is related to the voltage V by the equation 


= I,(eV/¥r — 1) (6-33) 


A positive value of J means that current flows from the p to the n side. The 
diode is forward-biased if V is positive, indicating that the p side of the junc- 
tion is positive with respect to the n side. The symbol 7 is unity for ger- 
Manium and is approximately 2 for silicon. Th 8 

The symbol Vr stands for the volt equivalent of temperature, and is given 
by Eq. (3-34), repeated here for convenience: 


need 6-84 
Vr= 71,600 (6-34) 
At room temperature (7 = 300°K), Vr = 0.026 V = 26 mV. : 
The form of the volt-ampere characteristic described by Eq. (6-33) is 
shown in Fig. 6-7a. When the voltage V is positive and several times Vr, 
the unity in the parentheses of Eq. (6-33) may be neglected. Accordingly, 
except for a small range in the neighborhood of the origin, the current increases 
exponentially with voltage. When the diode is reverse-biased and |V| is 
Several times Vr, ] ~ —JI,. The reverse current is therefore constant, inde- 
Pendent of the applied reverse bias. Consequently, J, is referred to as the 
reverse saturation current. 
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(a) 


Fig. 6-7 (a) The volt-ampere characteristic of an ideal p-n diode. (b) The 
volt-ampere characteristic for a germanium diode redrawn to show the order of 
magnitude of currents. Note the expanded scale for reverse currents. The 
dashed portion indicates breakdown at Vz. 


For the sake of clarity, the current J, in Fig. 6-7a has been greatly exag- 
gerated in magnitude. Ordinarily, the range of forward currents over which 
a diode is operated is many orders of magnitude larger than the reverse satu- 
ration current. In order to display forward and reverse characteristics con- 
veniently, it is necessary, as in Fig. 6-7b, to use two different current scales. 
The volt-ampere characteristic shown in that figure has a forward current 
scale in milliamperes and a reverse scale in microamperes. 

The dashed portion of the curve of Fig. 6-76 indicates that, at a reverse- 
biasing voltage Vz, the diode characteristic exhibits an abrupt and marked 
departure from Eq. (6-33). At this critical voltage a large reverse current 
flows, and the diode is said to be in the breakdown region, discussed in Sec. 6-12. 


The Cutin Voltage V, Both silicon and germanium diodes are com- 
mercially available. A number of differences between these two types are 
relevant in circuit design. The difference in volt-ampere characteristics is 
brought out in Fig. 6-8. Here are plotted the forward characteristics at room 
temperature of a general-purpose germanium switching diode and a general- 
purpose silicon diode, the 1N270 and 1N3605, respectively. The diodes have 
comparable current ratings. A noteworthy feature in Fig. 6-8 is that there 
exists a cutin, offset, break-point, or threshold voltage V below which the cur- 
rent is very small (say, less than 1 percent of maximum rated value). Beyond 
VY, the current rises very rapidly. From Fig. 6-8 we see that V, is approxi- 
mately 0.2 V for germanium and 0.6 V for silicon. 

Note that the break in the silicon-diode characteristic is offset about 
0.4 V with respect to the break in the germanium-diode characteristic. The 


’ 
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Fig. 6-8 The forward volt-ampere characteristics of a 
germanium (1N270) and a silicon (1N3605) diode at 
25°C. 


reason for this difference is to be found, in part, in the fact that the reverse 
saturation current in a germanium diode is normally larger by a factor of 
about 1,000 than the reverse saturation current in a silicon diode of com- 
parable ratings. Thus, if Z, is in the range of microamperes for a germanium 
diode, J, will be in the range of nanoamperes for a silicon diode. 

Since 7 = 2 for small currents in silicon, the current increases as e”/2"r for 
the first several tenths of a volt and increases as ¢Y/¥r only at higher voltages. 
This initial smaller dependence of the current on voltage accounts for the 
further delay in the rise of the silicon characteristic. 


Logarithmic Characteristic It is instructive to examine the family 
of curves for the silicon diodes shown in Fig. 6-9. A family for a germanium 
diode of comparable current rating is quite similar, with the exception that 
corresponding currents are attained at lower voltage. 

From Eq. (6-33), assuming that V is several times Vr, so that we may 
drop the unity, we have log J = log I, + 0.434V/nVr. We therefore expect 
in Fig. 6-9, where log J is plotted against V, that the plots will be straight 

nes. We do indeed find that at low currents the plots are linear and corre- 
Spond to » = 2. At large currents an increment of voltage does not yield as 
. an increase of current as at low currents. The reason for this behavior 
= to be found in the ohmic resistance of the diode. At low currents the 
ohmic drop is negligible and the externally impressed voltage simply decreases 
© potential barrier at the p-n junction. At high currents the externally 
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Fig. 6-9 Volt-ampere 
characteristics at three 
different temperatures for 
a silicon diode (planar 
epitaxial passivated types 
1N3605, 1N3606, 1N3608, 
and 1N3609). The shaded 
area indicates 25°C limits 
of controlled conductance. 
Note that the vertical scale 
is logarithmic and encom- 
passes a current range of 
50,000. (Courtesy of 
General Electric Company.) 


impressed voltage is called upon principally to establish an electric field to 
overcome the ohmic resistance of the semiconductor material. Therefore, at 
high currents, the diode behaves more like a resistor than a diode, and the 
current increases linearly rather than exponentially with applied voltage. 


6-7 THE TEMPERATURE DEPENDENCE OF p-n CHARACTERISTICS 


Let us inquire into the diode voltage variation with temperature at fixed 
current. This variation may be calculated from Eq. (6-33), where the tem- 
perature is contained implicitly in Vr and also in the reverse saturation cur 
rent. The dependence of J, on temperature 7’ is, from Eqs. (6-30) and (6-32), 
given approximately by 


I, = KT me-Vaolwr (6-35) 
where K is a constant and eV qo (e is the magnitude of the electronic charge) 
is the forbidden-gap energy in joules: 

For Ge: »=1 m=2 Vao = 0.785 V 
ForSi: 7=2 m= 1.5 Veo = 1.21 V 
Taking the derivative of the logarithm of Eq. (6-35), we find 


idl, ¥ d(In I.) _m Veo 

Tat ~~ a? ~ T+ aTV; (eae 
At room temperature, we deduce from Eq. (6-36) that d(In I,)/dT = 0.08°C* 
for Si and 0.11°C-" for Ge. The performance of commercial diodes is only 


approximately consistent with these results, The reason for the discrepancy 
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js that, in a physical diode, there is a component of the reverse saturation 
current due to leakage over the surface that is not taken into account in Eq. 
(6-35). Since this leakage component is independent of temperature, we may 
expect to find a smaller rate of change of J, with temperature than that pre- 
dicted above. From experimental data we find that the reverse saturation 
current increases approximately 7 percent/°C for both silicon and germanium. 
Since (1.07)!° = 2.0, we conclude that the reverse saturation current approxi- 
mately doubles for every 10°C rise in temperature. 

From Eq. (6-33), dropping the unity in comparison with the exponential, 
we find, for constant J, 


dv ov ‘Ldl,\ _ V — (Veo + miVr) 

yke (7; =) al i A MICA: 
where use has been made of Eq. (6-36). Consider a diode operating at room 
temperature (300°K) and just beyond the threshold voltage V, (say, at 0.2 V 
for Ge and 0.6 for Si). Then we find, from Eq. (6-37), 


adv _ { —21mv/°C for Ge 
at = | ~23mV/°C for Si (6-38) 


Since these data are based on “average characteristics,” it might be well for 
conservative design to assume a value of 

ay = -25 mv/°C (6-39) 
for either Ge or Si at room temperature. Note from Eq. (6-37) that |dV/dT| 
decreases with increasing 7’. 

The temperature dependence of forward voltage is given in Eq. (6-37) as 
the difference between two terms. The positive term V/T on the right-hand 
side results from the temperature dependence of Vr. The negative term 
results from the temperature dependence of J., and does not depend on the 
Voltage V across the diode. The equation predicts that for increasing V, 
aV/dT should become less negative, reach zero at V = Veo + mVr, and 
thereafter reverse sign and go positive. This behavior is regularly exhibited 
by diodes, Normally, however, the reversal takes place at a current which 
18 higher than the maximum rated current. The curves of Fig. 6-9 also suggest 
this behavior. At high voltages the horizontal separation between curves 
of different temperatures is smaller than at low voltages. 

’ Typical reverse characteristics of germanium and silicon diodes are given 
in Fig. 6-10a and b. Observe the very pronounced dependence of current on 
TeVerse voltage, a result which is not consistent with our expectation of a con- 
ia Saturated reverse current. This increase in J, results from leakage across 
ih Surface of the diode, and also from the additional fact that new current 
"riers may be generated by collision in the transition region at the junction. 
g the other hand, there are many commercially available diodes, both ger- 
um and silicon, that do exhibit a fairly constant reverse current with 


(6-37) 
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eal values for a silicon planar epitaxial diode are Vr = 0.8 V at Ip = 10 mA 
(corresponding to Rr = 80 Q) and Jz = 0.1 uA at Vz = 50 V (corresponding 
to Re = 500 M). 

For small-signal operation the dynamic, or incremental, resistance r is an 
important parameter, and is defined as the reciprocal of the slope of the volt- 
ampere characteristic, r = dV/dI. The dynamic resistance is not a constant, 
put depends upon the operating voltage. For example, for a semiconductor 
diode, we find from Eq. (6-33) that the dynamic conductance g = 1/r is 


aI _ Ter _I+T, 
dV ~ "aVr ~ ae 


For a reverse bias greater than a few tenths of a volt (so that |V/nVr| > 1), 
q is extremely small and r is very large. On the other hand, for a forward 
bias greater than a few tenths of a volt, J >> I, and r is given approximately by 


(6-40) 


Reverse current, pA 
Reverse current, pA 


0 20 40 60 80 100 rs ue (6-41) 
Reverse voltage, V Reverse voltage, V 
(a) (6) The dynamic resistance varies inversely with current; at room temperature 


and for » = 1, r = 26/7, where J is in milliamperes and.r in ohms. For a 
forward current of 26 mA, the dynamic resistance is 12. The ohmic body 
resistance of the semiconductor may be of the same order of magnitude or 
even much higher than this value. Although r varies with current, in a small- 
signal model, it is reasonable to use the parameter r as a constant. 


Fig. 6-10 Examples of diodes which do not exhibit a constant reverse 
saturation current. (a) Germanium diode 1N270; (b) silicon 1N461. 
(Courtesy of Raytheon Company.) 


increasing voltage. The much larger value of J, for a germanium than for a 
silicon diode, to which we have previously referred, is apparent in comparing 
Fig. 6-10a and b. Since the temperature dependence is approximately the 
same in both types of diodes, at elevated temperatures the germanium diode 
will develop an excessively large reverse current, whereas for silicon, J, will be 
quite modest. Thus we can see that for Ge in Fig. 6-10 an increase in tem- 
perature from room temperature (25°C) to 90°C increases the reverse current 
to hundreds of microamperes, although in silicon at 100°C the reverse current 
has increased only to some tenths of a microampere. 


A Piecewise Linear Diode Characteristic A large-signal approximation 
which often leads to a sufficiently accurate engineering solution is the piecewise 
linear representation. For example, the piecewise linear approximation for a 
semiconductor diode characteristic is indicated in Fig. 6-11. The break point 
18 not at the origin, and hence V, is also called the offset, or threshold, voltage. 
The diode behaves like an open circuit if V < V,, and has a constant incre- 
Mental resistance r = dV/dI if V > V,. Note that the resistance r (also 
designated as Ry and called the forward resistance) takes on added physical 


6-8 DIODE RESISTANCE 


The static resistance R of a diode is defined as the ratio V/I of the voltage 
to the current. At any point on the volt-ampere characteristic of the diode 
(Fig. 6-7), the resistance R is equal to the reciprocal of the slope of a line 
joining the operating point to the origin. The static resistance varies widely 
with V and J and is not a useful parameter. The rectification property of @ 
diode is indicated on the manufacturer’s specification sheet by giving the 
maximum forward voltage Vr required to attain a given forward current I 
and also the maximum reverse current Iz at a given reverse voltage Vz. Typi- 


had The piecewise linear character- 
Zation of a semiconductor diode. 
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significance even for this large-signal model, whereas the static resistance 
Ry = V/I is not constant and is not useful. 

The numerical values V, and R; to be used depend upon the type of 
diode and the contemplated voltage and current swings. For example, from 
Fig. 6-8 we find that, for a current swing from cutoff to 10 mA with a ger- 
manium diode, reasonable values are V, = 0.6 V and Ry = 15 2. On the 
other hand, a better approximation for current swings up to 50 mA leads to 
the following values: germanium, V, = 0.3 V, Ry = 6 Q; silicon, Vy = 0.65 V, 
R,; = 5.5 9. For an avalanche diode, discussed in Sec. 6-12, V, = Vz, and 
Ry, is the dynamic resistance in the breakdown region. 


{ 


6-9 SPACE-CHARGE, OR TRANSITION, CAPACITANCE! Cr ; 
As mentioned in Sec. 6-1, a reverse bias causes majority carriers to move away 
from the junction, thereby uncovering more immobile charges. Hence the 
thickness of the space-charge layer at the junction increases with reverse vol 

age. This increase in uncovered charge with applied voltage may be con- 
sidered a capacitive effect. We may define an incremental capacitance Cr bt y 


a) 
(6-42) 
‘ 
where dQ is the increase in charge caused by a change dV in voltage. Ib 
follows from this definition that a change in voltage dV in a time dé will 
result in a current 7 = dQ/dt, given by 


cr = || 


H dV q 
i=Cr i (6-48) 
Therefore a knowledge of Cr is important in considering a diode (or a trans 

tor) as a circuit element. The quantity Cr is referred to as the transition- 
region, space-charge, barrier, or depletion-region, capacitance. We now consider 
Cr quantitatively. As it turns out, this capacitance is not a constant, but 
depends upon the magnitude of the reverse voltage. It is for this reason that 
Cr is defined by Eq. (6-42) rather than as the ratio Q/V. 


An Alloy Junction Consider a junction in which there is an abrupt 
change from acceptor ions on one side to donor ions on the other side. Such 
a junction is formed experimentally, for example, by placing indium, which is 
trivalent, against n-type germanium and heating the combination to a high 
temperature for a short time. Some of the indium dissolves into the ger- 
manium to change the germanium from n to p type at the junction. Such 
a junction is called an alloy, or fusion, junction. It is not necessary that the 
concentration N, of acceptor ions equal the concentration Np of donor impuri- 
ties. As a matter of fact, it is often advantageous to have an unsymmetricé 
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Charge density 


Fig. 6-12 The charge-density and 
potential variation at a fusion 
p-n junction (W ~ 10-4 em). 


junction. Figure 6-12 shows the charge density as a function of distance from 
an alloy junction in which the acceptor impurity density is assumed to be 


much smaller than the donor concentration. Since the net charge must be 
zero, then 


eNuW, = eNoW (6-44) 


If N4 < Np, then W,>W,. For simplicity, we neglect W, and assume that 
the entire barrier potential Vz appears across the uncovered acceptor ions. 


e relationship between potential and charge density is given by Poisson’s 
€quation, 


@V  eNa 
oa = 4 (6-45) 
Where eis the permittivity of the semiconductor. If ¢, is the (relative) dielec- 
© constant and ¢, is the permittivity of free space (Appendix B), then e = ey. 
e electric lines of flux start on the positive donor ions and terminate on the 
Negative acceptor ions. Hence there are no flux lines to the left of the bound- 
oi * = 0 in Fig, 6-12, and § = —dV/dz = 0 at x = 0. Also, since the zero 
Potential is arbitrary, we choose V = 0 at x = 0. Integrating Eq. (6-45) 
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0, 
subject to these boundary conditions yields “ 


eN 4x? P 
v-"3 ( 


At« = W, ~ W, V = Vs, the barrier height. Thus 


e 
wb 


Fig. 6-14 Typical barrier-capaci- 
tance variation, with reverse volt- 
can ae (6-47) age, of silicon diodes 1N914 and 
1N916. (Courtesy of Fairchild 
Semiconductor Corporation.) 


re] 
= 


a 


If we now reserve the symbol V for the applied bias, then Vs = V. — 
where V is a negative number for an applied reverse bias and V, is the contact, 
potential (Fig. 6-1d), This equation confirms our qualitative conclusion tha 
the thickness of the depletion layer increases with applied reverse voltage 
We now see that W varies as Vs!. 

If A is the area of the junction, the charge in the distance W is 


Capacitance C;, pF 


Q=eN.WA Reverse voltage, V 
The transition capacitance Cr, given by Eq. (6-42), is given above is carried out for such a junction, Eq. (6-49) is found to be valid 
4Q aw P where W equals the total width of the space-charge layer. However, it row 
Oss lav | Sigma, ac ( turns out that W varies as Vs! instead of Val. 
eee ~ ¢/6N 07, and tense Varactor Diodes We observe from the above equations that the barrier 
Cr= 4 (6 capacitance is not a constant but varies with applied voltage. The larger the 
‘wan reverse voltage, the larger is the space-charge width W, and hence the smaller 


the capacitance Cr. The variation is illustrated for two typical diodes in Fig. 
6-14. Similarly, for an increase in forward bias (V positive), W decreases and 
Cr increases. 

The voltage-variable capacitance of a p-n junction biased in the reverse 
direction is useful in a number of circuits. One of these applications is voltage 
tuning of an LC resonant circuit. Other applications include self-balancing 

idge circuits and special types of amplifiers, called parametric amplifiers. 

Diodes made especially for the above applications which are based on 
the voltage-variable capacitance are called varactors, varicaps, or voltacaps. 
A circuit model for a varactor diode under reverse bias is shown in Fig. 6-15. 


It is interesting to note that this formula is exactly the expression which ii 
obtained for a parallel-plate capacitor of area A (square meters) and plat 
separation W (meters) containing a material of permittivity «. If the conce 
tration Np is not neglected, the above results are modified only slightly. 
Eq. (6-47) W represents the total space-charge width, and 1/N, is replac 
by 1/N4 +1/Np. Equation (6-49) remains valid. 


A Grown Junction A second form of junction, called a grown junction, 
is obtained by drawing a single crystal from a melt of germanium whose typ 
is changed during the drawing process by adding first p-type and then n-ty 
impurities. For such a grown junction the charge density varies gradually 
(almost linearly), as indicated in Fig. 6-13. If an analysis similar to 


Charge density 
Fig.6-15 A varactor diode under reverse 


Bias. (a) Circuit symbol; (b) circuit model. 
Fig. 6-13 The charge-density variation at a 


grown p-n junction. 
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The resistance R, represents the body (ohmic) series resistance of the diode, 
Typical values of Cr and R, are 20 pF and 8.5 Q, respectively, at a reverse bias 
of 4 V. The reverse diode resistance R, shunting Cr is large (>1 M), and 
hence is usually neglected. 

In circuits intended for use with fast waveforms or at high frequencies, 
it is required that the transition capacitance be as small as possible, for the 
following reason: A diode is driven to the reverse-biased condition when it is 
desired to prevent the transmission of a signal. However, if the barrier 
capacitance Cr is large enough, the current which is to be restrained by the 
low conductance of the reverse-biased diode will flow through the capacitor 
(Fig. 6-15b). 


6-10 DIFFUSION CAPACITANCE 


For a forward bias a capacitance which is much larger than that considered in 
the preceding section comes into play. The origin of this capacitance is now 
discussed. If the bias is in the forward direction, the potential barrier at the 
junction is lowered and holes from the p side enter the n side. Similarly, 
electrons from the n side move into the p side. This process of minority- 
carrier injection is discussed in Sec. 6-5, where we see that the excess hole 
density falls off exponentially with distance, as indicated in Fig. 6-6. The 
shaded area under this curve is proportional to the injected charge. 

explained in Sec. 6-9, it is convenient to introduce an incremental capaci- 
tance, defined as the rate of change of injected charge with applied voltage. 
This capacitance Cp is called the diffusion, or storage, capacitance. 


Derivation of Expressions for Cp We now make a quantitative stu 
of the diffusion capacitance Cp. For simplicity of discussion we assume t 
one side of the diode, say, the p material, is so heavily doped in comparison 
with the n side that the current J is carried across the junction entirely by 
holes moving from the p to the n side, or J = I,n(0). The excess minority 
charge Q will then exist only on the n side, and is given by the shaded area of 


Fig. 6-6 multiplied by the diode cross section A and the electronic charge @. 
Hence 


Q = [\° AeP.(O)e*! dz = AeLpPa(0) (6-50) 


and 


aP,,(0) 


=. a2 
Co = Fy = Acl, av 


The hole current J is given by I,n(x) in Eq. (6-19), with x = 0, or 


vol AeD,Ps(0) ool 
2. 
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where g = 4I/dV is the diode conductance given in Eq. (6-40). Combining 
fs. (6-51) and (6-53) yields 


(6-58) 


Cp = 1,49 (6-54) 
D, 
Since from Eq. (5-51) the mean lifetime for holes r, = 7 is given by 
ae (6-55) 
D; 
3 Co= 9 (6-56) 
From Eq. (6-41), g = I/nVr, and hence 
ok (6-57) 
fp Vr 
We see that the diffusion capacitance is proportional to the current I. In the 


derivation above we have assumed that the diode current J is due to holes 
only. If this assumption is not satisfied, Eq. (6-56) gives the diffusion capaci- 
tance C’p, due to holes only, and a similar expression can be obtained for the 
diffusion "capacitance Cp, due to electrons. The total diffusion capacitance 
can then be obtained as the sum of Cp, and Cp, (Prob. 6-30). 

For a reverse bias g is very small and Cp may be neglected compared 
with Cr. For a forward current, on the other hand, Cp is usually much larger 
than Cr. For example, for germanium (y = 1) at J = 26 mA, “he 1 mho, 
and Cp =r. If, say, r = 20 psec, then Cp = 20 uF, a value which is about 
4 million times larger than the transition capacitance. xi ‘ 

Despite the large value of Cp, the time constant rCp (which is of impor- 
tance in circuit applications) may not be excessive because the dynamic for- 
Ward resistance r = 1/g is small. From Eq. (6-56), 


Cp =r (6-58) 
Hence the diode time constant equals the mean lifetime of minority carriers, 


Which lies in range of nanoseconds to hundreds of microseconds. The impor- 
tance of + in circuit applications is considered in the following section. 


, Charge-control Description of a Diode From Eqs. (6-50), (6-52), and 
6-55) 


A 


(6-59) 


This very important equation states that the diode current (which consists of 
holes crossing the junction from the p to the n side) is proportional to the 
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stored charge Q of excess minority carriers. The factor of proportionality is 
the reciprocal of the decay time constant (the mean lifetime 7) of the minority 
carriers, Thus, in the steady state, the current I supplies minority carriers 
at the rate at which these carriers are disappearing because of the process of 
recombination. 

The charge-control characterization of a diode describes the device in 
terms of the current J and the stored charge Q, whereas the equivalent-circuit 
characterization uses the current J and the junction voltage V. One immedi- 
ately apparent advantage of this charge-control description is that the expo- 
nential relationship between J and V is replaced by the linear dependence 
Z on Q. The charge Q also makes a simple parameter, the sign of which 
determines whether the diode is forward- or reverse-biased. The diode is 
forward-biased if Q is positive and reverse-biased if Q is negative. 


6-11 p-n DIODE SWITCHING TIMES 


When a diode is driven from the reversed condition to the forward state or in 
the opposite direction, the diode response is accompanied by a transient, and 
an interval of time elapses before the diode recovers to its steady state. The 
forward recovery time ty, is the time difference between the 10 percent point 
of the diode voltage and the time when this voltage reaches and remains within 
10 percent of its final value. It turns out® that ¢;, does not usually constitute 
a serious practical problem, and hence we here consider only the more impor- 
tant situation of reverse recovery. 


Diode Reverse Recovery Time When an external voltage forward-biases. 
a p-n junction, the steady-state density of minority carriers is as shown in 
Fig. 6-16a (compare with Fig, 6-6). The number of minority carriers is very 


Junction Junction 


(b) x=0 x 


Fig. 6-16 Minority-carrier density distribution as a function of the distance x 
from a junction. (a) A forward-biased junction; (b) a reverse-biased junction. 
The injected, or excess, hole (electron) density is Pa — Pno (Mp — Myo). 
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large. These minority carriers have, in each case, been supplied from the other 
side of the junction, where, being majority carriers, they are in plentiful supply. 
When an external voltage reverse-biases the junction, the steady-state 
density of minority carriers is as shown in Fig. 6-160. Far from the junction 
the minority carriers are equal to their thermal-equilibrium values Pno Ad Ngo, 
as is also the situation in Fig. 6-16a. As the minority carriers approach the 
junction they are rapidly swept across, and the density of minority carriers 
diminishes to zero at this junction. The current which flows, the reverse 
saturation current J,, is small because the density of thermally generated 
inority carriers is very small. ‘ 
et or external voltage is suddenly reversed in a diode circuit which has 
been carrying current in the forward direction, the diode current will not 
immediately fall to its steady-state reverse-voltage value. For the current 
cannot attain its steady-state value until the minority-carrier distribution, 
which at the moment of voltage reversal had the form in Fig. 6-16a, reduces 
to the distribution in Fig. 6-16b. Until such time as the injected, or excess, 
minority-carrier densily pn — Pno (OF Ny — Nyo) has dropped nominally to zero, 
the diode will continue to conduct easily, and the current will be determined 
by the external resistance in the diode circuit. 


Storage and Transition Times The sequence of events which accom- 
panies the reverse biasing of a conducting diode is indicated in Fig. 6-17. 
We consider that the voltage in Fig. 6-17b is applied to the diode-resistor 
circuit in Fig, 6-17a. For a long time, and up to the time 41, the voltage 
vj = Vy has been in the direction to forward-bias the diode. The resistance 
R, is assumed large enough so that the drop across R is large in comparison 
with the drop across the diode. Then the current isi ~ Vr/Ri =r. At 
the time ¢ = t; the input voltage reverses abruptly to the value v = —Vr. 
For the reasons described above, the current does not drop to zero, but instead 
reverses and remains at the value i ~ —Vr/R, = —Jr until the time t = te. 
At t = t, as is seen in Fig. 6-17c, the injected minority-carrier density at 
” = 0 has reached its equilibrium state. If the diode ohmic resistance is Ra, 
then at the time t; the diode voltage falls slightly [by (Zr + In)Ra] but does 
not reverse. At ¢ = tz, when the excess minority carriers in the immediate 
neighborhood of the junction have been swept back across the junction, the 
diode voltage begins to reverse and the magnitude of the diode current begins 
to decrease, The interval ty to ta, for the stored-minority charge to become 
2ero, is called the storage time t,. } 

The time which elapses between t and the time when the diode has 
Nominally recovered is called the transition time t; This recovery interval 
will be completed when the minority carriers which are at some distance from 

junction have diffused to the junction and crossed it and when, in addition, 
© junction transition capacitance across the reverse-biased junction has 
charged through R; to the voltage —Vr. / 

Manufacturers normally specify the reverse recovery time of a diode tre 
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Fig. 6-17 The waveform in (b) is applied to the diode circuit in (a); (c) the 


excess carrier density at the junction; (d) the diode current; (e) the diode 
voltage. 


in a typical operating condition in terms of the current waveform of Fig. 
6-17d. The time ¢,, is the interval from the current reversal at ¢ = ¢, until 
the diode has recovered to a specified extent in terms either of the diode cur- 
rent or of the diode resistance. If the specified value of Rz is larger than 
several hundred ohms, ordinarily the manufacturers will specify the capaci- 
tance C; shunting R, in the measuring circuit which is used to determine tr: 
Thus we find, for the Fairchild 1N3071, that with Jp = 30mA and Jz = 30 mA, 
the time required for the reverse current to fall to 1.0 mA is 50 nsec. Again 
we find, for the same diode, that with Jp = 30mA, —Vrz = —35V, Rr = 2K, 
and C, = 10 pF (—Jr = —35/2 = —17.5 mA), the time required for the 
diode to recover to the extent that its resistance becomes 400 K is ¢,, = 400 nsec. 
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Commercial switching-type diodes are available with times ¢,, in the range from 
Jess than a nanosecond up to as high as 1 usec in diodes intended for switching 
large currents. 


6-12 BREAKDOWN DIODES* 


The reverse-voltage characteristic of a semiconductor diode, including the 
preakdown region, is redrawn in Fig. 6-18a. Diodes which are designed with 
adequate power dissipation capabilities to operate in the breakdown region 
may be employed as voltage-reference or constant-voltage devices. Such 
diodes “are known as avalanche, breakdown, or Zener diodes. They are used 
characteristically in the manner indicated in Fig. 6-18b. The source V and 
resistor R are selected so that, initially, the diode is operating in the break- 
down region. Here the diode voltage, which is also the voltage across the 
load Rz, is Vz, as in Fig. 6-18a, and the diode current is Jz. The diode will 
now regulate the load voltage against variations in load current and against 
variations in supply voltage V because, in the breakdown region, large changes 
in diode current produce only small changes in diode voltage. Moreover, as 
load current or supply voltage changes, the diode current will accommodate 
itself to these changes to maintain a nearly constant load voltage. The diode 
will continue to regulate until the circuit operation requires the diode current 
to fall to Izx, in the neighborhood of the knee of the diode volt-ampere curve. 
The upper limit on diode current is determined by the power-dissipation rating 
of the diode. 

Two mechanisms of diode breakdown for increasing reverse voltage are 
recognized. In one mechanism, the thermally generated electrons and holes 
acquire sufficient energy from the applied potential to produce new carriers 
by removing valence electrons from their bonds. These new carriers, in turn, 
produce additional carriers again through the process of disrupting bonds. 


(6) 


Fig. 6-18 (a) The volt-ampere characteristic of an avalanche, or Zener, diode, 
A circuit in which such a diode is used to regulate the voltage across Ry 
°gainst changes due to variations in load current and supply voltage. 
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This cumulative process is referred to as avalanche multiplication. It results 
in the flow of large reverse currents, and the diode finds itself in the region of 
avalanche breakdown. Even if the initially available carriers do not acquire 
sufficient energy to disrupt bonds, it is possible to initiate breakdown through 
a direct rupture of the bonds because of the existence of the strong electric 
field. Under these circumstances the breakdown is referred to as Zener break- 
down. This Zener effect is now known to play an important role only in 
diodes with breakdown voltages below about 6 V. Nevertheless, the term 
Zener is commonly used for the avalanche, or breakdown, diode even at higher 
voltages. Silicon diodes operated in avalanche breakdown are available with 
maintaining voltages from several volts: to several hundred volts and with 
power ratings up to 50 W. 


Temperature Characteristics A matter of interest in connection with 
Zener diodes, as with semiconductor devices generally, is their temperature 
sensitivity. The temperature dependence of the reference voltage, which is 
indicated in Fig. 6-19a and 6, is typical of what may be expected generally, 
In Fig. 6-19a the temperature coefficient of the reference voltage is plotted as 
a function of the operating current through the diode for various different 
diodes whose reference voltage at 5 mA is specified. The temperature coef- 
ficient is given as percentage change in reference voltage per centigrade degree 


Temperature coefficient, %/°C 


~ 0.07 _ ~ 0,08 
© 5 10 15 20 25 30 35 40 45 50 55 0 5 10 15 
Iz,mA Vz @ 5mA,V 
(a) (6) 


Fig. 6-19 Temperature coefficients for a number of Zener diodes having different 
operating voltages (a) as a function of operating current, (b) as a function of 

operating voltage, The voltage Vz is measured at Jz = 5 mA (from 25 to 100°C). 
(Courtesy of Pacific Semiconductors, Inc.) 
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change in diode temperature. In Fig. 6-19b has been plotted the tempera- 
ture coefficient at a fixed diode current of 5 mA as a function of Zener voltage. 
The data which are used to plot this curve are taken from a series of different 
diodes of different Zener voltages but of fixed dissipation rating. From the 
curves in Fig. 6-19a and 6 we note that the temperature coefficients may be 
positive or negative and will normally be in the range +0.1 percent/°C. Note 
that, if the reference voltage is above 6 V, where the physical mechanism 
involved is avalanche multiplication, the temperature coefficient is positive. 
However, below 6 V, where true Zener breakdown is involved, the tempera- 
ture coefficient is negative. 

A qualitative explanation of the sign (positive or negative) of the temper- 
ature coefficient of Vz is now given. A junction having a narrow depletion- 
layer width and hence high field intensity (~10® V/cm even at low voltages) 
will break down by the Zener mechanism. An increase in temperature 
increases the energies of the valence electrons, and hence makes it easier for 
these electrons to escape from the covalent bonds. Less applied voltage is 
therefore required to pull these electrons from their positions in the crystal 
lattice and convert them into conduction electrons. Thus the Zener break- 
down voltage decreases with temperature. 

A junction with a broad depletion layer and therefore a low field intensity 
will break down by the avalanche mechanism. In this case we rely on intrinsic 
carriers to collide with valence electrons and create avalanche multiplication. 
As the temperature increases, the vibrational displacement of atoms in the 
crystal grows. This vibration increases the probability of collisions with the 
lattice atoms of the intrinsic particles as they cross the depletion width, The 
intrinsic holes and electrons thus have less of an opportunity to gain sufficient 
energy between collisions to start the avalanche process. Therefore the value 
of the avalanche voltage must increase with increased temperature. 


Dynamic Resistance and Capacitance A matter of importance in con- 
hection with Zener diodes is the slope of the diode volt-ampere curve in the 
Operating range. If the reciprocal slope AVz/AIz, called the dynamic resist- 
nce, is r, then a change AJz in the operating current of the diode produces a 
Change AV, = r AI; in the operating voltage. Ideally, r = 0, corresponding 
toa volt-ampere curve which, in the breakdown region, is precisely vertical. 

© variation of r at various currents for a series of avalanche diodes of fixed 
Power-dissipation rating and various voltages is shown in Fig. 6-20. Note 
the rather broad minimum which occurs in the range 6 to 10 V, and note that 
at large Vz and small Iz, the dynamic resistance r may become quite large. 

US We find that a TI 3051 (Texas Instruments Company) 200-V Zener diode 
berating at 1.2 mA has an r of 1,500. Finally, we observe that, to the left 

*€ minimum, at low Zener voltages, the dynamic resistance rapidly becomes 
duite large. Some manufacturers specify the minimum current Izx (Fig. 
18a) below which the diode should not be used. Since this current is on 
knee of the curve, where the dynamic resistance is large, then for currents 


146 / ELECTRONIC DEVICES AND CIRCUITS 


Dynamic resistance r, 2 


A = 
024 6 8 10 12 14 16 18 20 22 24 26 28 30 32 
Vz.V 


Fig. 6-20 The dynamic resistance at a number of cur- 
rents for Zener diodes of different operating voltages 
at 25°C. The measurements are made with a 60-Hz 
current at 10 percent of the de current. (Courtesy of 
Pacific Semiconductors, Inc.) 


lower than Izx the regulation will be poor. Some diodes exhibit a very sharp 
knee even down into the microampere region. 

The capacitance across a breakdown diode is the transition capacitance, 
and hence varies inversely as some power of the voltage. Since Cr is propor~ 
tional to the cross-sectional area of the diode, high-power avalanche diodes 
have very large capacitances. Values of Cr from 10 to 10,000 pF are common. 


Additional Reference Diodes Zener diodes are available with voltages 
as low as about 2 V. Below this voltage it is customary, for reference and 
regulating purposes, to use diodes in the forward direction. As appears in 
Tig. 6-8, the volt-ampere characteristic of a forward-biased diode (sometime 
called a stabistor) is not unlike the reverse characteristic, with the exception 
that, in the forward direction, the knee of the characteristic occurs at loy 
voltage. A number of forward-biased diodes may be operated in series to 
reach higher voltages, Such series combinations, packaged as single units, 
are available with voltages up to about 5 V, and may be preferred to reverse 
biased Zener diodes, which at low voltages, as seen in Fig. 6-20, have 
large values of dynamic resistance. 

When it is important that a Zener diode operate with a low temperature 
coefficient, it may be feasible to operate an appropriate diode at a current 
where the temperature coefficient is at or near zero. Quite frequently, su 
operation is not convenient, particularly at higher voltages and when th 


Sec. 6-13 SEMICONDUCTOR-DIODE CHARACTERISTICS / 147 


diode must operate over a range of currents. Under these circumstances 
temperature-compensated avalanche diodes find application. Such diodes 
consist of a reverse-biased Zener diode with a positive temperature coefficient, 
combined in a single package with a forward-biased diode whose temperature 
coefficient is negative. As an example, the Transitron $V3176 silicon 8-V 
reference diode has a temperature coefficient of +0.001 percent/°C at 10 mA 
over the range —55 to +100°C. The dynamic resistance is only 159. The 
temperature coefficient remains below 0.002 percent/°C for currents in the 
range 8to 12 mA. The voltage stability with time of some of these reference 
diodes is comparable with that of conventional standard cells. 

When a high-voltage reference is required, it is usually advantageous 
(except of course with respect to economy) to use two or more diodes in 
series rather than a single diode. This combination will allow higher volt- 
age, higher dissipation, lower temperature coefficient, and lower dynamic : 
resistance. 


6-13 THE TUNNEL DIODE 


A p-n junction diode of the type discussed in Sec. 6-1 has an impurity concen- 
tration of about 1 part in 10%. With this amount of doping, the width of the 
depletion layer, which constitutes a potential barrier at the junction, is of the 
order of 5 microns (5 X 10-4cm). This potential barrier restrains the flow of 
carriers from the side of the junction where they constitute majority carriers 
to the side where they constitute minority carriers. If the concentration of 
impurity atoms is greatly increased, say, to 1 part in 10* (corresponding to a 
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Fig. 6-21 Volf-ampere characteristic of a tunnel diode. 
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density in excess of 10!° cm™*), the device characteristics are completely 
changed. This new diode was announced in 1958 by Esaki,’ who also gave 
the correct theoretical explanation for its volt-ampere characteristic, depicted 
in Fig. 6-21. 


The Tunneling Phenomenon The width of the junction barrier varies 
inversely as the square root of impurity concentration [Eq. (6-47)] and there- 
fore is reduced from 5 microns to less than 100 A (10-* em). This thickness is 
only about one-fiftieth the wavelength of visible light. Classically, a particle 
must have an energy at least equal to the height of a potential-energy barrier 
if it is to move from one side of the barrier to the other. However, for barriers 
as thin as those estimated above in the Esaki diode, the Schrédinger equation 
indicates that there is a large probability that an electron will penetrate through 
’ the barrier. This quantum-mechanical behavior is referred to as tunneling, 
and hence these high-impurity-density p-n junction devices are called tunnel 
diodes. This same tunneling effect is responsible for high-field emission of 
electrons from a cold metal and for radioactive emissions. 

We explain the tunneling effect by considering the following one-dimen- 
sional problem: An electron of total energy W (joules) moves in region 1, 
where the potential energy may be taken as zero, U = 0. At x = 0, there is 
a potential-energy barrier of height U. > W, and as indicated in Fig. 6-22a, 
the potential energy remains constant in region 2 for x > 0. 

Region 1 The Schrédinger equation (2-14), 


d 8x*m 


(6-60) 
has a solution of the form y = Cetir™W/M42, where C is a constant. The 
electronic wave function ¢ = ey represents a traveling wave. In Sec. 2-8 
the product of y and its complex conjugate y* is interpreted as giving the 
probability of finding an electron between x and x + dz (in a one-dimensional 
space). Since ¥y* = |y|? = C? = const, the electron has an equal proba- 
bility of being found anywhere in region 1. In other words, the electron 
is free to move in a region of zero potential energy. 


Region i aa 2 
U, 
Ww 


Fig. 6-22 (a) A potential- 
energy step of height Ux 
The electronic energy is 
W <U,. (b) Apotential- 
energy hill of height U. 
and depth d may be pene- 
trated by the electron 
provided that d is small 
enough. 
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Region 2 The Schrédinger equation for x > 0 is 


d 8r?m 
ay — ™ (u, — Wy = 0 (6-61) 
Since U. > W, this equation has a solution of the form 
Pv = AclGrmnru—wite — Ae-2ita, (6-62) 
where A is a constant and 
pe h? ts 1 it 
the = 3 {sent = m\ = ibm = nal (6-63) 


The solution of Eq. (6-61) is actually of the form y = Ae! + Ber!%4., 
However, B = 0, since it is required that y be finite everywhere in region 2. 
The probability of finding the electron between x and xz + dz in region 2 is 
Wt = Ate, (6-64) 
From Eq. (6-64) we see that an electron can penetrate a potential-energy 
barrier and that this probability decreases exponentially with distance into the 
barrier region. If, as in Fig. 6-22b, the potential-energy hill has a finite thick- 
ness d, then there is a nonzero probability A*e-#/ that the electron will pene- 
trate (tunnel) through the barrier. If the depth of the hill d is very much 
larger than d,, then the probability that the electron will tunnel through the 
barrier is virtually zero, in agreement with classical concepts (Sec. 3-2). 
A calculation of d, for U. ~ W = 1.60 X 10-* J (corresponding to 0.1 eV) 
yields d,~ 3 A. For impurity densities in excess of those indicated above 
(10 cm-*), the barrier depth d approaches d,, and A%e~#/4 becomes large 


enough to represent an appreciable number of electrons which have tunneled 
through the hill. 


Energy-band Structure of a Highly Doped p-n Diode The condition 
that d@ be of the same order of magnitude as d, is a necessary but not a suf- 
ficient condition for tunneling. It is also required that occupied energy states 
exist on the side from which the electron tunnels and that allowed empty 
States exist on the other side (into which the electron penetrates) at the same 
rey level. Hence we must now consider the energy-band picture when the 
purity concentration is very high. In Fig. 6-4, drawn for the lightly doped 
P-n diode, the Fermi level H's lies inside the forbidden energy gap. We shall 
“td demonstrate that, for a diode which is doped heavily enough to make 
Unneling possible, Hy lies outside the forbidden band. 

From Eq. (6-6), 

Ne 


Ey = Eo — kT ny 
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Fig. 6-23 Energy bands in a heavily doped p-n diode (a) under open-circuited 
conditions and (b) with an applied reverse bias. (These diagrams are strictly 
valid only at 0°K, but are closely approximated at room temperature, as can be 
seen from Fig. 3-10.) 


For a lightly doped semiconductor, Np < Nc, so that In (Nc/Np) is a positive 
number. Hence Ly < Eg, and the Fermi level lies inside the forbidden band, 
as indicated in Fig. 6-4. Since Nc ~ 10° cm-', then, for donor concentrations 
in excess of this amount (Np > 10! cm-, corresponding to a doping in excess 
of 1 part in 10*), In (Nc/Np) is negative. Hence Ey > Ec, and the Fermi 
level in the n-type material lies in the conduction band. By similar reasoning 
we conclude that, for a heavily doped p region, Na > Ny, and the Fermi level 
lies in the valence band [Eq. (6-7)]. A comparison of Eqs. (6-5) and (6-8) 
indicates that E, > Eg, so that the contact difference of potential energy Be 
now exceeds the forbidden-energy-gap voltage Hg. Hence, under open-circuit 
conditions, the band structure of a heavily doped p-n junction must be as 
pictured in Fig. 6-232. The Fermi level Er in the p side is at the same energy 
as the Fermi level Ey in the n side. Note that there are no filled states on 
one side of the junction which are at the same energy as empty allowed states 
on the other side. Hence there can be no flow of charge in either direction 
across the junction, and the current is zero, an obviously correct conclusion 
for an open-circuited diode. 
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The Volt-Ampere Characteristic With the aid of the energy-band picture 
of Fig. 6-23 and the concept of quantum-mechanical tunneling, the tunnel- 
diode characteristic of Fig. 6-21 may be explained. Let us consider that the 
p material is grounded and that a voltage applied across the diode shifts the 
n side with respect to the p side. For example, if a reverse-bias voltage is 
applied, we know from Sec. 6-2 that the height of the barrier is increased 
above the open-circuit value Z,. Hence the n-side levels must shift down- 
ward with respect to the p-side levels, as indicated in Fig. 6-23b. We now 
observe that there are some energy states (the heavily shaded region) in the 
valence band of the p side which lie at the same level as allowed empty states 
in the conduction band of the n side. Hence these electrons will tunnel from 
the p to the n side, giving rise to a reverse diode current. As the magnitude 
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Fig. 6.24 The energy-band pictures in a heavily doped p-n diode for a forward 


"8s. As the bias is increased, the band structure changes progressively from 
(0) to (a), 
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of the reverse bias increases, the heavily shaded area grows in size, causing the 
reverse current to increase, as shown by section 1 of Fig. 6-25. 

Consider now that a forward bias is applied to the diode so that the 
potential barrier is decreased below E.. Hence the n-side levels must shift 
upward with respect to those on the p side, and the energy-band picture for 
this situation is indicated in Fig. 6-24a. It is now evident that there are 
occupied states in the conduction band of the n material (the heavily shaded 
levels) which are at the same energy as allowed empty states (holes) in the 
valence band of the p side. Hence electrons will tunnel from the n to the p 
material, giving rise to the forward current of section 2 in Fig. 6-25. 

As the forward bias is increased further, the condition shown in Fig, 
6-24b is reached. Now the maximum number of electrons can leave occupied 
states on the right side of the junction, and tunnel through the barrier to 
empty states on the left side, giving rise to the peak current Ip in Fig, 6-25. 
If still more forward bias is applied, the situation in Fig. 6-24c is obtained, 
and the tunneling current decreases, giving rise to section 3 in Fig. 6-25. 
Finally, at an even larger forward bias, the band structure of Fig. 6-24d is 
valid. Since now there are no empty allowed states on one side of the junc- 
tion at the same energy as occupied states on the other side, the tunneling 
current must drop to zero. 

In addition to the quantum-mechanical current described above, the 
regular p-n junction injection current is also being collected. This current is 
given by Eq. (6-31) and is indicated by the dashed section 4 of Fig. 6-25. 
The curve in Fig. 6-25b is the sum of the solid and dashed curves of Fig. 
6-25a, and this resultant is the tunnel-diode characteristic of Fig, 6-21. 
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Fig. 6-25 (a) The tunneling current is shown solid. The injection current is the 
dashed curve. The sum of these two gives the tunnel-diode volt-ampere charac- 
teristic of Fig. 6-21, which is reproduced in (b) for convenience. 
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6-14 CHARACTERISTICS OF A TUNNEL DIODE® 


From Fig. 6-21 we see that the tunnel diode is an excellent conductor in the 
reverse direction (the p side of the junction negative with respect to the n side). 
‘Also, for small forward voltages (up to 50 mV for Ge), the resistance remains 
small (of the order of 52). At the peak current Ip corresponding to the volt- 
age Vp, the slope dI/dV of the characteristic is zero. If V is increased beyond 
Vp, then the current decreases. As a consequence, the dynamic conductance 
g = aI/dV is negative. The tunnel diode exhibits a negative-resistance charac- 
teristic between the peak current Jp and the minimum value Jy, called the 
valley current. At the valley voltage Vy at which J = Jy, the conductance is 
again zero, and beyond this point the resistance becomes and remains positive. 
At the so-called peak forward voltage Vr the current again reaches the value Jp. 
For larger voltages the current increases beyond this value. 

For currents whose values are between Jy and Jp, the curve is triple- 
valued, because each current can be obtained at three different applied volt- 
ages. It is this multivalued feature which makes the tunnel diode useful in 
pulse and digital circuitry.° 

The standard circuit symbol for a tunnel diode is given in Fig. 6-26a. 
The small-signal model for operation in the negative-resistance region is indi- 
cated in Fig. 6-26b. The negative resistance —R, has a minimum at the 
point of inflection between Zp and Jy. The series resistance R, is ohmic 
resistance. The series inductance L, depends upon the lead length and the 
geometry of the diode package. The junction capacitance C depends upon 
the bias, and is usually measured at the valley point. Typical values for 
these parameters for a tunnel diode of peak current value Jp = 10 mA are 
—R, = —309, R, = 10, L, = 5 nH, and C = 20 pF. 

’ One interest in the tunnel diode is its application as a very high speed 
switch. Since tunneling takes place at the speed of light, the transient 
response is limited only by total shunt capacitance (junction plus stray wiring 
Capacitance) and peak driving current. Switching times of the order of a 
Nanosecond are reasonable, and times as low as 50 psec have been obtained. 
A Second application® of the tunnel diode is as a high-frequency (microwave) 
oscillator, 

The most common commercially available tunnel diodes are made from 
ermanium or gallium arsenide. It is difficult to manufacture a silicon tunnel 
diode with a high ratio of peak-to-valley current Ip/Iy. Table 6-1 summarizes 
ul © important static characteristics of these devices. The voltage values in 
this table are determined principally by the particular semiconductor used 
and are almost independent of the current rating. Note that gallium arsenide 
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TABLE 6-1 Typical tunnel-diode 
parameters 


has the highest ratio Jp/Iy and the largest voltage swing Vr — Vp ~ 1.0 V as 
against 0.45 V for germanium. 

The peak current Jp is determined by the impurity concentration (the 
resistivity) and the junction area. A spread of 20 percent in the value of Ip 
for a given tunnel-diode type is normal, but tighter-tolerance diodes are also 
available. For computer applications, devices with Jp in the range of 1 to 
100 mA are most common. However, it is possible to obtain diodes whose 
Ip is as small as 100 uA or as large as 100 A. 

The peak point (Vp, Zp), which is in the tunneling region, is not a very 
sensitive function of temperature. Commercial diodes are available® for which 
Ip and Vp vary by only about 10 percent over the range —50 to +150°C. 
The temperature coefficient of Ip may be positive or negative, depending upon 
the impurity concentration and the operating temperature, but the tempera- 
ture coefficient of Vp is always negative. The valley point Vy, which is 
affected by injection current, is quite temperature-sensitive. The value of Iy 
increases rapidly with temperature, and at 150°C may be two or three times 
its value at —50°C. The voltages Vy and Vr have negative temperature 
coefficients of about 1.0 mV/°C, a value only about half that found for the 
shift in voltage with temperature of a p-n junction diode or transistor. These 
values apply equally well to Ge or GaAs diodes. Gallium arsenide devices 
show a marked reduction of the peak current if operated at high current levels 
in the forward injection region. However, it is found empirically* that negli- 
gible degradation results if, at room temperature, the average operating cur- 
rent J is kept small enough to satisfy the condition I/C < 0.5 mA/pF, where 
C is the junction capacitance. Tunnel diodes are found to be several orders 
of magnitude less sensitive to nuclear radiation than are transistors. 

The advantages of the tunnel diode are low cost, low noise, simplicity, 
high speed, environmental immunity, and low power. The disadvantages of 
the diode are its low output-voltage swing and the fact that it is a two-terminal 
device. Because of the latter feature, there is no isolation between input and 
output, and this leads to serious circuit-design difficulties. Hence a transistor 
(an essentially unilateral device) is usually preferred for frequencies below 
about 1 GHz (a kilomegacycle per second) or for switching times longer than 
several nanoseconds. The tunnel diode and transistor may be combined 
advantageously.® 
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] VACUUM-TUBE 
CHARACTERISTICS 


The triode was invented in 1906 by De Forest,! who inserted a third 
electrode, called the grid, into a vacuum diode. He discovered that 
current in the triode could be controlled by adjusting the grid potential 
with respect to the cathode. This device was found to be capable of 
amplifying small-signal voltages, a discovery of such great practical 
importance that it made possible the electronics industry. 

In this chapter we study the volt-ampere characteristics of triodes, 
tetrodes, and pentodes and define certain parameters which are useful 
in describing these curves. We carry through the analysis of a simple 
circuit containing a triode and show that such a circuit is indeed an 
amplifier. 


7-1 THE ELECTROSTATIC FIELD OF A TRIODE 


Suppose that the mechanical structure of a vacuum diode is altered 
by inserting an electrode in the form of a wire grid structure between 
the cathode and the anode, thus conyerting the tube into a triode. 
A schematic arrangement of the electrodes in a triode having cylindri- 
cal symmetry is shown in Fig. 7-1. 

A study of the potential variation within a triode is very instruc- 
tive. For simplicity, consider a plane cathode and a parallel anode, 
each of infinite extent. The grid is assumed to consist of parallel 
equidistant wires lying in a plane parallel to the cathode. The diam- 
eter of the wires is small compared with the distance between wires. 
Such an arrangement is shown in Fig. 7-2. If we assume that, the 
cathode is so cold that it emits no electrons, the potential at any point 
in the tube satisfies Laplace’s equation, with boundary conditions 
determined by the applied electrode voltages. The results of such a 
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‘Anode 
Control grid 


Cathode 


(a) 
Fig. 7-1 Schematic arrangement 

of the electrodes ina triode. (a) 

Top view; (b) side view. (The 
constructional details are similar 

to those indicated in Fig. 7-13.) 
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one Cathode 
(b) Control grid 


calculation are shown in Fig. 7-3, where equipotential surfaces are indicated 
for various values of grid voltage. Since the electrodes are assumed to be of 
infinite extent, it is only necessary to plot the equipotentials over a distance 
corresponding to the spacing between grid wires. Each picture is to be 
imagined repeated indefinitely to the right and left. 

It should be noted, in particular, that the grid structure does not produce 
an equipotential plane at the position of the grid. If it did, there could never 
be plate current for any value of negative grid voltage because the electrons 
would find themselves in a retarding field as soon as they left the cathode. 
(We assume, for the moment, that the cathode is heated but that the elec- 
trons leave with zero initial velocity.) Because of the influence of the positive 
plate potential, it is possible for an electron to find a path between grid wires 
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Fig.7-2 A plane-electrode triode, showing 
the paths for the poténtial profiles given in 
Fig, 7-4, 
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such that it does not collide with a potential-energy barrier (provided that the 
grid is not too highly negative). Thus the potential variation between cathode 
and anode depends upon the path. The potential-vs.-distance curves (called 
profile presentations) corresponding to Fig. 7-3 are given in Fig. 7-4 for the two 
extreme conditions, a path midway between grid wires (upper curve) and a 
path directly through the grid wires (lower curve). 

If an electron finds itself in a retarding field regardless of what part of the 
eathode it comes from, it certainly cannot reach the anode. This situation is 
pictured in (a) of Figs. 7-3 and 7-4 and corresponds to conditions beyond cutoff. 
If we assume that all electrons leave the cathode with zero velocity, they can- 
not enter the shaded area in Fig. 7-3 because they encounter there a retarding 
field. In (b) are shown the conditions just at cutoff, where the electric field 
intensity at the cathode is nowhere positive. Actually, cutoff is obtained at a 
grid voltage slightly less than this value, so that the field at the cathode is 
somewhat negative and hence repels all the emitted electrons. It should be 
clear from a study of these figures that the current distribution is not constant 
along paths at different distances from the grid wires. If the grid is made suf- 
ficiently negative, cutoff will occur throughout the entire region. This con- 
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Fig. 7-3 Equipotential contours in volts in the plane-electrode triode. (a) Grid 
beyond cutoff potential (Ve = —25 V); (b) grid at cutoff potential (Ve = —12 V); 
(c) grid negative at one-half cutoff value (Ve = —6V). (From K.R. Spangenberg, 
“Vacuum Tubes,'’ McGraw-Hill Book Company, New York, 1948.) 
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(a) (6) (c) 


Fig. 7-4 Potential profiles of a plane-electrode triode, (a) Grid at twice the cutoff 
value of potential; (b) grid at the cutoff value of potential; (c) grid negative at one- 
half the cutoff value of potential. (From K. R. Spangenberg, “Vacuum Tubes,’’ 
McGraw-Hill Book Company, New York, 1948.) 


dition prevails for all grid voltages more negative than that indicated in (6). 
If the grid voltage is made more positive than this cutoff value, then, as shown 
in (c), current will flow only in the region midway between the grid wires, 
because any electrons starting out toward a grid will be repelled. This situ- 
ation corresponds to the usual operating conditions of a triode voltage amplifier. 

It should be emphasized that these diagrams represent space-charge-free 
conditions. In Chap. 4 it is shown that under space-charge conditions the 
electric field intensity at the cathode is reduced to zero. Hence, for a hot 
cathode, the potential curve of Fig. 7-4c must be modified somewhat and, in 
particular, must have zero slope at the cathode. 


7-2 THE ELECTRODE CURRENTS 


From the qualitative discussion already given, it follows that the plate current 
should depend upon the space-charge-free cathode field intensity. This elec- 
trostatic field, in turn, is a linear function of the grid and plate potentials. 
Since the grid is much closer to the cathode than the plate, a given change in 
Potential of the grid has a much greater effect on the field intensity at the 
cathode than does the same change in potential of the anode. For example, 
if the plate voltage is changed slightly in Fig. 7-4, it will affect the slope of the 
Potential curve at the cathode very little. If the grid voltage is altered the 
Same amount, the slope will change by a very much larger amount. In view 
of this discussion and the known three-halves-power law for diodes (Sec. 4-4), 
it is anticipated that the plate current 7p may be represented approximately 
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by the equation? 
soe (v. + wy (7-1) 


where vp = plate potential 

vg = grid potential 

4 = a measure of relative effectiveness of grid and plate potentials 
The parameter y is known as the amplification factor, and is substantially con- 
stant and independent of current. The exponent n is approximately equal to #. 
The constant G is called the perveance. The validity of Eq. (7-1) has been 
verified experimentally for many triodes. 


Grid Current Ideally, the grid electrode should control the plate cur- 
rent without drawing any grid current ig. In practice, it is found that if the 
grid is made positive with respect to the cathode, electrons will be attracted 
to it. For many triodes this positive-grid current increases in the range of 
0.5 to 4 mA for each volt increase in positive-grid voltage. Such an increment 
corresponds to an effective static grid resistance re = ve/ig of 250 2 to 2 K. 
Positive-grid triodes are available for power-amplifier applications. Also, in 
many pulse and switching circuits* the grid is driven positive during a portion 
of the waveform (Fig. D-3). 

Because the electrons from the cathode are emitted with nonzero initial 
velocities, some of them will be collected when the grid is zero or even some- 
what negative with respect to the cathode. Typically, Jg = 0.5mA at Vo = 0 
and Ig = 10pA at Ve = —0.5V. Asthe magnitude of the negative-grid volt- 
age is increased, the grid current decreases further, then goes to zero, and 
may reverse in sign. This negative-grid current consists mainly of four 
components. 

First, we have gas current, consisting of positive ions (carbon dioxide, 
carbon monoxide, hydrogen, etc.) collected by the negative grid. The positive 
ion grid current is proportional to both the pressure in the tube and plate cur- 
rent. When the grid voltage becomes sufficiently negative, the plate current is 
zero (cutoff) and no ionization takes place. Second, electrons leave the grid 
(and hence negative-grid current flows) because of photoelectric emission from 
the grid. Third, the grid is usually operating at a temperature between 600 
and 700°K, and therefore grid thermionic emission takes place. Finally, we 
have a component of grid current due to leakage between the grid and the 
other electrodes. Ordinarily, the glass stem used to support the leads and the 
mica pieces used to space the tube parts have a high resistance. However, 
sublimed materials from the cathode form films on the stem and mica surfaces 
which act to decrease the resistance. When the grid is negative, leakage cur- 
rents develop, consisting of a flow of electrons from the grid to the cathode and 
plate. The negative-grid current due to all sources seldom exceeds a small 
fraction of a microampere. Unless otherwise stated, we neglect the grid cur- 
rent (positive or negative) for all negative values of grid voltage. 
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7-3 COMMERCIAL TRIODES 


In Sec. 4-2 the construction of commercially available cathodes is described. 
Practical anodes are discussed in Sec, 4-8. 


Grids Conventional grids for vacuum tubes consist of supporting side 
rods on which are wound fine lateral wires. The wire size, the number of 
turns per inch, the grid-to-cathode spacing, and the dissipation boa 
of the grid structure determine the individual tube characteristics. ? An 
improved grid structure, called the strap frame grid,’ consists of a rigid self- 
supporting rectangular frame that permits the use of very small lateral wire 
(0.3 mil = 0.0003 in. in diameter) and thus makes possible the use of a large 
number of lateral wires per inch. This type of construction also permits 
close grid-to-cathode spacing which results in a tube with a large value of 
transconductance (Sec. 7-5). 


The Nuvistor Another type of grid structure is employed in the manu- 
facture of the nuvistor-type vacuum tube shown in ig. 7-5. This tube utilizes 
an all-ceramic and metal construction with cantilever-supported cylindrical 
electrode structure. The cylindrical-tube elements are supported by conical 
bases, which, in turn, rest on strong supporting pillars. This type of con- 
struction is mechanically rigid and of low mass, and is well suited to withstand 
shock and vibration. 


Fig.7-5 Nuvistor triode, (Cour- 
tesy of Radio Corporation of 


America.) 


A. Anode ZZ 

B. Ceramic spacers \ rn F. Grid 

C. Heater | G. Grid ring 

D. Cathode ring CVA, Zz H. Oxide-coated cathode 
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Fig. 7-6 Construction of a ceramic planar triode. (Courtesy of Gen- 
eral Electric Co.) 7 


E. Heater buttons I, Cathode 
Ceramic 


Titanium 


Planar Ceramic Tube A type of electron tube construction that 
extremely resistant to shock and vibration is indicated in Fig. 7-6. The clo 
grid-to-cathode spacing (about 1.3 mils when the tube is hot) and th 
fine grid structure result in large values of transconductance. Noise and 
microphonics, as well as the danger of grid-to-cathode shorts due to loos 
grid wires, are minimized by a specially designed, tensioned wire grid strue 
ture. The small size of the elements and the close spacing of the electrodes 
result in a tube which is useful at frequencies in the gigahertz region. 


7-4 TRIODE CHARACTERISTICS 


The plate current depends upon the plate potential and the grid potential, and 
may be expressed mathematically by the functional relationship 


tp = f(vp, va) (7- 


read “ip is some function f of vp and v¢."’ This relationship is sometim 
written ip = ip(vp, vq), the quantities in the parentheses designating the vari- 
ables upon which the function f (or ip) depends. If it is assumed that th 
grid current is zero, then under space-charge-limited conditions the approxi- 
mate explicit form of this function is that expressed by Eq. (7-1). By plot 
ting ip versus vp and vg on a three-dimensional system of axes, a space diagram 
is obtained. The traces of this surface on the three coordinate planes (and om 
planes parallel to these) give three families of characteristic curves which 4 
easy to visualize. 

Figure 7-7a shows a family of curves known as the plate characteristit 
since they give the variation of the plate current with the plate potential for 
various values of grid potential, v¢ = Voi, Vox, ete. The effect of making the 
grid more negative is to shift the curves to the right without changing the 
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Fig. 7-7 (a) Plate and (b) 
transfer characteristic 
curves of. triode, 

Vo: > Vor > Vos > Va; 
Ve. > Ver > Vew 


() 


slopes appreciably. If the grid potential is made the independent, variable 
and if the plate voltage is held constant as a parameter, vp = Vpi, V pa, ete., 
the family of curves known as the mutual, or transfer, characteristics, illus- 
trated in Fig. 7-7b, is obtained. The effect of making the plate potential less 
positive is to shift the curves to the right, the slopes again remaining sub- 
stantially unchanged. These conditions are readily evident if it is remem- 
bered that the sets of curves in these diagrams are plots of Eq. (7-1) with 
either vg or vp maintained constant as a parameter. The simultaneous vari- 
ation of both the plate and the grid potentials so that the plate current remains 
constant, ip = Ips, Ips, etc., gives rise to a third group of curves, known as 
the constant-current characteristics (Prob. 7-1). 

The most important family of characteristics is the plate family, and these 
are supplied in convenient form in data books provided by the tube manu- 
facturers. The plate characteristics for several representative tubes are repro- 
duced in Appendix D. These curves are average values, and the character- 
istics for a specific tube may differ appreciably from these published values. 
The Military Specifications for Electron Tubes, MIL-E-1, give the limits of 
Variability which may be expected in a given tube type. 

‘ The volt-ampere characteristics vary with heater temperature and with 
“ging of the tube. As with a diode, so for a multielement tube, the tempera- 
ture effect is found experimentally to be equivalent to a 0.1-V shift in cathode 


oe (relative to the other electrodes) for each 10 percent change in heater 
Voltage. 


7-5 TRIODE PARAMETERS 
Th the analysis of networks using tubes as circuit elements (Chap. 8), it is 
id necessary to make use of the slopes of the characteristic curves of Fig. 
Hence it is convenient to introduce special symbols and names for these 
tities. This is now done. 


_ Amplification Factor This factor, designated by the symbol y, is defined 
Tatio of the change in plate voltage to the change in grid voltage for a 
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Each section 


constant plate current. Mathematically, u is given by the relation 


The subscript Jp denotes that the plate current remains constant in perform- 
ing the indicated partial differentiation. In order that 4 be a positive number, 
the minus sign is necessary because an increasing plate voltage will require a 
decreasing grid potential if the current is to remain unchanged. The recipro- 
cal of the amplification factor is called the durchgriff, or the penetration factor, 


3S 


= 
Plate resistance 
& & 


Amplification factor, » 


Plate Resistance The quantity (dvp/dip)y,, which expresses the ratio 
of an increment of plate potential to the corresponding increment of plat 
current when the grid potential is kept constant, has units of resistance, 
is known as the plate resistance of the tube, designated by the symbol r,. 
note that the plate resistance is the reciprocal of the slope of the plate chara 
teristics of Fig. 7-7a. It should be recalled that the dynamic plate resistane 
of a diode was defined in a similar manner. The reciprocal of the plate resist. 
ance is called the plate conductance, gy = 1/r». 


8 


Transconductance gm, mA/V 


0 5 10 15 20 
Plate current, mA 


Fig. 7-8 The parameters u, rp, and g, for a 6CG7 triode as a function 
of plate current for three values of plate voltage. (Courtesy of Gen- 
Transconductance The quantity (dip/dve)v,, which gives the ratio o eral Electric Co.) 
an increment of plate current to the corresponding increment in grid potenti: 
for constant plate potential, has the units of conductance. This quantity 
known as the plate-grid transconductance, and represents the change of current 
in the plate circuit for unit change in potential of the grid. The transco 

ductance is frequently referred to as the mutual conductance, and is designate 
by the symbol g,. The quantity gm is the slope of the mutual characteri 
curves of Fig. 7-7b. 


shown in Fig. 7-8. Note that the plate resistance varies over rather wide 
limits. It is very high at zero plate current and varies approximately inversely 
4s the one-third power of the plate current (Prob. 7-3). The transconduc- 
tance increases with plate current from zero at zero plate current and varies 
directly as the one-third power of the plate current. The amplification factor 
is observed to remain reasonably constant over a wide range of currents, 
although it falls off rapidly at the low currents. 

_ The usual order of magnitudes of the tube parameters for conventional 
triodes are approximately as follows: 


Summary The triode coefficients, or parameters, which are character 
istic of the tube are 


(32), =r, plate resistance 
@ 

ut from 2.5 to 100 
rp: from 0.5 to 100 K 


(52) = Ym mutual conductance 
a] Ve 9m: from 0.5 to 10 mA/YV, or millimhos 


dup ; ‘ 4 
x), eit amplification factor Special tubes with extremely small grid-to-cathode spacing d,: may have even 


t values of transconductance. For example, the Western Electric type 
~ 41GB triode with dj, = 0.018 mm has the following parameters: gn = 60 mA/V, 
*= 300, andr, = 5 K. 

Among the most commonly used triodes are those listed in Table 7-1. 
These contain two triode units in one envelope, and each section has, at the 
fecommended operating point, the parameters given in the table. Since the 
te current is given in milliamperes and the potentials in volts, it is con- 

't to express the plate resistance in kilohms and the transconductance in 


Since there is only one equation, (7-2), relating the three quantities ip, vp, and 
vg, the three partial derivatives cannot be independent. The interrelationshi 
may be shown to be (Sec. 8-4) 


B= 19m (7: 


Parameter Values For a 6CG7 tube, the parameters u, rp, and gm as & 
function of plate current (for three particular values of plate voltage) a 
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TABLE 7-1 


Some triode parameters 


Triode type 


6CG7... 
12AT7.. 
12AU7.. 
12AX7.. 


millimhos. Note that the product of milliamperes and kilohms is volts and 
that the reciprocal of kilohms is millimhos or milliamperes per volt (mA/V), 

Approximate values of r,, 4, and gm may be obtained directly from the 
plate characteristics. Thus, referring to the definitions in Eqs. (7-4) and 
to Fig. 7-7a, we have, at the operating point Q, 


=e i isti 
tf; Ty reciprocal of slope of characteristic 


_ Aip [dip| 
fess vg Wve Von — Vas 
at sl 
Avg ep =~ Ven — Vaz 


If r, were constant, the slope of the plate characteristics would every. ’ 
where be constant; in other words, these curves would be parallel lines. If 
# were constant, the horizontal spacing of the plate characteristics would be 
constant. This statement assumes that the characteristics are drawn with 
equal increments in grid voltage (as they always are). If rp and yw are con= 
stant, so also is gm = 4/1». Hence an important conclusion can be drawn. 
Tf over a portion of the ip-vp plane the characteristics can be approximated 
parallel lines which are equidistant for equal increments in grid voltage, the paran 
eters u, Tp, and gm can be considered constant over this region. It is shown in the 
next chapter that if the tube operates under this condition (tube parameters 


sensibly constant), the behavior of the tube as a circuit element can be obtained 
analytically. 


7-6 SCREEN-GRID TUBES OR TETRODES 


In Chap. 8 it is shown that the capacitive coupling between the plate and grid 
of a triode may very seriously limit the use of the tube at high frequencies. 
In order to minimize this capacitance the screen-grid tube?:*.7 was introduced 
commercially about 1928. In these tubes a fourth electrode is interposed 
between the grid and the anode of the triode of F ig. 7-1. This new electrode 
is similar in structure to the control grid, and is known as the screen grid, th 
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: i id 2, in order to distinguish it from the grid of the triode. 
ae re rathog and disposition, the screen grid affords had es 
electrostatic shielding between the plate and the grid. This — g is ib 
that the grid-plate capacitance is divided by a factor of about 1, = i 9 
However, the screen mesh is sufficiently coarse so that it does not inter 

i i ww of electrons. ‘ 
mie se aie action of the plate by the screen grid, the electric 
field produced in the neighborhood of the cathode by the anode roceraa | 

ractically zero. Since the total cathode or space current is or is _ 
wholly by the field near the cathode surface, the plate exerts litt! le e ec’ sheds 
total space charge drawn from the cathode. The plate in a triode — - 
two distinct functions, that of controlling the total space current ba ve 
collecting the plate current. In a tetrode, the plate only serves to co 
those electrons which succeed in passing through the screen. 


Volt-Ampere Characteristics We have already noted “6 the ba 
space current remains essentially constant with variations in p psa oa na 
provided that the control-grid and sereen-grid potentials are heli = ae ; 
Hence that portion of the space current which is not collected by the 4s 
must be collected by the screen; i.e., the two currents are er ary. 
Where the plate current is large, the wien te must be small, and vice 

. These features can be noted in Fig. 7-9. 

De Atthough the plate voltage does not affect the total space current i 
markedly (a slight dip does occur in the curve of total space current a : 
lower plate potentials), it does determine the division of the ean _ od 
between the plate and the screen. At zero plate potential, none of the i 
trons has sufficient energy to reach the anode, if it is assumed that the e i 
trons are liberated with zero initial velocities. Hence the plate current shoul 
be zero. As the plate voltage is increased, one should expect a rapid wie i 
plate current and a corresponding fall in the screen current. When the pla‘ : 
potential is very much larger than the screen potential, the plate oe 
should approach the space current, and the screen current should approac! 
zero. This asymptotic behavior is noted in Fig. 7-9. 


it 
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Fig. 7-9 The currents in a 
tetrode. The screen po- 
tential is 100 V, and the 
Stid potential is —2 V. 
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grid 


Fig. 7-10 The approximate potential pro- 
files in an idealized tetrode for several 

values of plate voltage. Two curves are : 
shown for each plate voltage. One is for 
@ path between grid and screen wires, and 
the other is for a path through the wires. 


Potential 


Ve < Veo 


Negative- 
the plate curre: 
by a rather 


resistance Region An inspection of Fig. 7-9 indicates that 
nt rises very rapidly for the first few volts, but it is then followed 
anomalous behavior in the region of plate potentials from a fe 
volts to potentials somewhat lower than the Screen voltage. The plate cur 
rent is seen to decrease with increasing values of plate potential. That is, the 
tube possesses a negative plate resistance in this region. 

The general character of the curves of Fi ig. 7-9 may be described on the 
basis of the approximate potential-distribution diagram of Fig. 7-10. This 
diagram should be compared with Fig. 7-4, which shows the potential profiles: 


in a triode. The control-grid and the sereen-grid voltages are held at fixed 


values, and the plate voltage Vp may be adjusted from zero to a value con-, 


siderably in excess of the screen voltage. fi 
The kinks, or folds, that appear in the curves of Fig. 7-9 in the region | 
where the plate potential is lower than the screen potential are caused by the 
liberation of secondary electrons from the plate by the impact of the primary 
electrons with the plate. ‘These secondary electrons are attracted to the screen, 
The screen current is increased, whereas the plate current is decreased. The 
number of secondary electrons liberated by this electron bombardment depends | 
upon many factors, and may even exceed the total number of primary electrons 
that strike the plate and thus result in an effective negative plate current. : 
Tn the region where the plate potential is higher than the potential of the 
screen, the secondary electrons that are liberated from the plate by the impact 
of the primary electrons are drawn back to the plate. In addition, some 
secondary electrons may also be liberated from the screen by the impact of 
the primary electrons on it. These secondary electrons from the screen 
are attracted to the plate, with the result that the plate current is slightly 
higher than it would be in the absence of secondary emission from the screen. 
Furthermore, the plate current continues to increase with increasing plate 
potentials because the collection of these secondary electrons is more complete. 
At the same time, the screen current tends toward zero. 


Parameter Values In a tetrode circuit application the screen potential 
is almost always held at a fixed value. Hence the tetrode small-signal param- 


Mer yo wre as 
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i -4) for the triode, with the added 
Tp: Gm; and » are defined as in Eqs. (7: 

Pe scosint that the partial derivatives are taken at constant screen ar 
a The construction and spacing of the grid and cathode are essentially i” 
me in a tetrode as in a triode. Hence the control of the electron pay y 
i grid is nearly alike for both tube types. Gonsequently. abe rer et ie 

i iode. e change: 
i of gm is the same for a tetrode as for a triode. _ Sine 
ain on very little effect upon. the plate current, — pasa that reiki 
i igh. Correspondingly, the ampli 
tance of a tetrode must be very high. 1 

ee of the screen-grid tube must also be large. This statement weaiele ples 

a fact that « measures the relative effectiveness of changes in plate and gri 

i i i ts. 
in producing equal plate-current incremen : 
poms the tetrode is characterized by the following an a 
plate-grid capacitance which is only a few Hoa of ie ‘i : hii Nee 
wlan « ; : 
-grid transconductance which is roughly the same ai f 
tye amplification factor and plate resistance which are about ten times 
that of a triode. 


17 PENTODES? 


Although the insertion of the screen grid between the control aim on ed 
plate serves to isolate the plate circuit from the grid circuit, en perete 
folds in the plate characteristic arising from the effects of mone ad a ne 
limit the range of operation of the tube. This limitation results from id 
that, if the plate-voltage swing is made too large, the Spears Baycd 
potential may extend into the region of rapidly falling plate current, 

ill cause a marked distortion in the output. ™ 
¥ The wnniitpabeinanhe portion of the plate characteristic ui ea 5 
tetrode may be removed or suppressed by inserting a coarse gri aut 
between the screen grid and the plate. Tubes equipped with this ex ite . 
pressor grid are known as pentodes, and were first introduced eee . bs 
1929. The suppressor grid must be maintained ata lower polos nat 
instantaneous potential reached by the plate. It is usually ese . ee 
to the cathode, either internally in the tube or externally. Because a . 
tial of the screen is considerably above that of the suppressor grid, a ay ling 
force prevents the secondary electrons liberated from the sereen ine iow ed 
to the plate. On the other hand, the secondary electrons emitted a] . 
Plate are constrained, by the retarding field between the suppressor gri a 
the plate, to return to the plate. However, the electrons from the * a 
that pass through the screen are not kept from reaching the plate 6 Pe aa 
€nce of the suppressor grid, although their velocities may be affecte ‘i 


Volt-Ampere Characteristics The plate, screen, and total ire ade 

48 a function of the plate voltage are shown in Fig. 7-11 for a Ee ro 
‘ould be compared with the corresponding tetrode curves of Fig. ~9. ae 

fat the kinks resulting from the effects of secondary emission are entirely 


pet ln 
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if TERT at Seca 


{Zt petro tees] 
y era 
i{-actee) 


Jow values of potential. The plate characteristics of a typical pentode are 
given in Fig. 7-12. 


Fig. 7-11 The currents in a pentode. The 
suppressor is at zero voltage, the screen q 
100 V, and the grid at —2V. 


Parameter Values The plate resistance rp, plate-grid transconductance 
., and amplification factor » of a pentode are defined exactly as for a triode 
(but with the suppressor and screen grid held constant) by Eqs. (7-4). Typi- 
cal values lie in the range from r, = 0.1 to 2 M, gm = 0.5 to 10 mA/V, and 
» = 100 to 10,000. Since the shape and disposition of the control grid and 
cathode are the same for triode and pentode, these tubes have comparable 
yalues of gm. The highest transconductance available is about 50 mA/V, and 
js obtained with a frame-grid pentode (for example, Amperex type 7788) whose 
grid-to-cathode spacing is extremely small (0.05 mm). The values of r, and p 
may be 100 times as great in the pentode as in the triode. (A 

The most important pentode parameter is the grid-plate transconduct- 
ance. Since g,, is not a constant but depends sensitively upon the operating 
point, a manufacturer usually supplies curves of gm as a function of grid volt- 
age, with screen voltage as a parameter. 


tC) 50 100 150 250 300 
Plate voltage, V 


missing in the pentode. Furthermore, the screen current no longer fa 
asymptotically to zero, but approaches a constant value for large plate volt, 
ages. This value is determined principally by the amount of space ¢ ' 
that is intercepted by the screen-grid wires, An examination of the ch: 
teristics of a number of the more important voltage pentodes indicates tha 
the screen current is ordinarily from 0.2 to 0.4 of the plate current at th 
recommended operating point. The total Space current is seen to remail 


practically constant over the entire range of plate voltage, except for the Applications The pentode has displaced the tetrode (except the beam 


power tube discussed in Sec. 7-8) in all applications. The tetrode was dis- 
cussed above for historical reasons and because an understanding of this tube 
is necessary before the pentode can be appreciated. The pentode, rather than 
the triode, is used in radio-frequency voltage amplifiers because the former 
Virtually eliminates feedback from the plate to the grid. The pentode is used 
as a video amplifier because a triode at these high frequencies has a very large 
input admittance which acts as a heavy load on the preceding stage. The 
Pentode has also found extensive application as an audio-frequency power- 
Output tube. Finally, the pentode has been used as a constant-current device 
because the plate current is essentially constant, independent of the plate 
Potential. 


7-8 BEAM POWER TUBES 


The ideal power-tube plate characteristic has a constant current for all values 
of plate voltage; it is capable of delivering large amounts of power in the 
late circuit with negligible loss to the other electrodes; and it generates small 
tortion. These desirable properties are approached in the beam power 
tube,** » sketch of which is given in Fig. 7-13. 
. One feature of the design of this tube is that each spiral turn of the screen 
38 aligned with a spiral turn of the control grid. This serves to keep the 
n current small. The screen current in such tubes ranges from 0.05 to 
0.08 of the plate current, which is considerably below the range 0.2 to 0.4 for ng 
Voltage pentodes. Other features are the flattened cathode, the beam-forming 
© plates (maintained at zero potential), and a relatively large spacing 


Plate voltage, V 


Fig. 7-12 The plate characteristics of a 6AU6 Pentode with Ve. = 150 V 
and Ves = 0 V. (Courtesy of General Electric Co.) 


Fig. 7-13 Schematic view of the shapes and 
arrangements of the electrodes ina beam — 
power tube. (Courtesy of Radio Corpora. 
tion of America.) : 


between the screen and the plate. As a result of these design chara 
istics, the electrons flow between the grid wires toward the plate in de 
sheets or beams, as indicated schematically in Fig. 7-13. 
The region between the screen and the plate possesses features which re 
somewhat analogous to those existing in the space-charge-limited diode. hat 
is, a flow of electrons exists between two electrodes between which a difference 
of potential exists. There is one significant difference, however. Whereas the 
electrons leave the cathode of a diode with almost zero initial velocities, the 
electrons that pass through the screen wires in the beam tube do so with a 
velocity corresponding essentially to the screen potential. As described in 
Sec. 4-5 in connection with the effects of initial velocities on the space-charge 
equations, the effect of the initial velocities of the electrons in the screen- pla’ 
region will appear as a potential minimum in this region (Fig. 4-3). i 
minimum is shown in the approximate potential profile in Fig. 7-14, wh 
should be compared with the corresponding figure for the tetrode (Fig. 7-10) 
The potential minimum produced acts as a virtual suppressor grid, since an 
secondary electrons emitted from either the plate or the screen will encoun’ 
a potential-energy barrier. They will be compelled to return to the electrode 


Fig. 7-14 Approximate potential profiles 
in an idealized beam power tube for two 
values of plate voltage. Two curves are 
shown for each plate voltage, one for a 
path between grid and screen wires, ai 
the other for a path through the wires. 
Note the potential minimum in the region 
between the screen grid and the anode. 


Plate voltage, V 


Fig. 7-15 The plate characteristics of a 6L6 beam tube with Vox = 250 V. 


(which is at a positive potential with respect to the potential minimum) from 
which they originate. 


Variable Suppressor Action The actual potential distribution in the 
sereen-plate region will depend upon the instantaneous plate potential and the 
plate current (a constant screen potential being assumed), and so is not con- 
stant. This variable suppressor action is quite different from that which 
arises in a simple pentode provided only with a mechanical grid structure 
for supplying the retarding field. 

Thus, because of the beam formation, which serves to keep the screen 
current small, and because of the variable suppressor action, which serves to 
Suppress secondary emission from the screen and from the plate, the ideal 
Power-tube characteristic is closely approximated. A family of plate charac- 
teristics for the 6L6 is shown in Fig, 7-15. It should be noted that this tube 
is a tetrode when considered in terms of the number of active electrodes. At 
low currents, where the suppressor action of the beam is too small, the charac- 
teristic “kinks” of a tetrode are noticeable. 


7-9 THE TRIODE AS A CIRCUIT ELEMENT 


Even if the tube characteristics are very nonlinear, we can determine the 
avior of the triode in a circuit by a graphical method. This procedure is 
€ssentially the same as that used (Sec. 4-9) in treating the diode as a circuit 
Sement, except that the diode has two active electrodes and one character- 
istic curve, whereas the triode has three active elements and a family of curves. 
© three terminals are marked P (plate), K (cathode), and @ (grid). A 


a, a ~~. . 
> .— 7 r 
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Triode symbols 


Current in direc- 
tion toward plate 
through the load 


Plate voltage 
with respect 
to cathode 


Grid voltage 
with respect 
{ to cathode 
Fig. 7-16 The basic circuit of a | 


triode used as an amplifier. 


Instantaneous total value............ 


rena Eeipant VAUO. erie sdee ett csciac yeas Ip 

eer Instantaneous value of varying : 

Up = Up pe saait ' ; 
Effective value of varying component. . b 
Amplitude of varying component. ..... we 


Supply voltage....-.-..+-200s+eerees 
+ These are positive numbers, giving the magnitude of the voltages. 


grounded-cathode circuit in which the triode acts as an amplifier is shown in 
Fig. 7-16. Before proceeding with an analysis of this circuit, it is necessary to 
explain the meanings of the symbols and the terminology to be used in thi 
and subsequent analyses. 

The input circuit of this amplifier refers to all elements of the circuit that 
are connected between the grid and cathode terminals of the tube. Similarly 
the output, or plate, circuit usually refers to the elements that are conne 
between the plate and cathode terminals. In the circuit illustrated, the out- 
put circuit contains a de supply voltage in series with a load resistor Ru. he 
input circuit consists of a de supply voltage in series with the input voltage. 
The input signal may have any waveshape whatsoever, but it is usually chosen, 
for convenience in analysis, to be a sinusoidally varying voltage. 

Notation Because a variety of potentials and currents, both de and ac, 
are involved simultaneously in a vacuum-tube circuit, it is necessary that a 
precise method of labeling be established if confusion is to be avoided. Our 


notation for vacuum-tube symbols is adopted from the IEEE standards? fol 
semiconductor symbols, and may be summarized as follows: / 


6. Conventional current flow into an electrode from the external circuit is 
er A single subscript is used if the reference electrode is clearly ato 
stood. If there is any possibility of ambiguity, the conventional tobe 
subscript notation should be used. For example, vx = instantaneous value 
of varying component of voltage drop from plate to cathode, and is aa 
if the plate is positive with respect to the cathode, Tf the cathode is groun : 
and all voltages are understood to be measured with respect to ground, : e 
symbol v,, may be shortened to »,. The ground symbol is N. For example, 
tpy = instantaneous value of total voltage from plate to ground. . 

8. The magnitude of the supply voltage is indicated by repeating the 
electrode subscript. 


i 
q 


Table 7-2 summarizes the notation introduced above. In the table are 
also listed some symbols not yet defined but which are used in later sections. 
This table should serve as a convenient reference until the reader is thoroughly 
familiar with the notation. For example, if the input-signal voltage is sinus- 
oidal and of the form 


1, Instantaneous values of quantities which vary with time are repre- 
sented by lowercase letters (i for current, v for voltage, and p for power). 

2. Maximum, average (dc), and effective, or root-mean-square (rms), 
values are represented by the uppercase letter of the proper symbol (J, V, 
or P). 

3. Average (dc) values and instantaneous total values are indicated by 
the uppercase subscript of the proper electrode symbol (G for grid, P for plate, 
and K for cathode). 

4. Varying component values are indicated by the lowercase subscript of 
the proper electrode symbol. 

5. If necessary to distinguish between maximum, average, and rms values, 


maximum and average values may be distinguished by the additional subscript 
m and avg, respectively. 


% = Vim sin wt = +/2 V, sin wt 
then the net instantaneous grid voltage in Fig. 7-16 is 
ve = —Voee +», = —Vae + Vem sin wt (7-6) 


710 GRAPHICAL ANALYSIS OF THE 
GROUNDED-CATHODE CIRCUIT 


Assume for the moment that no grid signal is applied in Fig. 7-16, so that 


% = 0. It must not be supposed that there will be no plate current, although q 


this might be true if the bias were very negative. In general, a definite direct 
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Fig. 7-17 The operating point Q is loca 
at the intersection of the load line and # 
plate characteristic for the bias ve = —V; 


current will exist when the input signal is zero. The value of this current 
may be found graphically in the same way as that used to determine the 
instantaneous plate current in the diode circuit of Fig. 4-7 for a given instan- 
taneous input voltage. 

Because of the presence of the load resistor Rz, the potential that exists 
between the plate and the cathode will depend upon both the magnitude of the 
supply voltage and the magnitude of the current in the load resistor. It follo 
from Fig. 7-16 that 


vp = Vpp — ipRy (7-1) 


This one equation is not sufficient to determine the current corresponding 
any voltage V pp because there are two unknown quantities in this expressio 
vpandip. A second relation between these two variables is given by the plate 
characteristics of the triode. The straight line represented by Eq. (7-7) is 
plotted on the plate curves of Fig. 7-17. This line is obviously indepen 
of the tube characteristics, for it depends only upon elements external to 
tube itself. The intersection of this load line with the curve for ve = —Veo 
is called the operating point, or the quiescent point, Q. The quiescent current in 
the external circuit is Jp, and the corresponding quiescent plate potential is Vp. 
The simplest method of drawing the load line is to locate two points of 
this line and to connect these with a straightedge. One such point is the 
intersection with the horizontal axis, namely, ip = Oandvp = Vpp. Anothe 
is the intersection with the vertical axis, namely, vp = 0 and ip = Vep/Ri 
These are illustrated in Fig. 7-17. Sometimes this latter point falls off 
printed plate characteristics supplied by the manufacturer, the current Vep/Rt 
being considerably greater than the rated tube current. In such a situatio 
any value of current, say J’, that is given on the plate characteristics 
chosen, and the corresponding plate voltage is found from Eq. (7-7), namely, 
Vep — I’R:. F 
eS eee 
EXAMPLE (a) One section of a 6CG7 triode is operated at a bias of —8 V and 
a supply voltage of 360 V. If the load resistance is 12 K, what are the quiescent 
current and voltage values? (b) If the peak-to-peak signal voltage is 12 Vv, what 
is the peak-to-peak output swing? 


Beet 
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Solution a, The plate characteristics are given in Fig. D-2 (Appendix D). One 
point on the load line is ip = 0 and vp = 360 V. Corresponding to vp = 0, 
ip = Ver/Ri = 360/12 = 30 mA, whereas the largest current in Fig. D-2 is 
28mA. Hence a second point on the load line is found by choosing ip = 20 mA = 
J’, and then 


vp = Ver — I'Ri = 360 — 20 X 12 = 360 — 240 = 120 V 


The load line is now drawn through the pair (ip, vp) of points (0, 360) and (20, 120) 
on Fig. D-2. This line is found to intersect the plate characteristic for Vo = 
—8 V at Ip = 9.2 mA and Vp = 250 V. (The reader should check these values.) 


6. For a peak swing of 6 V, the extreme values of grid voltage are —8 + 6 = 
—2V and —8 — 6 = —14V. The intersection of the load line with the curve 
for Ve = —2 V is Vp = 170 V, and with the characteristic Ve = —14 V is 
Vp = 315 V. Hence the peak-to-peak plate swing is 315 — 170 = 145 V. The 
output swing is 44 = 12.1 times as great as the input signal. This example 
illustrates that the tube has functioned as a voltage amplifier. 


The grid base of a tube is defined as the grid-voltage swing required to 
take the tube from Veg = 0 to cutoff. In the above example, since cutoff 
corresponding to Vp = 360 V is —22 V, the grid base = 22 V. Note that the 
grid base depends upon the peak plate voltage. 

The foregoing method of finding the output current corresponding to a 
given input voltage is now discussed in more detail. Suppose that the grid 
potential is given by Eq. (7-6). The maximum and minimum values of vg 
will be —Voeo + Vem, which indicates that the grid swings about the point 
—Voo. Consequently, the plate current and the plate voltage will then swing 
about the values Zp and Vp, respectively. The graphical construction show- 


Fig. 7-18 The output current 
‘nd voltage waveforms for a 
Given input grid signal are 
determined from the plate 
Sharacteristics and the load 
line. 


- 
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(b) 


Fig. 7-19 (a) A pentode amplifier. (b) The graphical construction 
for obtaining ip: and vp, corresponding to Vex 


ing these conditions is illustrated in Fig. 7-18. For any given value of vg, 
corresponding values of ip and vp are located at the intersection of the load link 
and the ip-vp curve corresponding to this value of vg. This construction is valid 
for any input waveform, and is not restricted to sinusoidal voltages. he 
points a’, b’, c’, etc., of the output-current waveform correspond, respectively, 
to the points a”, b’”’, c’’, ete., of the output-voltage waveform. , 


A Pentode Circuit The simplest amplifier circuit using a pentode ik 
indicated in Fig. 7-19a. The suppressor is tied to the cathode, and the screen 
is held at a fixed voltage Vss. The input signal is applied to the grid, and th 
output is taken at the plate, just as in the triode amplifier. The load lin 
{Eq. (7-7)] expresses Kirchhoff’s voltage law (KVL) at the output port, and 
hence is independent of the device (diode, triode, pentode, ete.), This load 
line is drawn in Fig. 7-19b on the pentode plate characteristics correspondin| 
to the given screen voltage Vss. The graphical analysis is identical with tha ( 
described for the triode. For example, corresponding to an instantaneous grid 
voltage v¢ = Vga, we find tp = ip, and vp = vpo. 


7-11 THE DYNAMIC TRANSFER CHARACTERISTIC 


The static transfer characteristic of Fig. 7-7b gives the relationship between ip 
and vg with the plate voltage held constant. The dynamic transfer charactel 
istic gives the relationship between 7p and vg for a given plate supply volt: 
Vpp and a given load resistance R,. This functional relationship is obtained 
from the plate characteristics and the load line by the graphical constructiom 
described in the preceding section. Thus the values of ip and vg at points 


ip 


Dynamic 
transfer curve 


Fig.7-20 The dynamic trans- 
fer characteristic is used to 
determine the output wave- 
shape for a given input 
signal. 


Q, and 2 in Fig. 7-20 are the same as those obtained at the corresponding 
points 1, Q, and 2 in Fig, 7-18. The dynamic characteristic will, in general, 
be curved, although often it may be approximated by a straight line. 

The utility of the dynamic characteristic is that it allows the output wave- 
form to be determined for any given input waveform. The construction should 
be clear from Fig. 7-20, where points a’, b’, c’, etc., of the output current corre- 
spond to points A, B, C, etc., respectively, of the input grid-voltage signal 


% = vy. 


7-12 LOAD CURVE. DYNAMIC LOAD LINE 

A graphical method of obtaining the operating characteristics of a triode with 
4 resistance load is given in Sec. 7-10. It is there shown that the operating 
Tegion in the zp-vp plane is a straight line, called the load line. However, 
if the load is reactive, the work curve is no longer a straight line, but attains 
the form of an ellipse. This result follows from the fact that if the plate 
Voltage is sinusoidal, then (under conditions of linear operation) the plate cur- 
Tent is also sinusoidal of the same frequency but shifted in phase with respect 
to the voltage. Hence the plate current and the plate voltage are given by 


tp = —Ipm sin (wt + 6) (7-8) 


Which are the parametric equations of an ellipse. If the angle @ is zero, the 
Tatio of these equations yields 


Up = Vom sin wt and 
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bp Vo 
Load curve 
Fig. 7-21 The load line for a resistive load 
becomes a load curve (an ellipse, under linear 


jad Tne operation) for a reactive load. 


4 


Up 
€ 


4 
which represents the load line for a resistance load. This load line, and also 
the elliptical work curve for a reactive load, are shown on the volt-ampere 
characteristics of Fig, 7-21. 

The above analysis depends upon the tube parameters y, ry, and gm being” 
constant over the range of operation in the ip-vp plane. If these parameters 
are not constant, the operating curve will no longer be an ellipse. No simple 
analysis of the output of an amplifier with a reactive load exists under these 
conditions, 


An RC-coupled Load Consider the reactive load indicated in Fig. 7-22@ 
Here the output is taken, not across the plate-circuit resistor Rp, but rathe 
across R,, which is isolated from the plate of the tube by means of a capacitor C. 
Since a capacitor cannot pass direct current, no de voltage appears across Ry. 
The ac signal voltage developed across R, may then be applied to the input 
another amplifier without affecting its bias voltage. This method of con- 
nection between amplifier stages is called RC coupling, and is discussed in 
detail in Chap. 16. q 


Under de conditions the capacitor C acts as an open circuit. Hence the 


quiescent tube current and voltage are obtained as in Fig. 7-17 by drawing 
static load line corresponding to the resistance R, through the point vp = Vpp, 
ip = 0, 


If we assume, as is often the case, that at the signal frequency the t 


tp Static load line; slope = — Y/R, 
Vow. Dynamic load line; slope = — 1/Ry 


(6) 


Fig. 7-22 (a) An RC-coupled circuit. 
coupled circuit. 


(b) Static and dynamic load lines for the RC- 


a i v " t 
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ip Static load line 


Ri, - Veo 


Dynamic 
load line 


Fig. 7-23 (a) A transformer-coupled load. (b) Static and dynamic 
load lines for a transformer-coupled load. 


reactance of C is negligible compared with R,, then under signal conditions 
the effective load is again resistive. This dynamic load Ry represents the 
parallel resistance of Ry and R, and has a value given by 


The dynamic load line must be drawn with a slope equal to —1/Rz through 
the quiescent point Q, as indicated in Fig. 7-22b. 


A Transformer-coupled Load For the RC-coupled circuit the ac load re- 
sistance is always smaller than the de resistance. If the load is transformer- 
coupled to the plate, as indicated in Fig. 7-23a, the converse is true. The 
Static load corresponds to the very small de resistance of the transformer pri- 
mary, and hence is almost a vertical line, as indicated in Fig, 7-23b. The 
dynamic load line corresponds to the much larger resistance R;, reflected into 
the plate circuit. 

Tf the dynamic load resistance were infinite, the dynamic load line would 

e horizontal. Under these circumstances the output voltage would vary with 
Signal voltage, but the output current would remain constant. Hence a circuit 
with a very large effective load acts as a constant-current device. 


7-13 GRAPHICAL ANALYSIS OF A CIRCUIT 


WITH A CATHODE RESISTOR 


Many Practical circuits have a resistor R, in series with the cathode in addition 
(or in place of) the load resistor Rz in series with the plate. The resistor 
Fi, ee either to ground or to a negative supply — Vx, as indicated in 
ig. 7-24. 
% We consider now how to use the characteristic curves of a vacuum triode 
termine such matters as range of output-voltage swing, proper bias volt- 


Fig. 7-24 (a) A tube with 
both a cathode and a load 
resistor, (b) An alterna- 
tive representation of the 
same circuit. 


age, and operating point for any arbitrary input voltage v;. In Fig. 7-24, 
2;, Ug, Up, and ip are, respectively, the total instantaneous input voltage, grid- ' 


to-cathode voltage, plate-to-cathode voltage, and plate current. Kirchhoff’s 
voltage law (KVL) applied to the plate circuit yields { 
Vee + Vex = up + tp(Ri + Ri) (7-9) 
Similarly, from the grid circuit, we obtain 
v= 0g + ipR, — Vex (7-10) 


Equation (7-9) is the equation of the load line corresponding to an effective 
voltage Vpp + Vxx and a total resistance R, + R,. The procedure for Me 


structing the dynamic characteristic (plate current vs. external input volta; 
is, then, the following: 


1. On the plate characteristics draw the load line corresponding to the 
given values of Vpp + Vex and Ry + Ry. 
2. Note the current value corresponding to each point of intersection a 
the load line with the characteristic curves. In each case relabel the indi- 
vidual plate characteristics with an input voltage v; equal to vg + ipR, — Vex 
in accordance with Eq. (7-10). The procedure is illustrated in Fig. 7-25. 
3. The required curve is now a plot of the plate current vs. the input 
voltage. For example, 7,2 and vj are corresponding values on the graph. 


When cutoff occurs, there is, of course, no drop across the cathode resistor. 
Consequently, the externally applied voltage required to attain cutoff is inde 
pendent of the size of the cathode resistor. If the tube operates within its 
grid base, ‘the potential of the cathode will be slightly (perhaps a few volts) 
positive with respect to the grid. Hence, if the grid is grownded (v; = 0), the 
cathode voltage is slightly positive with respect to ground, independent of the mag- 
nitudes of the supply voltages or the resistances as long as the tube is within us 
grid base. As the input voltage v; increases positively, the grid-to-cathode 
voltage must decrease slightly in magnitude in order to supply the increased 
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Fig. 7-25 Construction for 
obtaining the dynamic char- 
acteristic of a circuit with 
both a cathode and a load 
resistor, asin Fig. 7-24. The 
symbolism vc: — v1 means 
that vc: is replaced by 

4 = Yar + trie — 


Ver + Vix 


Rit+k, Load line 


U¢1—mUi1 (= Voi + ip Re — Vex) 


Vea — Vin 


Vex. 


Up 


—— Vor + View 


tube current demanded by this increased v,. Hence the cathode tries to follow 
the grid in potential. If R, = 0, it turns out (Sec. 7-14) that the change in 
cathode voltage is almost exactly equal to the change in grid voltage. Hence 
such a circuit is called a cathode follower. The grid voltage is sometimes driven 
highly (perhaps several hundreds of volts) positive with respect to ground. The 
maximum input voltage is limited by grid current, which takes place approxi- 
mately where the grid-to-cathode voltage is zero. 


The Quiescent-point Calculation It is often desirable to find the current 
corresponding to a specified fixed input voltage without drawing the entire 


dynamic characteristic as outlined above. A very simple procedure is as 
follows: 


1. On the plate characteristics draw the load line as in Fig. 7-25. 
2. Corresponding to each value of vg for which there is a plotted plate 
characteristic, calculate the current for the specified value of quiescent input 


Voltage V. In accordance with Hq, (7-10), this current is given by 
tevite V + Vex — v¢ 
Ri 


The corresponding values of i, and vg are plotted on the plate characteristics, 
as indicated by the dots in Fig. 7-26. The locus of these points is called the 
curve. 
3. The intersection Q of the bias curve and the load line gives the plate 
Current I» corresponding to the given input voltage V. 


The foregoing outlined procedure is very easy to carry out. It is not 

ly necessary to use all values of vg, but only two adjacent values which 
Bive currents above and below the load line, as indicated by points A and B 
ig. 7-26. The intersection of the straight line connecting A and B with 

€ load line gives the desired current. In particular, it should be noted that, 
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bp 


Ver + Vix 
Rit Ry 


Fig. 7-26 The intersec- 
tion of the load line and 
the bias curve gives the 
quiescent point. 


0 Vp Vop + Vx Up 


if V + Vx is large compared with the range of values of vg within the grid 
base, then ip will be almost constant, and hence the curve connecting the dots 
in Fig. 7-26 will be approximately a horizontal straight line. 


| 

Self-bias Often no negative supply is available, and self-bias is obtained 
from the quiescent voltage drop across Ry. For example, if the plate current 
and the grid-to-cathode voltage at the quiescent point are Jp and Vo, respec~ 
tively, the proper bias is obtained by choosing Ry = —Vo/Ip. On the other 
hand, if a circuit with a definite R, is specified, the quiescent point is obtained 
from the construction in Fig. 7-26. For the special case under consideration, 


V = Vex = 0, and the bias curve is obtained from ip = —v¢g/Ri. { 
For a pentode, the screen current Js also passes through the cathode resist- 
ance R,. Hence, for proper self-bias, we must choose R, = —V¢/(Ip + Is). 


7-14 PRACTICAL CATHODE-FOLLOWER CIRCUITS 


In order to see why it is sometimes advantageous to use a negative supply; 
consider the cathode-follower configuration of Fig. 7-27. 


Fig. 7-27. An example of a cathode-follower 
circuit. 


’ ia ‘ L Fy © 
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EXAMPLE Find the maximum positive and negative input voltages and the 
corresponding output voltages. Calculate the voltage amplification. 


Solution From the characteristics (Fig. D-2) and the load line it is found that the 
current corresponding to vg = 0 is ip = 10.4 mA. Hence the maximum output 
voltage is ipR, = 208 V, and since ve = 0, the maximum input voltage is also 
208 V. 

The cutoff voltage for the 6CG7 corresponding to 300 V is found to be 
—19 V. The cathode-follower input may swing from +208 to —19 V without 
drawing grid current or driving the tube beyond cutoff. The corresponding 
output swing is from +208 V to zero. Hence the amplification is 208/227 = 
0.916. A more general proof that the voltage gain of a cathode follower is 
approximately unity (but always less than unity) is given in Sec. 8-6. 

In passing, we note that the corresponding input range for an amplifier 
using the same tube and the same supply voltage is only 0 to —19 V, which is far 
narrower than that of the cathode follower. 


In the preceding example the input could swing 208 V in the positive 
direction before drawing grid current, but could go only 19 V in the negative 
direction before driving the tube to cutoff. If a more symmetrical operation 
is desired, the tube must be properly biased. One configuration is that indi- 
eated in Fig, 7-24, where the bottom of R; is made negative with respect to 
ground, R, = 0, and the output is taken from the cathode. Two other bias- 
ing arrangements, indicated in Fig. 7-28a and b, do not require the use of a 
negative supply. In (a) the grid is held V (volts) positive with respect to 
ground by the use of a voltage divider across the plate supply. In (6) self- 
bias is used, the self-biasing voltage appearing across R;. That is, with no 
input signal, the grid-to-cathode voltage is the drop across Ry. The resist- 
ance R, is chosen so that the quiescent voltage across R; is approximately one- 
half the peak-to-peak output swing. In the above example, where the total 


Fig. 7-28 Two biasing arrangements for a cathode-follower circuit. 


dg 
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output swing was ~200 V, the quiescent value is chosen as 100 V across the 
20-K resistance. This corresponds to a quiescent plate current of 5 mA, 
From the plate characteristics of the 6CG7 and the 20-K load line, the grid- 
to-cathode voltage corresponding to 5 mA is —7 V. Hence 2; must be chosen 
equaltof K= 14K. 
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8 VACUUM-TUBE SMALL-SIGNAL 
MODELS AND APPLICATIONS 


If the tube parameters rp, gm, and » are reasonably constant in some 
region of operation, the tube behaves linearly over this range. Two 
linear equivalent circuits, one involving a voltage source and the other 
a current source, are derived in this chapter. Networks involving 
vacuum tubes are replaced by these linear representations and solved 
analytically (rather than graphically, as in the preceding chapter). 
The voltage gain and the input and output impedances are obtained for 
several amplifier configurations. 


8-1 VARIATIONS FROM QUIESCENT VALUES 


Suppose that in Fig. 7-16, v, represents the output from a microphone 
and R, is the effective resistance of a loudspeaker. There is no par- 
ticular interest in the quiescent current, which is the current to the 
speaker when no one talks into the microphone. (Actually, the 
speaker would be transformer-coupled into the plate circuit, and the 
current in the secondary under quiescent conditions would be zero.) 
The principal interest is in the speaker output for a given microphone 
output. Thus the variations in current and voltage with respect to 
the quiescent values are most important. 

If the load is a resistor and not a speaker and if the output from 
this resistor is taken through a coupling capacitor (as in Fig. 7-22a), 
then, under zero input conditions, the capacitor will charge up to the 
quiescent voltage Vp. The voltage across R, is zero under these con- 
ditions. If a varying grid voltage is now added to the bias, the output 
will again represent voltage variations about the quiescent value. 

It is evident that the significant quantities are the currents and 
voltages with respect to their quiescent values. To examine this 
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Fig. 8-1 The dynamic 
transfer characteristic is 
used to determine the out- 
put waveshape for a given 
input signal. 


matter in some detail, refer to Figs. 7-18 and 7-20. For convenience, the 
latter is repeated in Fig. 8-1. We see that the output current, defined by the 
equation 
ty = tp — Ip (8-1) 
is simply the current variation about the quiescent-point current Jp. The 
output voltage v,, which is similarly defined, represents the potential vari- 
ations about the Q point. Consequently, if the input signal is a pure sinus- 
oidal wave and if the tube characteristics are equidistant lines for equal inter- 
vals of vg, 7, will also be a sinusoidal wave. If the characteristic curves are 
not equidistant lines over the range 1-2 for equal intervals of ve, the waveform 
of 7, will differ from that of the input-signal waveform. Such a nonlinearity 
generates harmonics, since a nonsinusoidal periodic wave may be expressed as & 
Fourier series in which some of the higher-harmonic terms are appreciable. 
These considerations should be clear if reference is made to Figs. 7-18 and 8-1. 
Corresponding to Eq. (8-1), the variables v, and », are defined by the 
equations 


tp =vp—Vp 0, = ve — ( — Veo) = ta + Veo (8-2) 
If the symbol A is used to denote a change from the quiescent value, then 
Avp=v, Atg=v, Aip=i, (8-3) 


8-2 VOLTAGE-SOURCE MODEL OF A TUBE 


The graphical methods of the previous chapter are tedious to apply and often 
are very inaccurate. Certainly, if the input signal is very small, say, 0.1 V 
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or Jess, values cannot be read from the plate characteristic curves with any 
degree of accuracy. But for such small input signals, the parameters By Tp 
and gm Will remain substantially constant over the small operating range. 
Under these conditions it is possible to replace the graphical method by an 
analytical one. This is often called the small-signal method, but it is appli- 
cable even for large signals, provided only that the tube parameters are con- 
stant over the range of operation. The constancy of the parameters is judged 
by an inspection of the plate characteristics. If these are straight lines, equally 
spaced for equal intervals of grid bias over the operating range, the parameters 
are constant. Under these conditions it will be found that the tube may be 
replaced by a simple linear system. The resulting circuit may then be ana- 
lyzed by the general methods of circuit analysis. 


Thévenin’s Theorem The small-signal equivalent circuit between the 
plate and cathode terminals may be obtained from Thévenin’s theorem. This 
theorem states that any two-terminal linear network may be replaced by a gener- 
ator equal to the open-circuit voltage between the terminals in series with the out- 
put impedance seen at this port. The output impedance is that which appears 
between the output terminals when all independent energy sources are replaced 
by their internal impedances. From the definition of r, given in Eqs. (7-4) as 


pitt A ESEN nit 

2 \bie}ve tp 
this dynamic plate resistance is the output resistance between the terminals 
P and K. The open-circuit voltage v, between P and K is —pv,. This 
result follows from the definition of » given in Eqs. (7-4) as 


jimi a) ain. 


feneis Pee 
Ava) ie U% 


Ip Vok 


(8-4) 


Ie 


where use has been made of the definitions in Eqs. (8-3) and, for the sake of 
clarity, v, (v,) has been replaced by vps (vj) to represent the voltage drop from 
plate (grid) to cathode. The subscript Zp in Eq. (8-4) means that the plate 
current is constant, and hence that variations in plate current are zero. Since 
i, = 0, the plate is open-circuited for signal voltages. Therefore the open- 
circuit plate voltage is vp, = —uv,e for a signal voltage vp. 


The Small-signal Voltage-source Equivalent Circuit From Thévenin’s 
theorem it follows that the tube may be replaced, viewed from its output 
terminals, by a generator —yv,: in series with a resistor r,. This linear equiv- 
alent circuit is indicated in Fig. 8-2 for instantaneous voltages and currents. 
This diagram also includes a schematic of the tube itself in order to stress the 
Correspondence between it and its equivalent representation. 

_ A point of the utmost importance is that no de quantities are indicated 
in Fig. 8-2 because the small-signal model of the tube applies only for signal 
Voltages, that is, for changes about the Q point. Moreover, the equivalent 
tube-circuit representation is valid for any type of load, whether it be a pure 


’ Gan 
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Sip = ip 


(o) 


Fig. 8-2 (a) A tube triode (or pentode) and (b) its voltage- 
source model. The quantity vj, is to be evaluated by 
traversing the circuit from @ to K and adding all the voltage 
drops on the way. 


resistance, an impedance, or another tube. This statement is true because 
the above derivation was accomplished without any regard to the external 
cireuit in which the tube is incorporated. The only restriction is that the 
parameters x, 7, and g, must remain substantially constant over the operating 
range. 

Tf sinusoidally varying quantities are involved in the circuit—and this is 
usually assumed to be the case—the analysis proceeds most easily if the 
phasors (sinors) of elementary circuit theory are introduced. For this case 
of sinusoidal excitation, the tube is replaced by the equivalent circuit of Fig. 
8-2b, with vo2, vps, and i, replaced by the phasors Vx, Vp, and I. 

Since in a pentode the screen voltage is held constant, then with respect 
to variations from the quiescent point, the small-signal model of a triode is 
equally valid for a pentode (or a tetrode). 


8-3 LINEAR ANALYSIS OF A TUBE CIRCUIT 


Based on the foregoing discussion, a tube circuit may be replaced by an 
equivalent form which permits an analytic determination of its small-signal 
(ac) operation. The following simple rules should be adhered to in drawing 
the equivalent form of even relatively complicated amplifier circuits: 


1. Draw the actual wiring diagram of the circuit neatly. 

2. Mark the points G, P, and K on this circuit diagram. Locate these 
points as the start of the equivalent circuit. Maintain the same relative 
positions as in the original circuit. 

3. Replace the tube by its linear model (Fig. 8-2b). 

4. Transfer all circuit elements from the actual circuit to the equivalent 
circuit of the amplifier. Keep the relative positions of these elements intact. 


Sec. 8-3 
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Fig. 8-3 (a) The sche- 
matic diagram and (b) the 
equivalent circuit ofa 
simple grounded-cathode 
amplifier. 


5. Replace each independent de source by its internal resistance. The 
ideal voltage source is replaced by a short circuit, and the ideal current source 
by an open circuit. 


A point of special importance is that, regardless of the form of the input circuit, 
the fictitious generator that appears in the equivalent representation of the 
tube is always uVyx, where Vo. is the signal voltage from grid to cathode. The 
positive reference terminal of the generator is always at the cathode. 

To illustrate the application of these rules, two examples are given below. 
The first is a single-mesh circuit, the results being given in terms of symbols 
rather than numerical values. The second example is a two-mesh circuit, 
solved numerically. 


EXAMPLE Find the signal output current and voltage of the basic tube ampli- 
fier circuit illustrated in Fig. 8-3a. 


Solution According to the foregoing rules, the equivalent circuit is that of Fig. 
8-3b. Kirchhoff’s voltage law (KVL), which requires that the sum of the voltage 
drops around the cireuit equal zero, yields 


TR + Iptp — wVox = 0 


A glance at this circuit shows that the voltage drop from grid to cathode is V;. 
Hence V,, = Vi, and the output current /, is 


BV; 
Rit+t, 


The corresponding output-voltage drop from plate to cathode is 


p 


Vo = Vix = —1,Ri 
The minus sign arises because the direction from P to K is opposite to the positive 
reference direction of the current /,. 
—pV Rt 


Rit+tr, 
SR a a ts Bl 


Vim 
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Fig. 8-4 The gain of the amplifier of Fig. 8-3 as 
a function of the load resistance. y and r, are 
assumed to be constant. 


0 2 4 6 8 10 12 14 
Ri/tp 


The voltage gain, or voliage amplification, A of the tube circuit is defined 
as the ratio of the output- to input-voltage drops. For the simple amplifier 
of Fig. 8-3a, 


V. 


*Vi 


eS eae el 
"Rott, *T$3,/Rt 


A (8-5) 


The minus sign signifies a phase shift of 180° between the output and the 
input voltages; as the input becomes more positive, the current increases and 
the output becomes more negative. 

The magnitude of the gain increases with the load resistance and 
approaches a maximum value as R, becomes much greater than 7,. The 
general form of this variation is illustrated in Fig. 8-4. We note that the 
maximum possible gain is u, although this can be obtained only if Rp = ~. 
Too large a value of Rz, cannot be used, however, since, for a given quiescent 
current, this would require an impractically high power-supply voltage. 
Nevertheless, since |A| increases rapidly at first and then approaches » asymp- 
totically, a gain approaching » may be realized with a reasonable value of Rx. 
For Rr = 15, then, |A| = «/2. 

From Eq. (7-5), gm = u/Tp. The total output resistance R’ at the plate, 
taking the load into account, is Rz in parallel with r, or R’ = r,Ri/(Ri + 1). 
Hence Eq. (8-5) may be put in the form 


A = —gnk! (8-6) 


a very compact and easily remembered expression: the voltage gain of a tube is 
the product of the transconductance and the total impedance between the plate and 
cathode. If the load Z, is reactive, R’ in Eq. (8-6) must be replaced by 2’, 
where Z’ represents the parallel combination of r, and Z,. If a pentode is 
under consideration, then usually r, >> Zz. Hence Z’ ~ Z,, and 


A = —GmnZ1 (8-7) 


EXAMPLE Draw the equivalent circuit and find the signal plate voltage for 
the circuit shown in Fig. 8-5a. The tube parameters are » = 10 and r, = 5 K. 
The 1-kHz oscillator V has an rms output of 0.2 V. 
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Fig. 8-5 (a) Illustrative 
example. (b) The small- 
signal equivalent circuit. 


Solution Following the rules emphasized above, the small-signal equivalent cir- 
cuit is indicated in Fig. 8-5b. In numerical problems we express currents in 
milliamperes and resistances in kilohms. (Note that the product of milliamperes 
and kilohms is volts.) The reference directions for the mesh directions are com- 
pletely arbitrary and have been chosen clockwise. It is important to note that 
Vx is not equal to the input voltage. It can be found by traversing the network 
from the grid to the cathode and adding all the voltage drops encountered. Any 
path from G to K may be chosen, but the most direct one is usually taken since 
it involves the least amount of labor. Thus 


Vow = 10(1, — Ta) (8-8) 

KVL around the two indicated meshes yields 
3 10V gx + 257; — 207, = 0 (8-9) 
—201; + 25]2—0.2=0 (8-10) 


If the expression for V4 is substituted into (8-9), we obtain 


1007, — 10072 + 257; — 207, = 0 
or 
T, = PSI, = 1.0427, 


From this value of J, and Eq. (8-10) we obtain 

T, = 0.0331 mA and Tz = 0.0845 mA 
Also, 

Vor = 10(2, — Ta) = 10(J, — 1.0427,) = (—0.42)(0.0331) = —0.0188 mV 
The signal voltage drop from plate to cathode is, from mesh 1, 

Vix = —51, — 10V yx = —(5)(0.0381) + (10)(0.0138) = —0.028 mV 
Alternatively, from mesh 2, 


Vox = —0.2 + 5/2 = —0.2 + (5)(0.0345) = —0.028 mV 


. pS oe | “ 
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resistance is given by 1/r, = (dip/dvp)y,, this term equals 


3[Sey. (Ave)? 


Similarly, the fourth-, fifth-, and higher-order terms in Eq. (8-12) represent 


ip 
Vc constant 


Fig. 8-6 If the grid voltage is constant, then. 


Vga 
1Alp Aip = (slope)(Avp) = (dir/dvP)y, Avp. ue ae f 
of : derivatives of rp and gm with respect to plate and grid voltages. 
Small-signal Model This method of analysis is based on the assumption 
that the tube parameters are sensibly constant over the operating range Avp 
0 Up and Avg. Under these conditions a satisfactory representation of the vari- 


ations in plate current about the quiescent point is given by Eq. (8-11). This 


8-4 TAYLOR'S SERIES DERIVATION OF THE EQUIVALENT CIRCUIT expression may be written in the following form, by virtue of Eqs. (7-4): 


It is instructive to obtain the equivalent circuit of a triode from a Taylor’s 
series expansion of the current ip about the quiescent point Q. This deri- 
vation will show the limitations of this equivalent circuit and will also supply 
the proof that 1 = rpgm- 
4 If the grid voltage remains constant but the plate voltage changes by an 
amount Avp, then the change in current equals the rate of change of current 
with plate voltage times the change in plate voltage, or 


, = (de 
soi io ( Ve ath 
} The subscript indicates the variable held constant in performing the 
partial differentiation. This relationship is illustrated in Fig. 8-6 and is se 
to be strictly true only if the slope of the plate characteristic is constant f 


the assumed change in voltage. Similarly, if the plate voltage remains con 
stant but the grid voltage changes by Avg, then the change in current is given by 


" 1 
Aip = ; Avp + gm Avg (8-18) 


Using the notation of Eqs. (8-3), and remembering that gn = u/rp (see 
below), Eq. (8-13) becomes 
Up = tpPp — Hg (8-14) 
This expression shows that the varying voltage v, with respect to the Q point 
is made up of two components: One is a generated emf which is u times as 
large as the grid-to-cathode voltage variation v,; the second is a signal voltage 
across the tube resistor r, that results from the signal load current i, through it. 
The result of this discussion is the cireuit model shown in Fig. 8-2. It is 
seen from the diagram that the voltage drop v,. from plate to cathode is equal 
to the voltage drop in the plate resistor less the generator voltage, or 


gk = Typ — Yok 


This is exactly Eq. (8-14), which verifies that Fig. 8-2 is the correct equivalent- 
Cireuit representation of the tube. 


Relationship between u, ry, and gm It follows from Bq. (8-13) that, if 


If both the grid and plate voltages are varied, the plate-current change-I8 the plate current is constant so that Aip = 0, then 


the sum of the two changes indicated above, or 


air (Bye + (ys on s 
P, @ . 
F But since the plate current has been taken to be constant, then —Avp/Avg is 


by definition [Eq. (7-3)] the amplification factor. Hence 
in align (8-15) 


As mentioned above, this expression is only approximate. It is, in fact, 
just the first two terms of the Taylor’s series expansion of the function 
ip(vp, vg). In the general case, 


; dip =) 5 (F) 
Aip = [| — Av —_ Av s(=—G Avp)? 
P 2), iene (Gz vp 8% + 5\ aut) v, Ae) 85 —_ CURRENT-SOURCE MODEL OF A TUBE 
te 5 (=), (Ave)? + dip Avp Avge. + ot (Sa Thévenin’s equivalent circuit is used if a network is analyzed by the mesh 
P 


Ove Ovp dg vena However, if a nodal analysis is made, Norton’s equivalent circuit is 
re useful. 


Consider the third term in this expansion. Since from Eqs. (7-4) the plate 
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1 1 Vep 
4 Fig. 8-7 As viewed from terminals 1 and 2, 
1=¥ Zz the Thévenin's circuit in (a) is equivalent to 
be the Norton's circuit in (b). a 
7 2 2 
(a) (6) 


Norton's Theorem The equivalent circuit between two points in a ne 
consists of the impedance Z, seen looking back between these two terminals, in 
parallel with a current generator whose value is the current I which flows when 


the terminals are short-circuited. In other words, a voltage source V in (6) 

with an impedance Z is equivalent to a current source V/Z in parallel with an * 

impedance Z. These equivalent circuits are indicated in Fig. 8-7a and b. us a , (a) The conmon:esiiaae amplifier:configuration 
7 and (b) its current-source equivalent circuit. 


The Small-signal Current-source Equivalent Circuit From the vol 
source representation of a tube given in Fig. 8-2b we see that the short-circuit 
current has a magnitude yv,i/7, = gm¥pr, Where use is made of Eq. (8-18) 
The direction of the current is such that it will flow through an external load 
from cathode to plate. Hence the current-source equivalent circuit is 
indicated in Fig. 8-8. , 

We shall now again solve the first example in Sec. 8-3, using the Norton’s 
equivalent representation. Tor convenience, the circuit of Fig. 8-3 is repeat 
in Fig. 8-9a. Its current-source model in Fig. 8-9b is the same as that int el aii: 
cated in Fig. 8-8, but with the addition of the load resistor R, in parallel witl The Grounded-grid Amplifier This circuit is shown in Fig. 8-10a. As 
ty» If R! = rpRx/(rp + Rx) = the parallel combination of ry and Rz, th far as signal voltages are concerned, the grid is at ground potential, which 
the output voltage is Aecounts for the name grounded-grid amplifier. The input signal v is applied 
between cathode and ground, and R, is the resistance of the signal source. 
The output », is taken across the plate-circuit resistor R,. Since the grid is 


8-6 A GENERALIZED TUBE AMPLIFIER 


The circuit (Fig. 8-9) considered in the preceding section has its cathode 
common to the input and output circuits, and hence is called the common- 
cathode (or grounded-cathode) amplifier. This circuit is the one most frequently 
used, but two other configurations, the grounded-grid and the grounded-plate 
amplifiers, are also possible. 


v = —iR’ = —gpv,R’ 


The voltage amplification A is 


A= Fa = —g,h’ 

Fig. 8-10 (a) The grounded- 

Stid amplifier and (b) the 

Grounded-plate (cathode- 
lower) amplifier. 


which is identical with Eq. (8-6). 


° 4 


+ 


% 


ft Fig. 8-8 The current-source model of a tri ode 
ae 


§= Bm Uge 


* 
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common to the input and the output circuits, this configuration is also 
the common-grid amplifier. 


The Grounded-plate Amplifier This circuit is indicated in Fig. 8-108. 
The signal v is applied between grid and ground, and the output », is take 

across a resistor R; between cathode and ground. As far as signal (ac) v 
ages are concerned, the plate is at ground potential, which accounts for 
name grounded-plate amplifier. For an increase in input-signal voltage v, the 
current 7, increases, and so does the output-signal voltage », = i,R,. Conse- 
quently, the polarity of the output signal is the same as that for the input 
signal. Furthermore, as verified for a particular circuit in Sec. 7-14 and a 
demonstrated in general in Sec. 8-8, the magnitudes of these voltages v. and 
v; = v are almost the same (unity gain). Hence the cathode voltage follows 
the grid voltage closely, and this feature accounts for the name cathode fo 
lower given to the circuit. 


The Generalized Circuit The analysis of the grounded-grid and 
grounded-plate amplifiers is made by considering the generalized configuration 
indicated in Fig. 8-1la. This circuit contains three independent signal souree 
v,; in series with the grid, v, in series with the cathode, and v, in series with the 
anode. For the grounded-grid amplifier 1; = v. = 0, the signal voltage is 
with a source resistance Ry, and the output is »,: taken at the plate. For th 
cathode follower, R, = 0, ve = va = 0, the signal voltage is 1, and the oO 
is v2 taken at the cathode. (The signal-source impedance is 
since it is in series with a grid which, we assume, draws negligible c 


(6) 


Fig. 8-11 
small-signal equivalent circuit. 


(a) A generalized amplifier configuration. (b) The 
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If the effect of the ripple voltage in the power supply Vep is to be investi- 
gated, then vq will be included in the circuit to represent these small voltage 
changes in Vpp. 

Following the rules given in Sec. 8-3, we obtain the small-signal equivalent 
circuit of Fig. 8-116, from which it follows that 


Dok = Ui — Ue — tphe (8-17) 
and 

1 ESSE ws 
Substituting from Eq. (8-17) in Eq. (8-18), we find 

ete 9 
The output voltages v,, and v2 are found as follows: 

Yo1 = —tphy — Va Yor = tpe + 1 (8-20) 


Using the basic concepts enunciated in the following section, the physical sig- 
nificance of Eqs. (8-19) and (8-20) is given in Sec. 8-8. 


8-7 THE THEVENIN'S EQUIVALENT OF ANY AMPLIFIER 


Tf an active device (tube or transistor) in a circuit acts as amplifier, this con- 
figuration is characterized by three parameters, the input impedance Z;, the 
output impedance Z,, and the open-circuit voltage gain A,. If these param- 
eters are independent of the source impedance Z, and the external load imped- 
ance Z,, then the Thévenin’s model of the amplifier is as shown in Fig. 8-12. 
The external source voltage V, is applied in series with Z, to the input termi- 
nals marked 1 and 2. The voltage across this input port is Vi. The output 
terminals are marked 3 and 4. Since the open-circuit voltage is the amplifier 
Voltage gain A, times the input voltage, the Thévenin’s generator is A,V;, as 
indicated. Note that A, is the unloaded voltage gain, i.e., the gain with no 
€xternal load placed across the amplifier, and hence zero load current, J, = 0. 
¢ loaded gain (the amplification with the load Z; in place) is called Ay. 


Fig. 8-12 The Thévenin 

*qQuivalent circuit of an 

Smplifier. When Zz is con- 

ected to the output termi- 

Tals, q current 7, flows in 
load, 


. 7 oi a3 
t= s 2 7 
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The output voltage is given by ¢ obtain the short-circuit load current J from Eq. (8-19): 
i BY 
Ve = Avi — 1:20 (8-21) pe ett _ =e + Wt Dr (8-23) 
habinad tot (ot 1k 
This equation may be used to define A, and Z, for a particular circuit. For a + I +h g 
example, if we find that the output voltage of an amplifier varies linearly with 
load current, as indicated in Eq. (8-21), the factor multiplying the input volt- The open-circuit voltage V is found as follows, using Eq. (8-19) 
age V; is the unloaded gain A, and the factor multiplying the load current J; bv; 
is the output impedance Z,, provided that these factors Ay and Z, are independen et + Ue 
of the load Zz, Valea Tinos #589) seit ere 
The following theorem offers an alternative method for finding Z,. mn : +1 +R 
Open-circuit Voltage-Short-circuit Current Theorems As corollaries = =p; + (w+ Loe (8-24) 


Thévenin's and Norton’s theorems we have the following relationships: If 
represents the open-circuit voltage, J the short-circuit current, and Z (Y) be 
impedance (admittance) between two terminals in a network, then 


The open-circuit voltage gain A, for the signal »; is —, and for the signal 
m» is +(u + 1). 

The output impedance Z is given by Eqs. (8-22). Thus 
vr 4 I 


TegeV¥ VelZ=s 


FF; Z Y Goa dark ORs (8-25) 


(8-; 22) 
1 I 


The first relationship states that “the impedance between two nodes equals 
the open-circuit voltage divided by the short-circuit current.” This method 
is one of the simplest for finding the output impedance Z,. 

The last relationship of Eqs. (8-22) is often the quickest way to calculate 
the voltage between two points in a network. This equation states that “the 
voltage equals the short-circuit current divided by the admittance.” a 


The above results lead to the Thévenin’s circuit of Fig. 8-13a. We conclude 
that, “looking into the plate” of an amplifier, we see (for small-signal operation) 
an equivalent circwit consisting of two generators in series, one of —u times the 
grid-signal voltage v,, and the second (u + 1) times the cathode-signal voltage vs. 
These generators are in series with a resistance rp + (u + 1)Rx. Note that the 
voltage », and the resistance R, in the cathode circuit are both multiplied by 
the same factor, » + 1. ; 

Since R, and v, were considered external to the amplifier, they have been 
drawn to the right of the output terminals P and N in Fig. 8-134. 


The Output Impedance A third method for obtaining Z, is to set 
source voltage V, to zero and to drive the amplifier by an external volt 
generator connected across terminals 3-4. Then the ratio of the voltage ac! 
3-4 divided by the current delivered by the generator yields the output im) 
ance Z,, This same method may be used to find the input impedance if thi 
above measurement is made at terminals 1-2 instead of 3-4. 


8-8 LOOKING INTO THE PLATE OR CATHODE OF A TUBE 


Let us now return to the generalized amplifier of Fig. 8-lla and find & 
Thévenin’s equivalent circuit, first from plate to ground and then from 
cathode to ground. ; 


(a) (6) 


The Output from the Plate The signal v, and the resistor R, are no 
considered external to the amplifier. Hence, for the moment, we set v, = 0 
and interpret R, as the external load Rz. The load current iz, from plate | 
ground is the negative of the plate current 7,. Hence, with R, = R, = 0, W 


Fig.8-13 The equivalent circuit for the generalized amplifier of Fig. 8-11 between 
(a) Plate and ground, (b) cathode and ground. 


7 7 
~s 
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The Output from the Cathode The signal »; and the resistor R; are con- 
sidered external to the amplifier. Hence, for the moment, set »» = 0 and 
interpret Ry as the external load Rz in Fig. 8-1la. The load current ¢z from 
cathode to ground equals 7,. Hence, with R, = R, = 0, we obtain for the 
short-circuit load current J from Eq. (8-19) 


a common-cathode amplifier [Eq. (8-16)]. The voltage gain is greatly reduced 
unless R; is kept small compared with (R, + 7,)/(« + 1), which is usually of 
the order of 1,000 @ or less. 

The output impedance of the grounded-grid amplifier will be much higher 
than the plate resistance if the source has appreciable resistance R, or if an 
additional resistance is intentionally added in series with the cathode. On the 
other hand, the input impedance is quite low (Prob. 8-24). Hence a grounded- 
grid amplifier may be employed when a low input impedance and a high out- 
put impedance are desired. Such applications are infrequent. The grounded- 
grid amplifier is used as a tuned voltage amplifier at ultrahigh frequencies’ 
because the grounded grid acts as a grounded electrostatic shield which pre- 
vents coupling between input and output circuits. 


— Wir Ya 26 
19 nels 


The open-circuit voltage V is given by 


Bhs as . = Mi % 
Vg, oS gaa Cam 
The open-circuit voltage gain A, for the signal v; is 4/(u + 1), and for the 
signal v, is —1/(u + 1). 


b , The Cathode Follower This configuration is obtained from the general- 
The output impedance is 


ized circuit of Fig. 8-11 by setting %» = v. = 0 and R, = 0. The equivalent 
circuit is indicated in Fig. 8-14b. By inspection the gain is 


m 
The’above results lead to the Thévenin’s circuit of Fig: 8-183... We'concludel peers oar Se - rene ifu> 
that, “looking into the cathode” of an amplifier, we see (for small-signal opel ¥ aby ve aR ++ Dk + Ombie 

B 


ation) an equivalent circuit consisting of two generators in series, one of valu 
u/(u + 1) times the grid signal voltage v;, and the second 1/(u + 1) times 
plate signal voltage va. These generators are in series with a resistance (r, + R, 
(1 +1). Note that the voltage v, and the resistance in the plate circuit a 
both divided by the same factor, u + 1. 


(8-30) 


Since A is positive, there is no phase shift between grid and cathode. 
Note that, since the denominator is always larger than the numerator, then 
A never exceeds unity. However, if (u + 1)R, > ry, then 


The Grounded-grid Amplifier This configuration is obtained from th Aw — (8-31) 
generalized circuit of Fig. 8-11 by setting. = v4, = 0. The equivalent circuit, la 


obtained from Fig. 8-13a, is indicated in Fig. 8-l4a. By inspection the gaini which approaches unity. For example, for a type 6CG7 tube with » = 20, 
7 A = 0.95 (which is to be compared with the value A = 0.91 obtained graphi- 
% +DR, 2-29) Se i 
sin as jee MESS (8 ly in Sec. 7-14). 

The output impedance of the cathode follower is much smaller than the 

Note that, since A is positive, there is no phase shift between output and Plate resistance. For example, if » > 1, then 

input. If R, = 0 and » > 1, then the gain has almost the same value as fo 1 

Bore ns Be (8-32) 


ar. 2 a 


For a Qm of 2 millimhos, the output impedance is only 500 , and for a higher 
Value of transconductance, Z, is even less. On the other hand, since the input 
Signal is applied to the grid, the input impedance (for negative grid voltages 
Where the grid current is negligible) is very high (ideally infinite). A cathode 
follower is usually employed when a high input impedance and a low output 
™®pedance are desired. 

_ The high input impedance of a cathode follower makes it ideal for appli- 
Sations where the loading on a signal source must be kept at a minimum. 

‘¢ low output impedance permits it to support a heavy capacitive load. 


Tp + (w+ I)Ry tp/(u+ 1) 


'p 
, on, Ns ~? 
C) U a Ue 
2 Me s j 
(6) (ec) t 


Fig. 8-14 The Thévenin circuits for the three basic amplifier configurations. 


204 / ELECTRONIC DEVICES AND CIRCUITS Sec. 8. Sec. 8-9 VACUUM-TUBE SMALL-SIGNAL MODELS AND APPLICATIONS / 205 


These features account for the many applications found for cathode follower plate and cathode resistors are identical, the magnitudes of the two signals 
For example, the cathode follower is very often used as the input tube in must be the same, since the currents in the plate and cathode resistors are 
oscilloscope amplifiers. It is also used where a signal must be transmitti d equal. The amplification |A| = |vn/2| = |vpn/v| may be written directly by 
through a short section of coaxial cable or shielded wire, with its attendant comparison with either of the equivalent circuits of Fig. 8-13 (with » = vs = 0) 


high shunt capacitance. as 

If the output from one circuit acts as the input to another circuit and th 
second circuit reacts back onto the first, a cathode follower may be used as. 
buffer stage to eliminate this reaction. : 


aw uk = gn 
Al = SG OR ~ T+ ook ses 


Because the cathode follower is a feedback amplifier (Sec. 17-5), The exact result differs from that given for the cathode follower [Eq. (8-30)] 
possesses great stability and linearity. Many electronic instruments taki only in the appearance of a factor » + 2 in place of the factor » + 1. The 
advantage of these desirable features of cathode followers. The high f gain may be made to approach 1 if gn? >> 1. The ratio of the plate-to-cathode 
quency characteristics of the cathode follower are considered in See. 8-14. signal to the input signal may then approach 2. The output impedances at the 

plate and at the cathode are different, the plate impedance being higher than 

The Grounded-cathode Amplifier The equivalent circuit for this con- the cathode impedance. 
figuration is given in Fig. 8-3b and repeated in Fig. 8-14c, for comparison ¥ If the capacitance from the plate to ground is greater than that from 
the grounded-grid and grounded-plate amplifiers. The grounded-cathod cathode to ground, it is possible to equalize the frequency response of the two 
amplifier has a high input impedance, an output impedance equal to he outputs by adding capacitance across the cathode resistor. A phase inverter, 
plate resistance, and a voltage gain which may approach the u of the tub also called a paraphase amplifier, is used to convert an input voltage v, 
(although an amplification of the order of 4/2 is more common). There is one terminal of which is grounded, into two symmetrical output voltages 
a phase inversion between the plate and grid. This cireuit is employed mor (v1 = —vo2). 


often than the other two configurations. 
The Cathode-coupled Phase Inverter This circuit, shown in Fig. 8-16a, 


serves the same purpose as the split-load phase inverter but additionally pro- 

x vides some gain and equal output impedances. The two signals v1 and vo2 

8-9 CIRCUITS WITH A CATHODE RESISTOR' are of opposite polarity and are nominally of equal amplitude. The equiva- 

Many practical networks involve the use of a resistor in the cathode circuit. lent circuit of Fig. 8-13) may again be used to advantage to analyze the oper- 

Some of the most important of these “cathode-follower-type” circuits an ation of the cathode-coupled phase inverter. We replace each tube by its 

described in this section. : 

The Split-load Phase Inverter This circuit appears in Fig. 8-15. 
single input signal provides two output signals, va, which is of the 

polarity as the input, and v,,, which is of opposite polarity. Further, if the 


Fig. 8-15 The split-load phase ine 


verter, r 


Fig. 8-16 (a) The cathode-coupled phase inverter and (b) its equivalent circuit 


from cathode to ground. 
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equivalent circuit as seen from the cathode. The resulting circuit is shown in 
Fig. 8-16b. The signal currents flowing, respectively, out of the cathode of V1 
and into the cathode of V2 are %; and 2. The output signals are v1 = —i%Ry 
and v2 = i2R>. ‘ 

The output signals will be of equal magnitude if 7; = i. This require~ 
ment will be satisfied nominally if Ry > (rp + Rp)/(u +1). Typically, if, say, 
rp = Rp = 10 Kandy + 1 = 20as fora 12AU7 tube, (rp + Ry)/(u + 1) = 1K 
and R, should be selected to be about 10 K if an unbalance of no more than 
about 10 percent is desired (Prob. 8-19). It is possible to obtain balanced 
outputs by choosing unequal values for the two plate load resistors. 

By applying Kirchhoff’s voltage law to the outside loop of Fig. 8-168, 
we find for the plate-to-plate gain 


which is the same gain that would be provided by a single-tube grounded. 
cathode amplifier with plate resistor R». 

If each tube carries a quiescent current of, say, 5 mA, the quiescent 
across R, is 100 V. We may require for convenience that the quiescent gi 
voltages be at ground potential. In the linear range of operation the grid-to- 
cathode voltage of a tube is usually only of the order of several volts. 
voltage at the cathodes is therefore also required to be in the neighborhood of 
ground potential. These requirements with respect to quiescent operatin 
voltages may be satisfied by returning the cathode resistor, as in Fig. 8-16 
to an appropriately large negative voltage (in this example, Vee = 100 V). — 


The Difference Amplifier Suppose that we have two signals, »; and 0, 
each measured with respect to ground. It is desired to generate a third signal, 
also to be referred to ground, which signal is to be proportional to the vol 
difference v: — v2. One such application would occur if it were required t 
convert the symmetrical signals, which appear at the plates of a paraph: 
amplifier, back to an unsymmetrical signal. If the voltage v in Fig. 8-16a is 
and if v2 is applied between grid and ground of V2 (in place of the short circuit) 
this circuit is a difference amplifier. If (u + 1)R > 7», then it turns out that 
Vox and v2 are each proportional to v: — v2. The transistorized version of the 
difference amplifier is discussed in detail in Sec. 12-12. | 


An Amplifier with a Constant-current Source The cathode follower, 
paraphase amplifier, and difference amplifier all operate with improved per 
formance as the cathode resistance becomes larger. A large cathode resist- 
ance, however, results in a large de voltage drop due to the quiescent tube 
current. Hence a device which has a small static resistance but a very larg® 
dynamic resistance may be used to advantage in the cathode circuit to replace 
a large ordinary resistance. An arrangement of this type is shown in the 
difference amplifier of Fig. 8-17. Referring to Fig. 8-13a, it appears that the 
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fig. 8-17 Tube V3 acts as a very high 
dynamic resistance of value 

tot (lu + 1)R, in the cathode circuit: 
of tubes V1 and V2. The voltage 
divider R is used to balance the outputs 
from the two plates. 


impedance seen looking into the plate of the tube V3 in the cathode circuit is 
r+ (1+ u)Re = wR, if Ry is large. Under typical circumstances, —Vao 
might be —300 V, R, = 500 K, and the cathode tube a 12AX7 with » = 100 
andr, = 100 K. The effective cathode impedance of the difference amplifier 
would then be about 50 M. In the circuit of Fig. 8-17, high-u low-current 
tubes would be appropriate. Suppose, then, that the individual tubes carried 
only 0.1 mA of current. The total cathode current is 0.2 mA, and if an ordi- 
nary 50-M resistor were used, a negative supply voltage of 10,000 V would be 
required, This voltage is, of course, impractically high, which demonstrates 
the advantage of tube V3 over an ordinary 50-M resistor in this application. 

A large dynamic resistance is plotted as a horizontal load line (Sec. 7-12) 
and corresponds to a constant current. Hence the difference amplifier of Fig. 
8-17 is said to be fed from a constant-current source. 


8-10 A CASCODE AMPLIFIER 


This circuit, consisting of two triodes in series (the same current in each), 
is indicated in Fig. 8-18. That this circuit behaves like a pentode can be 
Seen as follows: The load for V/1 is the effective impedance looking into the 
Cathode of V2; namely, Rp = (R+1,)/(u +1). For large values of » this 
May be very small, and to a first approximation can be considered as a short 
Circuit for signal voltage. Hence the plate potential of V1 is constant. The 
Aefinition of the transconductance is 


_ [Arp 
om = (3), 


Hence the signal current is Aip = gm Ave = Jnl, where »; is the signal-input 
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Fig. 8-18 The cascode amplifier. 


voltage. The gain is A = —R Aip/v: = —gmR, which is the expression for 
the gain of a pentode [Eq. (8-7) with Z, = R]. 

Another point of view is the following: The plate de voltage Vp: of V 
is determined by the grid-to-ground voltage V’ of V2. Actually, of 


Vex = V' — Vaz 


where Vo: is the drop from grid to cathode of V2 and is a negative number, 
The value of Vez may vary between zero and the cutoff voltage, but this 
small compared with the value of V’ (which may be one or several hundret 
volts). Hence Vp; is essentially constant, and the de tube current is also con- 
stant since it is determined by Vp; and the bias Veg. Hence a curve of 
plate current vs. de voltage from the plate of V2 to ground resembles the 
constant-current characteristic of a pentode. From this discussion it is cle 
that V’ takes the place of the screen voltage in a pentode. The cascode ampli- 
fier has the advantages over the pentode that no screen current need be sul > 
plied and it has the low noise of a triode. 
The exact expression for the amplification is found by replacing V2 by 
an impedance (R + r,)/(u + 1) and V1 by a generator yy; in series with at 
impedance r,, The result is 


4, = Oe + DR 
Pw RF (a + 2)rp 


Sec. 8-11 


- 2 q 
“ . . 
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impedance of magnitude r, in the cathode of V2. The voltage gain for this 
signal V2 is 


A = SS 
gees + (u + 2)rp 
If sinusoidal signals V; and V: are applied simultaneously to both inputs, 


(8-36) 


then, by the principle of superposition, the output V, will be 


Vo = AiVi + AaVe 


The quiescent operating current in a cascode amplifier is found by the 


method of successive approximations. The method converges very rapidly, 
and is best illustrated by a numerical example. 


EXAMPLE Find the quiescent current in the cascode amplifier of Fig. 8-18 if 
R = 20 K, Ver = 300 V, V’ = 125 V, and Voo = 4 V. The tube is a 6CG7, 
whose plate characteristics are given in Appendix D (Fig. D-2). 


Solution If V2 is not to draw grid current, then K; must be at a higher potential 
than Gy. However, it cannot be at too high a potential, or V2 will be cut off. 
Let us take as a first approximation Vaz = —5 V, and hence Vp; = 125 +5 = 
130 V. Corresponding to this value of Vp; and to Ve: = —4 V, the plate current 
T» is found from the 6CG7 characteristics to be 4.2 mA. Hence V2 = Vep — 
TeR — Vex = 300 — (4.2)(20) — 130 = 86 V. For Vp: = 86 V and Ip, = 4.2 
mA, we find that Veo = —2 V. 

The second approximation is Vp, = 125 + 2 = 127 V. Corresponding to 
this value of Vp; and to Vo. = —4 V, we find that Ip = 4.0 mA. Hence Vp; = 
300 — (4.0)(20) — 130 = 90 V. Corresponding to this Vp) and to Ip; = 4.0 mA, 
we find Veg + —2.1 V. 

The third approximation to V,; is 125 +- 2.1 = 127.1 V, which is close enough 
to the previous value of 127 V so as not to affect the value of the current appre- 
ciably. Hence Ip = 4.0 mA. 


nt 


INTERELECTRODE CAPACITANCES IN A TRIODE? 


We assumed in the foregoing discussions that with a negative bias the input 


Surrent was negligible and that changes in the plate circuit were not reflected 
the grid circuit. These assumptions are not strictly true, as is now shown. 
diel The grid, plate, and cathode elements are conductors separated by a 
a “ctric (a vacuum), and hence, by elementary electrostatics, there exist 
Pacitances between pairs of electrodes. Clearly, the input current in a 

« Unded-cathode amplifier cannot be zero because the source must supply 
‘ ®nt to the grid-cathode and the grid-plate capacitances. Furthermore, 
‘nput and output circuits are no longer isolated, but there is coupling 


If (u + 2)r, > RB and if » > 1, this is approximately 
A, = eR —gnR 
Tp 
which is the result obtained by the qualitative arguments given above. 


It is possible to apply an ac signal voltage V2 (in addition to the bia 
voltage V’) to the grid of V2. Under these circumstances V1 acts as 
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The current in the direction from P to K in a zero-resistance wire con- 
necting the output terminals is —uV,/r, = —g,,V; due to the generator nV; and 
is ViYop due to the signal V;. Hence the total short-circuit current is 


I = —gnVi + Viton (8-38) 
The amplification A with the load Z; in place is given by 
Ao eee 
Va Ve Va 
or, from Eqs. (8-37) and (8-38), 
Fig. 8-19 The schematic and equivalent circuits of a grounded-cathode 
amplifier, taking into account the interelectrode capacitances. PT ae —9m + Yoo 8-39 
Yat Vp +0 + Yon ea) 


It is interesting to see that Eq. (8-39) reduces to the expression already 
developed for the case where the interelectrode capacitances are neglected. 
Under these conditions, Y,, = Y,, = 0, and Eq. (8-39) reduces to 


between them through the grid-plate capacitance. Although these capaci- 
tances are small, usually less than 10 pF, yet, at the upper audio frequencies 
and above, they produce appreciable loading of the input source and alt 

cause output-to-input feedback. They must therefore be taken into account 


A more complete circuit and its equivalent circuit, which includes t A= Ps 71 = ESTES = —GnZ, (8-40) 


interelectrode capacitances, are given in Vig. 8-19. In this circuit C,, rep 
sents the capacitance between the grid and the plate, Cy. is the capaci 
between the grid and the cathode, and C,, is the capacitance between thi 
plate and the cathode. The inclusion of these tube capacitances (sho 

dashed in the schematic diagram and explicitly in the equivalent amplifi 
circuit of Fig. 8-19) yields results that are more precise than those resultin| 
from the analysis of the simple circuit of Fig. 8-3. It will be noted that 
same procedure outlined in Sec. 8-3 has been followed in order to obtain th 
equivalent circuit of the amplifier. It is evident that Vj, = V;, and so nV;h 
been written for the emf of the Thévenin’s generator in the equivalent cireui 
of Fig. 8-19b. 


where Z’, is r,||Z,. This equation is identical with Eq. (8-6). 

f It is a simple matter to show that the error made in the calculation of the 
gain is very small when the interelectrode capacitances are neglected for fre- 
quencies covering the entire audio-frequency range. These interelectrode 
¢apacitances are seldom as large as 15 pF, which corresponds to an admittance 
of only about 2 micromhos at 20 kHz. Since the transconductance 9m of a 
triode is generally several millimhos, Y,, may be neglected in comparison with 
%m. Furthermore, if gp is greater than 20 micromhos (rp < 50 K), the terms 
Ys, + Yy, may be neglected in comparison with Yogt Yz. Under these con- 
ditions the gain is that given by the simple expression (8-40). 

Since the interelectrode capacitances have a relatively minor effect on the 
Audio gain of an amplifier, why is it important to make note of them? The 
AnsWer is to be found in the input impedance of the tube (the loading of the 

_on the input circuit) and in the feedback between output and input 
uits, Also, if the amplifier is to be used beyond the audio range, say, 
48 a video (television or radar) amplifier, the capacitances may seriously affect 

Sain and the exact expression, Eq. (8-39), must be used, These effects 

now examined. 


The Voltage Gain The output voltage between terminals P and K_ 
easily found with the aid of the theorem of Sec. 8-5, namely, V, = 7Z, whe e 
is the short-circuit current and Z is the impedance seen between the terminal 
To find Z, the generators V; and yV; in Vig. 8-19b are (imagined) shor 
circuited, and we note that Z is the parallel combination of the impe 
corresponding to Zz, Cys, 7p, and Cyp. Hence 


1 
Ysy= Yor Vout ont Yop 


where Y; = 1/Z, = admittance corresponding to Z, 
Y>. = joC,. = admittance corresponding to Cp. 

9p = 1/r, = admittance corresponding to r, 
Yyp = jwC,, = admittance corresponding to C,, 


812 


An ii 
fro) 


INPUT ADMITTANCE OF A TRIODE 


ee of Fig. 8-19 reveals that the grid circuit is no longer isolated 
the plate circuit. The input signal must supply a current J; In order 
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to calculate this current, it is observed from the diagram that 


1, = Vi¥ x 

and 
Tz = Vop¥op = (Vi + Vico) Yon 

Since Vip = —V,x = —AV;, then the total input current is 
Ty = Ii +I]. = (Yor + (1 — A) YoglVi 


From Eq. (8-41), the input admittance is given by 
(8-42) 


This expression clearly indicates that, for the triode to possess a negligible 
input admittance over a wide range of frequencies, the grid-cathode and the 
grid-plate capacitances must be negligible. i 


Yon tm Yat -A)¥e 


Input Capacitance (Miller Effect) Consider a triode with a plate-ci 
resistance Ry. From the preceding section it follows that within the audio- 
frequency range, the gain is given by the simple expression A = —gnR, 
where Rj, is r,||R,. In this case Eq. (8-42) becomes 


VY; = jolCye + (1 + guRs)Cop] 


Thus the input admittance is that arising from the presence of a capacita 
from the grid to the cathode of magnitude C;, where 


Ci = Cu + (1+ Gnl,)Cop 


This increase in input capacitance C; over the capacitance from grid to cathodt 
Cx is known as the Miller effect. The maximum possible value of this expres 
sion is Cy, + (1+ u)Cyp, which, for large values of i, may be considerably 
larger than any of the interelectrode capacitances. i 

This input capacitance is important in the operation of cascaded ampli- 
fiers. In such a system the output from one tube is used as the input to 
second tube. Hence the input impedance of the second stage acts as a shui 
across the output of the first stage and R, is shunted by the capacitance C 
Since the reactance of a capacitor decreases with increasing frequencies, th 
resultant output impedance of the first stage will be correspondingly low fo 
the high frequencies. This will result in a decreasing gain at the highe 
frequencies. 


EXAMPLE A triode has a plate-circuit resistance of 100 K and operates 
20 kHz. Calculate the gain of this tube as a single stage and then as the fil 
tube in a cascaded amplifier consisting of two identical stages. The tube parame 
ters are gn = 1.6 millimhos, r, = 44 K, 4 = 70, C,x = 3.0 pF, Cys = 3.8 pF, an! 
Cyp = 2.8 pF. 
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Solution 
You = jwCy, = j2m X 2 X 104 X 3.0 X 10-2 = 73.76 X 10-7 mho 
Ypx = jC, = 4.77 X 10-7 mho 
Yop = jwCyy = 73.52 X 10-7 mho 
Ir = dei 2.27 X 10-* mho 


T 
Y,= a 10-* mho 
» Ry 
9m = 1,60 X 10-* mho 
The gain of a one-stage amplifier is given by Eq. (8-39): 
A 
Op + Yo+Yor+ Yop 


It is seen that the 7 terms (arising from the interelectrode capacitances) are 
negligible in comparison with the real terms. If these are neglected, then A = 
—48.8.. This value can be checked by using Eq. (8-5), which neglects inter- 
electrode capacitances. Thus 


— —1.60 X 107 + 78.52 x 1077 
8.27 X 107§ + 98.29 X 1077 


ee Sih, = S70 100)" 


Since the gain is a real number, the input impedance consists of a capacitor 
whose value is given by Eq. (8-44): 


Ci = Con + (1 + gmRS)Cyp = 3.0 + (1 + 49)(2.8) = 148 pF 


Consider now a two-stage amplifier, each stage consisting of a tube operating 
as above, The gain of the second stage is that just calculated. However, in 
calculating the gain of the first stage, it must be remembered that the input 
impedance of the second stage acts as a shunt on the output of the first stage. Thus 
the plate load now consists of a 100-K resistance in parallel with 143 pF. To this 
must be added the capacitance from plate to cathode of the first stage since this 
is also in shunt with the plate load. Furthermore, any stray capacitances due to 
wiring should be taken into account. For example, for every 1 pF capacitance 
between the leads going to the plate and grid of the second stage, 50 pF is effec- 
tively added across the load resistor of the first tube! This clearly indicates the 
importance of making connections with very short direct leads in high-frequency 
amplifiers, Let it be assumed that the input capacitance, taking into account 
the various factors just discussed, is 200 pF (probably a conservative figure). 
Then the load admittance is 


1 
Y, = 7 tier = 10-* + j2r X 2 X 104 K 200 X 10-1 
77 


= 10-5 + 32.52 x 10-§ mho 
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The gain is given by Eq. (8-40): 


neler Gh x W =1.6 x 1077 
Oot Yr 2.27 X 10-* + 10-* + 72.52 X 10-5 


8-13 INTERELECTRODE CAPACITANCES 
IN A MULTIELECTRODE TUBE? 


The wiring diagram of a tetrode is given in Fig. 8-20a, and the equivalent cir- 
cuit taking interelectrode capacitances into account is indicated in Fig. 8-20b. 
In drawing the equivalent circuit, the rules given in Sec. 8-3 have been 
appropriately extended and employed. Thus, in addition to the points K, G, 
and P, the screen terminal S is also marked. The circuit elements of the 
original circuit are included in their appropriate positions between these four 
points, except that all de potentials are omitted and the tube itself is replaced 
by an equivalent current generator g,,V:, having an internal resistance rp, 
between the points K and P. The capacitances between all pairs of the four 
electrodes are included, the double subscript denoting the pair of electrodes 
under consideration. 
Since the screen supply must be short-circuited in the equivalent circuit, 
this puts the screen at ground potential in so far as signal variations about 
the Q point are concerned. Usually, the screen potential is obtained from the 
plate supply through a screen dropping resistor. In this case a capacitor is 
connected from the screen to cathode. This capacitance is chosen sufficiently 
large so that the screen potential remains constant even though the screen 
A=Ai+jAs (8-45) current may vary. In this case, too, the screen is at signal ground potential. 
{ Thus, as indicated in the figure, this effectively shorts out Cj. and puts Cys 
Then Eq. (8-42) becomes ay Cin parallel. Let this parallel combination be denoted C;. The capac- 
i . art : ity Cy. now appears from plate to ground and is effectively in parallel with Cx. 
Yo = wClopAs + JulCer + (1 — Ar)Cos] (6-4ag Let this parallel combination be denoted C2. From the discussion of the 
shielding action of the screen grid in Sec. 7-6, the capacitance between the 
plate and the control grid C,, has been reduced to a very small value. If this 
Capacitance is assumed to be negligible, Fig. 8-20) may be redrawn more 


= —380.7 + 23.7 = 38.8/143.3° 


Thus the effect of the capacitances has been to reduce the magnitude of the 
amplification from 48.8 to 38.8 and to change the phase angle between the output 
and input from 180 to 143.3°, 

If the frequency were higher, the gain would be reduced still further. For 
example, this circuit would be useless as a video amplifier, say, to a few megahertz, 
since the gain would then be less than unity. This variation of gain with fre- 
quency is called frequency distortion. Cascaded amplifiers and frequency dis- 
tortion are discussed in detail in Chap. 16. 


Negative Input Resistance If the plate circuit of the amplifier includes 
an impedance instead of a pure resistance, then A is a complex number i 
general and the input admittance will consist of two terms, a resistive and a 
reactive term. Let A be written in the general form 


The expression indicates that the equivalent grid input circuit comprises 
resistance R; in parallel with a capacitance C;. For such a parallel circuit, 


Virion z + jas (8-4 Simply, as shown in Fig. 8-21, where 
F 
Comparing Eqs. (8-46) and (8-47), we have C1 = Co + Co Cr = Con + Ce Me.) 
1 
R= Piet Cy = Cor + (L — Ar) Cop 


Since no restrictions have been placed on the system, it is possible for 
term A: to be negative and the effective input resistance to be negative. It 
interesting to note that an effective negative input resistance is possible ot 
when the load is inductive, with the inductance in a definite range.* 
The presence of a negative resistance in a circuit can mean only t 
some power is being generated rather than being absorbed. Physically, thi 
means that power is being fed back from the output circuit into the grid ci 
through the coupling provided by the grid-plate capacitance. If this f 
back feature reaches an extreme stage, the system will lose its entire utili 
as an amplifier, becoming in fact a self-excited amplifier, or oscillator. 


Fig. 8-20 The schematic and equivalent circuits of a tetrode con- 
nected as an amplifier. 
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Fig. 8-21 The ideal equivalent circuit of a 
tetrode. The grid-plate capacitance has been 
assumed equal to zero. 


Because of the shielding action of the screen, little error will be made if Cy is 
neglected in comparison with C,,, so that C, = C., to a good approximation, 
This capacitance acts as a shunt across the plate-circuit impedance. The 
input admittance of the tube is seen to be simply { 


Yi = joCy (8-50) 


A significant difference is seen to exist between the ideal equivalent cir- 
cuit of the tetrode and the complete equivalent circuit of the triode, given in 
Fig. 8-19. The idealization made here consists in the assumption that 
grid-plate capacitance is zero rather than a very small fraction of a picof: 
The circuit of Fig. 8-21 clearly shows that under this condition the plate cir 
cuit has been isolated from the grid circuit. i 

It should be pointed out, however, that the mere substitution of a tetrode 
for a triode will not, in general, effect any marked difference in the ampli el 
response. This statement follows because the wiring and stray capacitan: 
between circuit elements external to the tube may provide the capacitan 
that the tube itself seeks to eliminate. It is necessary, therefore, that 
elements of the circuit be carefully arranged in order to permit short inter- 
connecting leads and generally neat wiring so as to reduce wiring capacitance 
It is only if the capacitance between the grid and anode circuits external to 
tube is small that the inherent possibilities of the tetrode can be utilized. 

Pentode When used as a voltage amplifier, the pentode is connected i 
a circuit exactly like a tetrode (Fig. 8-20), with the addition that the su 
pressor grid is connected to the cathode. Then, from an equivalent cire 
analogous to that in Fig. 8-20b, it follows that the equivalent circuit of 
pentode is also given by Fig. 8-21. In this diagram 


Ci =Cr+ Cy C2 = Cor + Cos + Cos (8-5: 


where C,; is the capacitance between the plate and grid 3 (the suppressor): 
When the input and output capacitances of a tube are listed by the man 
facturer, reference is being made to C; and C2, respectively. ‘ 


‘ 
8-14 THE CATHODE FOLLOWER AT HIGH FREQUENCIES” 


Our previous discussion of cathode followers neglected the influence of # 
tube capacitances, These capacitances are now taken into account. 
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Voltage Gain The grounded-plate configuration of a triode, including 
all capacitances, is given in Fig, 8-22a, and its linear equivalent circuit, in 
Fig. 8-22b. The capacitance from cathode to ground is C;,, and includes the 
capacitance from cathode to heater if, as usual, the heater is grounded. The 
output voltage V, can be found as in Sec. 8-11 from the product of the short- 
circuit current and the impedance between terminals K and N. We now find 
for the voltage gain A = V,/V; 


gm + Yor 


AF gs Fon F Ye 9) 
where ; 

Y= Ri Yr = joCr Cr=Curt Cort Cun 
Equation (8-52) may be written in the form 

Z Gm + joC ox) Re 

A= THT + Dt + juCalR wpa 
Assuming » + 1 ~ w and gnR, > 1, 

, gm + Jol ox (8-54) 


9m + joCr 


The term jwC,, in the numerator represents the effect of the coupling from 
input to output through C,,. If the cathode follower is driving a capacitive 
load Cy, the expression for A need but be modified by adding Cr to Cr. 

Usually, Cr is much larger than C,, and hence the decrease in gain with 
frequency is due principally to Cr + Cz. The frequency fz at which the mag- 
nitude of the amplification has dropped 3 dB to 0.707 of its low-frequency 
value is, under these circumstances, given by the condition w(C'r + Cx) = Gm. 
Typically, if the total capacitance is, say, 50 pF and g» = 3 millimhos, as for 
4 half section of a 12AU7, then f: ~ 9.5 MHz. This calculation shows that a 
¢athode follower may be useful well into the video range. 


(b) N ot P 


Fig. 8-22 (a) The cathode follower, with interelectrode capacitances taken into 
“Account, and (b) its equivalent circuit. 


~ 
Bal ae i. 
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Input Admittance An important advantage of the cathode follower overa 
conventional triode amplifier is that the capacitive impedance seen looking 
into the grid of the cathode follower is appreciably larger than the capacitive 
impedance looking into the amplifier. We now calculate the input admittance 
from Fig, 8-22b. The current I; = Vi(jwC,,) and 


Ts = (Vi — Vo)jwCox = Vill — A)(jwC gx) 
where A is the amplifier gain. Hence the input admittance 


is given by 
Yi = joCop + joCox(1 — A) (8-55) 


In general, Y; contains a resistive as well as a capacitive component. If 
the frequency is low enough so that A may be considered a real number, the 
input impedance consists of a capacitance C;, and hence Y; = jwC\. From 
Eq. (8-55) the input capacitance is given by 


Cx(cathode follower) = Cy» + Cyx(1 — A) 


(8-56) 
+ 
On the other hand, for a grounded-cathode amplifier, we have, from Eq. (8-44), 
C;(amplifier) = Cy. + Cy,(1 — A) (8-57) 


A numerical comparison is interesting. Consider a half section of a 
12AU7, first as a cathode follower of nominal gain, say, equal to 0.8, and 
then as an amplifier of nominal gain, say, A = —10. The capacitances are 
Cop = 1.5 pF, Cy, = 1.6 pF. At a frequency at which the capacitances do 
not yet have a marked effect on the gain, we have 


C,(cathode follower) = 1.5 + 0.2 X 1.6 = 1.8 pF 


ay 


C(amplifier) = 1.6 + 11 X 1.5 = 18 pF . 


The input capacitance of the amplifier is ten times that of the cathode follower. 
A fairer comparison may be made between the cathode follower and @ 
conventional amplifier of equivalent gain. In this case 


i 


C,(amplifier) = 1.6 + 1.8 X 1.5 = 4.3 pF 
which is still more than twice that for the cathode follower. 
' Output Admittance The output impedance, or more conveniently, the 
output admittance Y, of a cathode follower, taking interelectrode capacitances 


into account, is obtained by adding to the low-frequency admittance gm + gp 
(Eq. (8-32)] the admittance of the total shunting capacitance C7. Thus 


Yo = gm+ 97+ Yr (8-58; 
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This result may be justified directly by applying a signal V to the output 
terminals and computing the current which flows through V with the grid 

unded (and R, considered as an external load). Since 9m = U9 and assum- 
ing » > 1, we may neglect gp compared with g,, and consider that the output 
admittance is unaffected by the capacitance until Yr becomes large enough 
to be comparable with g,. The calculation made above in connection with 
the frequency response of the cathode follower indicates that the output 
impedance does not acquire an appreciable reactive component until the fre- 
quency exceeds several megahertz. 
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g TRANSISTOR 
CHARACTERISTICS 


The volt-ampere characteristics of a semiconductor triode, called a 
transistor, are described qualitatively and also derived theoretically, 
Simple circuits are studied, and it is demonstrated that the transistor 
is capable of producing amplification. A quantitative study of the 
transistor as an amplifier is left for Chap. 11. 


9-1 THE JUNCTION TRANSISTOR! 


A junction transistor consists of a silicon (or germanium) crystal in 


which a layer of n-type silicon is sandwiched between two layers of 


p-type silicon. Alternatively, a transistor may consist of a layer of 
p-type between two layers of n-type material. In the former case 
the transistor is referred to as a p-n-p transistor, and in the latter case, 
as an n-p-n transistor. The semiconductor sandwich is extremely 
small, and is hermetically sealed against moisture inside a metal or 
plastic case. Manufacturing techniques and constructional details for 
several transistor types are described in Sec. 9-4. 

The two types of transistor are represented in Fig. 9-la. The 
representations employed when transistors are used as circuit elements 
are shown in Fig. 9-1b. The three portions of a transistor are known 
as emitter, base, and collector. The arrow on the emitter lead specifies 
the direction of current flow when the emitter-base junction is biased 
in the forward direction. In both cases, however, the emitter, base, 


and collector currents, Jz, Iz, and Ic, respectively, are assumed posi-_ 


tive when the currents flow into the transistor. The symbols Vza; 
Ven, and Vx are the emitter-base, collector-base, and collector-emitter 
voltages, respectively. (More specifically, Vz represents the voltage 
drop from emitter to base.) 
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Emitter Base Collector Emitter Base Collector 


E Cc E Cc 
(a) 
Jelc Jello 
B B 
pews ; —Vce +1 
Emitter Collector Emitter 1 Collector 
+ + + + 


— 


pnp type (6) vind! of 


Fig. 9-1 (a) A p-n-p and an n-p-n transistor. The emitter 
(collector) junction is Js (Jc). (b) Circuit representation of the 
two transistor types. 


Emitter M4 Base Collector 


base width 


Ww 
Emitter Base Collector 
(p-type) (n-type) (p-type) 
(ce) 


Fig. 9-2 (a) A p-n-p transistor with biasing voltages. (b) The potential bar- 
tiers at the junction of the unbiased transistor. (c) The potential variation 
through the transistor under biased conditions. As the reverse-bias collector 
junction voltage |V cal is increased, the effective base width W decreases. 
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Soc. 9-2 


Jc 


The Potential Distribution through a Transistor We may now begin to 
appreciate the essential features of a transistor as an active circuit element 
by considering the situation depicted in Fig. 9-2a. Here a p-n-p transistor 
is shown with voltage sources which serve to bias the emitter-base junction 
in the forward direction and the collector-base junction in the reverse direction, 
The variation of potential through an unbiased (open-circuited) transistor is 
shown in Fig. 9-2b. The potential variation through the biased transistor ig 
indicated in Fig. 9-2c. The dashed curve applies to the case before the appli- 
cation of external biasing voltages, and the solid curve to the case after the 
biasing voltages are applied. In the absence of applied voltage, the potential 
barriers at the junctions adjust themselves to the height V.—given in Eq, 
(6-13) (a few tenths of a volt)—required so that no current flows across each 
junction. (Since the transistor may be looked upon as a p-n junction diode 
in series with an n-p diode, much of the theory developed in Chap. 6 for the 
junction diode is used in order to explain the characteristics of a transistor.) 
If now external potentials are applied, these voltages appear essentially across 
the junctions. Hence the forward biasing of the emitter-base junction lowers 
the emitter-base potential barrier by |Vzs|, whereas the reverse biasing of 
the collector-base junction increases the collector-base potential barrier by 
|Ven|. The lowering of the emitter-base barrier permits the emitter cur 
rent to increase, and holes are injected into the base region. The potential is: 
constant across the base region (except for the small ohmic drop), and the 
injected holes diffuse across the n-type material to the collector-base junction. 
The holes which reach this junction fall down the potential barrier, and are 
therefore collected by the collector. 


Fig. 9-3. Transistor current components for a forward-biased emitter junction and a 
reversed-biased collector junction. 


enter the base region through the base lead to supply those charges which have 
been lost by recombination with the holes injected into the base across Jz). 

If the emitter were open-circuited so that Iz = 0, then Ic would be zero. 
Under these circumstances, the base and collector would act as a reverse- 
biased diode, and the collector current J¢ would equal the reverse saturation 
current Ico. If Jz ¥ 0, then, from Fig. 9-3, we note that 


Ie = Ico — Ipc (9-1) 


For a p-n-p transistor, Ico consists of holes moving across J c from left to right 
(base to collector) and electrons crossing Jc in the opposite direction. Since 
the assumed reference direction for Ico in Fig. 9-3 is from right to left, then for 
& p-n-p transistor, Ico is negative. For an n-p-n transistor, co is positive. 

We now define various parameters which relate the current components 
discussed above. 


Emitter Efficiency y The emitter, or injection, efficiency y is defined as 


9-2 TRANSISTOR CURRENT COMPONENTS 


In Fig. 9-3 we show the various current components which flow across 
forward-biased emitter junction and the reverse-biased collector junction. 
The emitter current Jz consists of hole current J, ‘pz (holes crossing from emitter 
into base) and electron current J,z (electrons crossing from base into 
emitter). The ratio of hole to electron currents, Iyz/Ing, crossing the emitter 
junction is proportional to the ratio of the conductivity of the p material 
to that of the n material (Prob. 9-1). In a commercial transistor the doping 
of the emitter is made much larger than the doping of the base. This feature 
ensures (in a p-n-p transistor) that the emitter current consists almost entirely 
of holes. Such a situation is desired since the current which results from 
electrons crossing the emitter junction from base to emitter does not contribute 
carriers which can reach the collector. 
Not all the holes crossing the emitter junction Jz reach the collector 
junction J¢ because some of them combine with the electrons in the n-typ® 
base. If Z,c is the hole current at Jc, there must be a bulk recombination 
current Jz — Ic leaving the base, as indicated in Fig. 9-3 (actually, electrons 


_ current of injected carriers at Jz 
mi total emitter current 


Tn the case of a p-n-p transistor we have 


= los _ ds (9-2) 
“Tye Ins Ie 


| Where 7 ve is the. injected hole diffusion current at emitter junction and Jz is 
injected electron diffusion current at emitter junction. 


¥ 
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Transport Factor 8* The transport factor 6* is defined as 


« _ injected carrier current reaching Jc 
Reet injected carrier current at Jz 


In the case of a p-n-p transistor we have 
(9-8) 


Large-signal Current Gain a We define the ratio of the negative of the 
collector-current increment to the emitter-current change from zero (cutoff) 
to Iz as the large-signal current gain of a common-base transistor, or 


a= —le leo 


~ (0-4) 


Since Jc and Iz have opposite signs, then a, as defined, is always positive. 
Typical numerical values of « lie in the range of 0.90 to 0.995. y 
From Eqs. (9-1) and (9-4), 


= Ive Ine 


Teste (9-5) 


Using Eqs. (9-2) and (9-3), 
a = pty (9-6) 


The transistor alpha is the product of the transport factor and the emitter 
efficiency. This statement assumes that the collector multiplication ratio® a* is 
unity. a” is the ratio of the total current crossing J¢ to the hole current 
(for a p-n-p transistor) arriving at the junction. For most transistors, a* = 1. 

The parameter a is extremely important in transistor theory, and we 
examine it in more detail in Sec, 9-6. It should be pointed out that a is 
not a constant, but varies with emitter current Jz, collector voltage Vea, 
and temperature. 

From our discussion of transistor currents we see that if the transistor is 
in its active region (that is, if the emitter is forward-biased and the collector is 
reverse-biased), the collector current is given by Eq. (9-4), or 


Iq = —alz + Ico (9-7) 


In the active region the collector current is essentially independent of 
collector voltage and depends only upon the emitter current. Suppose noW 
that we seek to generalize Eq. (9-7) so that it may apply not only when the 
collector junction is substantially reverse-biased, but also for any voltage 
across Jc. To achieve this generalization we need but replace Igo by the 
current in a p-n diode (that consisting of the base and collector regions): 
This current is given by the volt-ampere relationship of Eq. (6-31), with Je 
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replaced by —Jco and V by Vc, where the symbol Vo represents the drop 
across Jc from the p to the n side. The complete expression for I¢ for any 


Ve and Tz is 
Ie = —alz + Ico(1 — €¥e!¥2) (9-8) 


Note that if Vc is negative and has a magnitude large compared with Vr, 
Eq. (9-8) reduces to Eq. (9-7). The physical interpretation of Eq. (9-8) is 
that the p-n junction diode current crossing the collector junction is aug- 
mented by the fraction a of the current Jz flowing in the emitter. This 
relationship is derived in Sec. 9-6. 


9-3 THE TRANSISTOR AS AN AMPLIFIER 


A load resistor Rz is in series with the collector supply voltage Voc of Fig. 
9-2a. A small voltage change AV; between emitter and base causes a rela- 
tively large emitter-current change AZz. We define by the symbol a’ that 
fraction of this current change which is collected and passes through R;. The 
change in output voltage across the load resistor AV, = a/R, Alg may be 
many times the change in input voltage AV; Under these circumstances, 
the voltage amplification A = AV,/AV; will be greater than unity, and the 
transistor acts as an amplifier. If the dynamic resistance of the emitter junc- 
tion is r’, then AV; = r, AZg, and 
a/R, Alg _ oRi 
als (oft 

From Eq. (6-41), r, = 26/Iy, where Ig is the quiescent emitter current in milli- 
amperes. For example, if r, = 409, «’ = —1, and R, = 3,000, A = —75. 
This calculation is oversimplified, but in essence it is correct and gives a physi- 
eal explanation of why the transistor acts as an amplifier. The transistor pro- 
Vides power gain as well as voltage or current amplification. From the fore- 
Going explanation it is clear that current in the low-resistance input cireuit is 
transferred to the high-resistance output circuit. The word “transistor,” 
which originated as a contraction of “transfer resistor,” is based upon the 
above physical picture of the device. 


A= (9-9) 


_ The Parameter a’ The parameter a’ introduced above is defined as the 
Tatio of the change in the collector current to the change in the emitter current 
&t constant collector-to-base voltage and is called the small-signal forward 

-circwit current transfer ratio, or gain. More specifically, 
me Bie 9-10 
osama tre —— 
On 


the assumption that a is independent of Iz, then from Eq. (9-7) it follows 
a’ = —g, 
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9-4 TRANSISTOR CONSTRUCTION 


Five basic techniques have been developed for the manufacture of diodes 


transistors, and other semiconductor devices. Consequently, such devi 
may be classified*4 into one of the following types: grown, alloy, elec 
chemical, diffusion, or epitaxial. 


Grown Type The n-p-n grown-junction transistor is illustrated in Fig, 


9-4a. It is made by drawing a single crystal from a melt of silicon or 
manium whose impurity concentration is changed during the crystal-dray 
operation by adding n- or p-type atoms as required. 


Alloy Type This technique, also called the fused construction, is illus. 


trated in Fig. 9-4b for a p-n-p transistor. The center (base) section is a 


wafer of n-type material. Two small dots of indium are attached to oppo it 


sides of the wafer, and the whole structure is raised for a short time to ah 
temperature, above the melting point of indium but below that of german 
The indium dissolves the germanium beneath it and forms a saturation s 
tion. On cooling, the germanium in contact with the base material rec: 

lizes with enough indium concentration to change it from n type to p t; 
The collector is made larger than the emitter, so that the collector subte 
a large angle as viewed from the emitter. Because of this geometrical a 


ment, very little emitter current follows a diffusion path which carries it t 


the base rather than to the collector. 


Electrochemically Etched Type This technique consists in etchin| 
depressions on opposite sides of a semiconductor wafer in order to reduce th 


Aluminum 
Silicon metalization 
dioxide Emitter Base 
PE/\P% contact 


Collector 
(ce) contact 


Fig. 9-4 Construction of transistors. (a) Grown, (b) alloy, and (c) 
diffused, or epitaxial, planar types. (The dimensions are approxi- 
mate, and the figures are not drawn to scale. The base width is 
given in microns, where 1 « = 10-§ m = 10-* mm.) 
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thickness of this base section. The emitter and collector junctions are then 
formed by electroplating a suitable metal into the depression areas. This 
type of device, also referred to as a surface-barrier transistor, is no longer of 
commercial importance. 


Diffusion Type This technique consists in subjecting a semiconductor 
wafer to gaseous diffusions of both n- and p-type impurities to form both the 
emitter and the collector junctions. A planar silicon transistor of the diffusion 
type is illustrated in Fig. 9-4c. In this process (described in greater detail in 
Chap. 15 on integrated-circuit techniques), the base-collector junction area is 
determined by a diffusion mask which is photoetched just prior to the base 
diffusion. The emitter is then diffused on the base, and a final layer of silicon 
oxide is thermally grown over the entire surface. Because of the passivating 
action of this oxide layer, most surface problems are avoided and very low 
leakage currents result. There is also an improvement in the current gain 
at low currents and in the noise figure. 


Epitaxial Type The epitaxial technique (Sec. 15-2) consists in growing 


_ a yery thin, high-purity, single-crystal layer of silicon or germanium on a 


heavily doped substrate of the same material. This augmented crystal forms 
the collector on which the base and emitter may be diffused (Fig. 15-11b). 

The foregoing techniques may be combined to form a large number of 
methods for constructing transistors. For example, there are diffused-alloy 
types, grown-diffused devices, alloy-emitter—epitaxial-base transistors, etc. The 
Special features of transistors of importance at high frequencies are discussed 
in Chap. 13. The volt-ampere characteristics at low frequencies of all types 
of junction transistors are essentially the same, and the discussion to follow 
4pplies to them all. 

Finally, because of its historical significance, let us mention the first type 
Of transistor to be invented. This device consists of two sharply pointed 
tungsten wires pressed against a semiconductor wafer. However, the relia- 
bility and reproducibility of such point-contact transistors are very poor, and 
48 a result these transistors are no longer of practical importance. 


9-5 DETAILED STUDY OF THE CURRENTS IN A TRANSISTOR 


This analysis follows in many respects that given in Sec. 6-5 for the current 
“mponents in a junction diode. From Eq. (6-14) we see that the net current 
and i @ junction equals the sum of the electron current J,, in the p side 
x e hole current Ipn in the n side, evaluated at the junction (x = 0). For 
the ‘@ transistor (Fig. 9-1a) electrons are injected from the base region across 
ed junction into a p region which is large compared with the diffusion 
Bronce : ‘ This is precisely the condition that exists in a junction diode, and 
‘© expression for J,, calculated previously is also valid for the transis- 


——  -— -) le ee eS ee oT =<; _— 
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tor. From Eq. (6-25) we find that at the junction The exact solution is not difficult to find (Prob. 9-3). Usually, however, 
the base width W is small compared with Lz, and we can simplify the solution 
by jntroducing this inequality. Since 0 <2 < W, we shall assume that 
/Ls < |, and then the exponentials in Eq. (9-13) can be expanded into a 
power series. If only the first two terms are retained, this equation has the 
form 


Tn(0) = 


AeDanzo (¥alVr — 1) 
Le 


where in Eq. (6-25) we have replaced V by Vz; we have changed nj to ng 
because there are now two p regions and the emitter (Z) is under consid 
ation; we have changed L,, to Lg in order to refer to the diffusion length o! 
minority carriers in the emitter. A summary of the symbols used follows: : 


Pa — Pro = Ks + Ket (9-15) 


where K; and K, are new (and, as yet, undetermined) constants. To this 
oximation, p,» is a linear function of distance in the base. Then, from 
Eqs. (9-12) and (9-15), 


Tyn = —AeD,K, = const (9-16) 


This result—that the minority-carrier current is a constant throughout the 
base region—is readily understood because we have assumed that W < Lz. 
Under these circumstances, little recombination can take place within the 
base, and hence the hole current entering the base at the emitter junction 
leaves the base at the collector junction unattenuated. This means that the 
transport factor 6* is unity. Substituting the boundary conditions (9-14) in 
(9-15), we easily solve for K, and then find 


A = cross section of transistor, m?* 
é€ = magnitude of electronic charge, C 
D, (D,) = diffusion constant for electrons (holes), m?/sec . 
Ngo (neo) = thermal-equilibrium electron concentration in the p-type mats 
rial of the emitter (collector), m-* F 
Lx (Lc) (Lz) = diffusion length for minority carriers in the emitter (collecto 
(base), m 7 
Vz (Vc) = voltage drop across emitter (collector) junction; positive for, 
forward bias, i.e., for the p side positive with respect to the 
side 
Vr = volt equivalent of temperature [Eq. (6-34)] 
Pn = hole concentration in the n-type material, m-* 
Pno = thermal-equilibrium value of pa 
W = base width, m 
In (Inp) = hole (electron) current in n (p) material 


Ipn(0) = — AeDoBre ((reirs — 1) — (er — 1) (9-17) 


The Ebers-Moll Equations From Fig. 9-3 we have for the emitter current 


The Hole Current in the n-type Base Region The value of J,, is 0 Tx = Ing + Inz = Ipn(0) + Inp(0) (9-18) 
that found in Sec. 6-5 for a diode because, in the transistor, the hole cur Usi 
exists in a base region of small width, whereas in a diode, the n region exten Sing Eqs. (9-11), (9-17), and (9-18), we find 
over a distance large compared with L,. The diffusion current is given, = ValVr — VolVs — 
usual, by Eq. (6-18); namely, ee 8 SM re ee Gin 
I D5Pno _, Datee AeDsDno 
Ime = Ae an = e(2p + Pee) oy = — Agee (9-20) 
Tha simi i 
where p, is found from the continuity equation. From Eq. (5-50), rpg a 
a, Ig = Val¥e — VolVe — 21 
Pn — Dno = Kye*/bn + Kye**!la (9-1 Sl lr ge a vee 
: Where we can show (Prob. 9-2) that 
where K, and K» are constants to be determined by the boundary conditions D 
The situation at each junction is exactly as for the diode junction, and # a, = — AcD Pro @z, = Ae (AR ~ Pener) (9-22) 
boundary condition is that given by Eq. (6-22), or W Wa ne 


We note that ai: = ae:. This result may be shown® to be valid for a 

istor possessing any geometry. Equations (9-19) and (9-21) are valid 

and (9-44 for ny positive or negative value of Vz or Vc, and they are known as the 
Pn = PnoePl’r atx = W ’ Boers Moll equations. 


Pn = Pnoe®*!¥r ate =0 
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Sec. 9-7 
decreases. Hence Eq, (9-32) indicates that a increases as the collector junction 
mes more reverse-biased. 
‘The emitter efficiency and hence also a is a function of emitter current. 
Equation (9-30) indicates that decreases at high currents where og increases 
use of the additional charges injected into the base. (This effect is 
called conductivity modulation.) Also, it is found that y decreases at very low 
yalues of Iz. This effect is due to the recombination of charge carriers in the 


9-6 THE TRANSISTOR ALPHA 
Tf Vz is eliminated from Eqs. (9-19) and (9-21), the result is 


Tees 28 Bagh th (ox - suse) (eVelvr — 1) 
au ay 


This equation has the same form as Eq. (9-8). Hence we have, j 


comparison, transition region at the emitter junction.* At low injection currents this 
CP parrier recombination current is a large fraction of the total current and hence 

ys, Gh y must be reduced.’ Since silicon has many recombination centers in the 

harge layer, then y— 0 (and a— 0) as Jz-+0. On the other hand, 

Teo = 22122 _ a . a ~ 0.9 for germanium at Zz = 0 because germanium can be produced rela- 


tively free of recombination centers. 
The collector reverse saturation current can be determined using Eqs. 


(9-25), (9-20), and (9-22). 


Using Eqs. (9-20) and (9-22), we obtain 


“: 
~ T+ DineW/LeDyPno 


Making use of Eq. (5-2) for the conductivity, Eq. (5-33) for the diff 
constant, and Eq. (5-19) for the concentration, Eq. (9-26) reduces to 


i = volvtawival a 
1+ Wop/Lecg ° 


where gz (cg) is the conductivity of the base (emitter). We see that, in o1 
to keep a close to unity, ¢z/an should be large and W/L should be kept sm 

The analysis of the preceding section is based upon the assumption 
W/L <1. If this restriction is removed, the solution given in Prob. § 
is obtained. We then find (Prob. 9-5) that 


1 
~ T+ (D,Lanz/D,Lepn.) tanh (W/Ln) 


a 


9-7 THE COMMON-BASE CONFIGURATION 


Tf the voltages across the two junctions are known, the three transistor cur- 
tents can be uniquely determined using Eqs. (9-19) and (9-21). Many differ- 
ent families of characteristic curves can be drawn, depending upon which two 
arameters are chosen as the independent variables. In the case of the tran- 
r, it turns out to be most useful to select the input current and output 
f as the independent variables. The output current and input voltage 
fire expressed graphically in terms of these independent variables. In Fig. 
2a, a p-n-p transistor is shown in a grounded-base configuration, This cir- 
Cuit is also referred to as a common-base, or CB, configuration, since the base 
Common to the input and output circuits. For a p-n-p transistor the largest 

t components are due to holes. Since holes flow from the emitter to the 
ti and down toward ground out of the base terminal, then, referring to 


a 


uf 


and 
B* = sech iW f B 
Ls Polarity conventions of Fig. 9-1, we see that J is positive, I¢ is negative, 
Te is negative. For a forward-biased emitter junction, Vz is positive, 
for a reverse-biased collector junction, Vex is negative. For an n-~p-n 
sistor all current and voltage polarities are the negative of those for a 
P-n-p transistor. We may completely describe the transistor of Fig. 9-1a or b 
the following two relations, which give the input voltage Vez and output 
nt Ic in terms of the output voltage Ver and input current Iz: 


Vex = $:(Ves, Iz) (9-33) 
Ic = ¢2(Ven; Iz) (9-34) 


If W «Lz, the hyperbolic secant and the hyperbolic tangent can be expand! 
in powers of W/Lz, and the first approximations are (Prob. 9-6) 


ae ae Fae i Won 
1+ Wos/Leoe Log 


i 2 
eosni( 


apt picditentt (LEN Wea 
bape s(Z) Luce 


As the magnitude of the reverse-bias collector voltage increases, the sp 
charge width at the collector increases (Fig. 9-2) and the effective base width 


his €quation is read, “Z¢ is some function ¢2 of Veg and Iz.’’) 
Bi he relation of Eq. (9-34) is given in Fig. 9-5 for a typical p-n-p ger- 
tm transistor and is a plot of collector current Ic versus collector-to-base 
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consequences: First, there is less chance for recombination within the 
a region. Hence the transport factor 8*, and also a, increase with an 
vai e in the magnitude of the collector junction voltage. Second, the 
charge gradient is increased within the base, and consequently, the current of 
minority carriers injected across the emitter junction increases. 


Fig. 9-5 Typical common- 
base output characteristic; 
of a p-n-p transistor. 
cutoff, active, and satura. 
tion regions are indica’ 
Note the expanded volta 
scale in the saturation 
region. 


The Input Characteristics A qualitative understanding of the form of 
the input and output characteristics is not difficult if we consider the fact that 
the transistor consists of two diodes placed in series “back to back (with, the 
two cathodes connected together). In the active region the input diode 
(emitter-to-base) is biased in the forward direction. The input characteristics 
of Fig. 9-6 represent simply the forward characteristic of the emitter-to-base 
diode for various collector voltages. A noteworthy feature of the input char- 
acteristics is that there exists a culin, offsel, or threshold, voltage Vy, below 
which the emitter current is very small. In general, Vy is approximately 0.1 V 
for germanium transistors (Fig. 9-6) and 0.5 V for silicon. ; f 
The shape of the input characteristics can be understood if we consider 
the fact that an increase in magnitude of collector voltage will, by the Early 
effect, cause the emitter current to increase, with Vz held constant. Thus 
the curves shift downward as |Vca| increases, as noted in Fig. 9-6. 
The curve with the collector open represents the characteristic of the 
forward-biased emitter diode. When the collector is shorted to the base, the 
emitter current increases for a given Vgz since the collector now removes 
Minority carriers from the base, and hence the base can attract. more holes 
from the emitter. This means that the curve with Vcg = 0 is shifted down- 
Ward from the collector characteristic marked “Vez open.” 


0.25 0 -2 -4 -6 -8 
Collector-to-base voltage drop Vey, V 


voltage drop Ves, with emitter current Jz as a parameter. The curves 
Fig, 9-5 are known as the output, or collector, static characteristics. The 
tion of Eq. (9-33) is given in Fig. 9-6 for the same transistor, and is a p) 
emitter-to-base voltage Vzs versus emitter current I, with collector-to- 
voltage Veg as a parameter. This set of curves is referred to as the input, 
emitter, static characteristics. We digress now in order to discuss a pheno: 

known as the Larly effect, which is used to account for the shapes of 


‘isti isti in Fig. 9-5, that it is customary 
transistor characteristics. The Output Characteristics Note, as in Fig. 9-5, 


to plot along the abscissa and to the right that polarity of Vex which reverse- 
biases the collector junction even if this polarity is negative. The collector- 
to-base diode is normally biased in the reverse direction. If Iz = 0, the col- 
tor current is Ig = Ico. For other values of Jz, the output-diode reverse 
Current is augmented by the fraction of the input-diode forward current which 
Feaches the collector. Note also that Ico is negative for a p-n-p transistor and 
Positive for an n-p-n transistor. 


The Early Effect An increase in magnitude of collector voltage inc 
the space-charge width at the output junction diode as indicated by Eq. ( 4 
From Fig. 9-2 we see that such action causes the effective base width 
decrease, a phenomenon known as the Early effect. This decrease in W 


Active Region In this region the collector junction is biased in the reverse 
‘ion and the emitter junction in the forward direction. Consider first that 
emitter current is zero. Then the collector current is small and equals 
Teverse saturation current Ico (microamperes for germanium and nano- 
Mperes for silicon) of the collector junction considered as a diode. Suppose 
that a forward emitter current Ig is caused to flow in the emitter circuit. 
na fraction —alg of this current will reach the collector, and Iz is therefore 
Siven by Eq. (9-7). In the active region, the collector current is essentially 
Pendent of collector voltage and depends only upon the emitter current. 


Fig. 9-6 Common-base i 
characteristics of a typical 
p-N-p germanium junction 
transistor. 


Emitter voltage Vix, V 


Emitter current J;, mA 
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9-8 


However, because of the Early effect, we note in Fig. 9-5 that there actually ; 
a small (perhaps 0.5 percent) increase in |Jc| with |Vca|. Because a is le 
than, but almost equal to, unity, the magnitude of the collector current j 
(slightly) less than that of the emitter current. t 


taken as the independent variables, whereas the input voltage and output 
qurrent are the dependent variables. We may write 


Ves = fi(Vox, Is) (9-85) 
Ic = f2(Vex, In) (9-36) 


Equation (9-85) describes the family of input characteristic cures, and 
(9-36) describes the family of output characteristic curves. — Typical out- 
Ht and input characteristic curves for a p-n-p junction germanium transistor 
F iven in Figs. 9-8 and 9-9, respectively. In Fig, 9-8 the abscissa is the 
Ba aetor-to-émitter voltage Vcz, the ordinate is the collector current Ic, and 
iS curves are given for various values of base current Iz. For a fixed value 
of In, the collector current is not a very sensitive value of Vez. ped 
the slopes of the curves of Fig. 9-8 are larger than in the common-base ¢ nie 
teristics of Fig. 9-5. Observe also that the base current is much smaller than 
itter current. cpg 
” es jocus of all points at which the collector dissipation is 150 mW is indi- 
eated in Fig. 9-8 by a solid line Pe = 150 mW. This curve is the brnestels 
Po = Veslc = Vezlc = constant. To the right of this curve the rated ba 
lector dissipation is exceeded. In Fig..9-8 we have selected Rr i 500 2 - 
a supply Vcc = 10 V and have superimposed the corresponding load ine 
on the output characteristics, The method of constructing & load line is 
identical with that explained in Sec. 4-9 in connection with a diode. 


Saturation Region The region to the left of the ordinate, Vos = 0, 
above the Zz = 0 characteristics, in which both emitter and collector junctio 
are forward-biased, is called the saturation region. We say that “bottomin 
has taken place because the voltage has fallen near the bottom of the cha 
teristic where Vez ~ 0. Actually, Vez is slightly positive (for a p-n-p ti 
sistor) in this region, and this forward biasing of the collector accounts for tl 
large change in collector current with small changes in collector voltage. Fe 
a forward bias, Jc increases exponentially with voltage according to the diod 
relationship [Eq. (9-21)]. A forward bias means that the collector p mate 
is made positive with respect to the base n side, and hence that hole e 
flows from the p side across the collector junction to the n material. 
hole flow corresponds to a positive change in collector current. Hence 
collector current increases rapidly, and as indicated in Fig. 9-5, Zo may e 
become positive if the forward bias is sufficiently large. 


Cutoff Region The characteristic for J; = 0 passes through the orig 
but is otherwise similar to the other characteristics. This characteristic | 
not coincident with the voltage axis, though the separation is difficult to s 
because Zco is only a few nanoamperes or microamperes, The region beli 
and to the right of the Iz = 0 characteristic, for which the emitter and 
lector junctions are both reverse-biased, is referred to as the cutoff region. 
temperature characteristics of Ico are discussed in Sec. 9-9. 


The Input Characteristics In Fig. 9-9 the abscissa is the base current Is, 
the ordinate is the base-to-emitter voltage Vez, and the curves are given for 
various values of collector-to-emitter voltage Vcz. We observe that, with the 
collector shorted to the emitter and the emitter forward-biased, the input char- 
acteristic is essentially that of a forward-biased diode. If Vaz becomes zero, 


9-8 THE COMMON-EMITTER CONFIGURATION 


Most transistor circuits have the emitter, rather than the base, as the termil 
common to both input and output. Such a common-emitter CE, or groumn 
emitter, configuration is indicated in Fig. 9-7. In the common-emitter, 4 
the common-base, configuration, the input current and the output volti 


Fig. 9-8 Typical common-emitter 
Output characteristics of a p-n-p 
Germanium junction transistor. A 
load line corresponding to Voc = 
WV and R, = 500 Wis super- 
imposed. (Courtesy of Texas 
ruments, Inc.) 


= 
= 


Fig. 9-7 A transistor common-emitter co 
figuration. The symbol Voc is a positive — 
number representing the magnitude of the 
supply voltage. 


Collector current Jc, mA 


LIN A 


Collector-emitter voltage Vez, V 
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i 7) is based on the assumption that Vez is fixed. However, if 
ee ae Mol several volts, the voltage across the collector janction is 
oh larger than that across the emitter junction, and we may consider 
a ~ Ves. Hence Eq. (9-38) is valid for values of Vcz in excess of a few 
ath a were truly constant, then, according to Eq. (9-38), Tc would be inde- 
dent of Vcg and the curves of Fig. 9-8 would be horizontal. Assume that, 
a use of the Early effect, a increases by only one-half of 1 percent, from 
0,98 to 0.985, as |Vcex| increases from a few volts to 10 V. Then the value 
of a/(1 — ) increases from 0.98/(1 — 0.98) = 49 to 0.985/(1 — 0.985) = — 
or about 34 percent. This numerical example illustrates that a very be 
change (0.5 percent) in a is reflected in a very large change (34 percent) in the 
yalue of a/(1 — a). It should also be clear that a slight change in a has a 
large effect on the common-emitter curves, and hence that common-emitter 
characteristics are normally subject to a wide variation even among transis- 
tors of a given type. This variability is caused by the fact that Iz is the 
difference between large and nearly equal currents, Zz and Ic. 


Fig. 9-9 Typical common-emitter input 
characteristics of the p-n-p germanium 
tion transistor of Fig. 9-8. 


then Ig will be zero, since under these conditions both emitter and collec 
junctions will be short-circuited. For any other value of Vcg, the base 
rent for Vez = 0 is not actually zero but is too small (See. 9-15) to be observ 
in Fig. 9-9. In general, increasing |Vcz| with constant Vez causes a decrea: 
in base width W (the Early effect) and results in a decreasing recombinati¢ 
base current. These considerations account for the shape of input cha 
istics shown in Fig. 9-9. 

The input characteristics for silicon transistors are similar in form to tho 
in Fig. 9-9. The only notable difference in the case of silicon is that the 
break away from zero current in the range 0.5 to 0.6 V, rather than in t 
range 0.1 to 0.2 V as for germanium. 


9-9 THE CE CUTOFF REGION 


We might be inclined to think that cutoff in Fig. 9-8 occurs at the intersection 
of the load line with the current Jp = 0; however, we now find that appreci- 
able collector current may exist under these conditions. The common-base 
characteristics are described to a good approximation even to the point of 
cutoff by Eq. (9-7), repeated here for convenience: 

The Output Characteristics This family of curves may be divided int 
three regions, just as was done for the CB configuration. The first of the 
the active region, is discussed here, and the cutoff and saturation regions 
considered in the next two sections. 

In the active region the collector junction is reverse-biased and the emit { 
junction is forward-biased. In Fig. 9-8 the active region is the area to t 
right of the ordinate Veg = a few tenths of a volt and above Jz = 0, In 
region the transistor output current responds most sensitively to an i p 
signal. If the transistor is to be used as an amplifying device without appre 
able distortion, it must be restricted to operate in this region. 

The common-emitter characteristics in the active region are readily unde 
stood qualitatively on the basis of our earlier discussion of the common-ba 
configuration. The base current is 


Tp = —(Ic + Iz) 
Combining this equation with Eq. (9-7), we find 
Tco be als 


l-a l-a 


Ic = —alz + Ico (9-39) 


From Fig. 9-7, if Is = 0, then Zz = —Ic. Combining with Eq. (9-39), we 
ve 
Ic = In = 1, = Toxo (9-40) 
The actual collector current with collector junction reverse-biased and base 
Open-circuited is designated by the symbol Zcgo. Since, even in the neighbor- 
d of cutoff, a may be as large as 0.9 for germanium, then I c# 101 co at 
ero base current. Accordingly, in order to cut off the transistor, it is not 
fhough to reduce Ip to zero. Instead, it is necessary to. reverse-bias the 
€mitter junction slightly. We shall define cutoff as the condition where the col- 
tor current is equal to the reverse saturation current Jco and the emitter cur- 
Tentis zero. In Sec. 9-15 we show that a reverse-biasing voltage of the order of 
O1y established across the emitter junction will ordinarily be adequate to cut 
Off a germanium transistor. In silicon, at collector currents of the order of Ico, 


Shit itis found®.” that @ is very nearly zero because of recombination in the emitter- 
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junction transition region. Hence, even with Ig = 0, we find, from Eg 
(9-40), that Ic = Ico = —Iz, so that the transistor is still very close to cutoff, 
We verify in Sec. 9-15 that, in silicon, cutoff occurs at Vag ~ 0 V, correspond- 
ing to a base short-circuited to the emitter. In summary, cutoff means 
Tz = 0, Ic = Ico, In = —Ic = —Ico, and Vz is a reverse voltage whose 

nitude is of the order of 0.1 V for germanium and 0 V for a silicon transistor, 


The Reverse Collector Saturation Current J, cso The collector current i 
a physical transistor (a real, nonidealized, or commercial device) when the 
emitter current is zero is designated by the symbol Jcso. Two factors cooper- 
ate to make |Zcuo| larger than |J¢o|. First, there exists a leakage 
which flows, not through the junction, but around it and across the surfa 
The leakage current is proportional to the voltage across the junction. Th 
second reason why |Jcxo| exceeds |Z¢o| is that new carriers may be generate 
by collision in the collector-junction transition region, leading to avalane 
multiplication of current and eventual breakdown. But even before bre: 
down is approached, this multiplication component of current may attain ¢ 
siderable proportions. 

At 25°C, Tezo for a germanium transistor whose power dissipation is in 
the range of some hundreds of milliwatts is of the order of microampet 
Under similar conditions a silicon transistor has an Icgo in the range of n 
amperes. The temperature sensitivity of Ic¢zo in silicon is approximately th 
same as that of germanium. Specifically, it is found® that the temperatun 
coefficient of Iczo is 8 percent/°C for germanium and 6 percent/°C for silicon 
Using 7 percent as an average value and since (1.07)!° = 2, we see that Zeng 
approximately doubles for every 10°C increase in temperature for both Gi 
and Si. However, because of the lower absolute value of J, cro in silicon, the! 
transistors may be used up to about 200°C, whereas germanium transistor 
are limited to about 100°C. 

In addition to the variability of reverse saturation current with temp ra 
ture, there is also a wide variability of reverse current among samples of 
given transistor type. For example, the specification sheet for a Texas Instru- 
ment type 2N337 grown diffused silicon switching transistor indicates that this 
type number includes units with values of Tepe extending over the tremendous 
range from 0.2 nA to 0.3 wA. Accordingly, any particular transistor maj 


have an Jono which differs very considerably from the average characteri 
for the type. 


Circuit Considerations at Cutoff Because of temperature effects, ava 
lanche multiplication, and the wide variability encountered from sample 
sample of a particular transistor type, even silicon may have values of Je 
of the order of inany tens of microamperes. Consider the circuit configurati 
of Fig. 9-10, where V yz represents a biasing voltage intended to keep the t 
sistor cut off. We consider that the transistor is just at the point of cutofl 
with Jz = 0,sothatIz = —Iczo. If we require that at cutoff Vaz ~ —0.1V; 
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Fig. 9-10 Reverse biasing of the 
emitter junction to maintain the 
transistor in cutoff in the presence 
of the reverse saturation current 
Toxo through Rs. 


then the condition of cutoff requires that 
Vaz = —Vae + Ralczo < —0.1V 


(9-41) 


As an extreme example consider that Rez is, say, as large as 100 K and that 
we want to allow for the contingency that Icgo0 may become as large as 100 vA. 
Then Vzz must be at least 10.1 V. When co is small, the magnitude of the 
yoltage across the base-emitter junction will be 10.1 V. Hence we must use 
a transistor whose maximum allowable reverse base-to-emitter junction volt- 
age before breakdown exceeds 10 V. It is with this contingency in mind that 
@ manufacturer supplies a rating for the reverse breakdown voltage between 
emitter and base, represented by the symbol BVzzo. The subscript O indi- 
cates that BV gzo is measured under the condition that the collector current is 
zero. Breakdown voltages BV zg0 may be as high as some tens of volts or as 
low as0.5V. If BVzzo = 1 V, then Vez must be chosen to have a maximum 
value of 1 V. For Vsz = 1 V and for Ico = 0.1 mA maximum, Rp cannot 
exceed 9 K. For example, if Rz = 8 K, then 


—Voee + Iceoks = —1+08 = —0.2V 
80 that the transistor is indeed cut off. 


9-10 THE CE SATURATION REGION 


A load line has been superimposed on Fig. 9-8 corresponding to a load resistor 
R: = 500 2 and a supply voltage of 10 V. The saturation region may be 
defined as the one where the collector junction (as well as the emitter junction) 
isforward-biased. In this region bottoming occurs, |Vcz| drops to a few tenths 
4 volt, and the collector current is approximately independent of base cur- 
Tent, for given values of Vcc and Ry. Hence we may consider that the onset 
of saturation takes place at the knee of the transistor curves in Fig. 9-8. Satu- 
Fation occurs for the given load line at a base current of —0.17 mA, and at this 
Point the collector voltage is too small to be read in Fig. 9-8. In saturation, 
collector current is nominally Vec/Rz, and since Ry is small, it may well 
. Recessary to keep Veo correspondingly small in order to stay within the 
itations imposed by the transistor on maximum current and dissipation. 


Fig. 9-11 Saturation-region com- 
mon-emitter characteristics of the 
type 2N404 germanium transistor, 
A load line corresponding to 
Vee = 10 Vand Rz = 500Qis sup 
imposed. (Courtesy of Texas 

Instruments, Inc.) 


Collector current J, , mA 


o -0.1 
Collector-emitter voltage Vez, V 


—0.3 


We are not able to read the collector-to-emitter saturation vol 
Vcx(sat), with any precision from the plots of Fig. 9-8. We refer inste 
to the characteristics shown in Fig. 9-11. In these characteristics the 0- to 
—0.5-V region of Fig. 9-8 has been expanded, and we have superimposed 
same load line as before, corresponding to Rz = 500 2. We observe fro 
Figs. 9-8 and 9-11 that Vcg and Jc no longer respond appreciably to bas 
current Zz, after the base current has attained the value —0.15 mA. At this 
current the transistor enters saturation. For Jy = —0.15 mA, |Vesl_ 
175mV. AtJz = —0.35 mA, |Vce| has dropped to |Vce| ~ 100 mV. Larg 
magnitudes of J, will, of course, decrease |Vce| slightly further. 


Saturation Resistance Vor a transistor operating in the saturatio 
region, a quantity of interest is the ratio Vox(sat)/Ic. This parameter 
called the common-emitter saturation resistance, variously abbreviated Re f 
Rexs, or Rex(sat). To specify Res properly, we must indicate the operating 
point at which it was determined. For example, from Fig. 9-11, we find 
at Ic = —20 mA and Ip = —0.35 mA, Res ~ —0.1/(—20 X 10-*) = 5 @ 
The usefulness of Res stems from the fact, as appears in Fig. 9-11, that to 
left of the knee each of the plots, for fixed I, may be approximated, at leas 
roughly, by a straight line. 


Saturation Voltages Manufacturers specify saturation values of inp 
and output voltages in a number of different ways, in addition to supply 
characteristic curves such as Figs. 9-9 and 9-11. For example, they ma 
specify Res for several values of Jz or they may supply curves of Vcg(sat) 
Voz(sat) as functions of Jz and I¢.'9 4 

The saturation voltage Vcx(sat) depends not only on the operating poi; 
but also on the semiconductor material (germanium or silicon) and on @ 
type of transistor construction. Alloy-junction and epitaxial transistors g™ 
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the lowest values for Vcg(sat) (corresponding to about 1 @ saturation resist- 
ance), whereas grown-junction transistors yield the highest. Germanium 
transistors have lower values for Vcs(sat) than silicon. For example, an 
alloy-junction Ge transistor may have, with adequate base currents, values 
for Vce(sat) as low as tens of millivolts at collector currents which are some 
tens of milliamperes. Similarly, epitaxial silicon transistors may yield satu- 
ration voltages as low as 0.2 V with collector currents as high as an ampere. 
On the other hand, grown-junction germanium transistors have saturation 
voltages which are several tenths of a volt, and silicon transistors of this type 
may have saturation voltages as high as several volts. 

Typical values of the temperature coefficient of the saturation voltages 
are ~—2.5 mV/°C for Vzx(sat) and approximately one-tenth of this value 
for Vcx(sat) for either germanium or silicon. The temperature coefficient for 
Vas(sat) is that of a forward-biased diode [Eq. (6-39)]. In saturation the 
transistor consists of two forward-biased diodes back-to-back in series opposing. 
Hence, it is to be anticipated that the temperature-induced voltage change in 
one junction will be canceled by the change in the other junction. We do 
indeed find’ such to be the case for Vcx(sat). 


The DC Current Gain Ars A transistor parameter of interest is the 
tatio Ic/Ig, where I¢ is the collector current and Ig is the base current. This 
quantity is designated by Ba. or hrg, and is known as the de beta, the de forward 
current transfer ratio, or the de current gain. 

Tn the saturation region, the parameter hrg is a useful number and one 
which is usually supplied by the manufacturer when a switching transistor is 
involved. We know |Jc|, which is given approximately by Vcc/Rz, and a 
knowledge of hrg tells us how much input base current (I¢/hrs) will be needed 
to saturate the transistor. For the type 2N404, the variation of hrs with 
collector current at a low value of Veg is as given in Fig. 9-12. Note the 
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wide spread (a ratio of 3:1) in the value which may be obtained for hrz even 
for a transistor of a particular type. Commercially available transistors hay; 
values of hrs that cover the range from 10 to 150 at collector currents ag 
small as 5 mA and as large as 30 A. a 


Tests for Saturation It is often important to know whether or not, 
transistor is in saturation. We have already given two methods for m 
such a determination. These may be summarized as follows: 


1. If Tc and Tz can be determined independently from the circuit under 
sideration, the transistor is in saturation if |\Ip| > |Ic|/hre- 

2. If Vos is determined from the cirewit configuration and if this quantity ig 
positive for a p-n-p transistor (or negative for an n-p-n), the transistor is in 
ration. Of course, the emitter junction must be simultaneously forward-biase 
but then we should not be testing for saturation if this condition were 
satisfied. 


9-11 LARGE-SIGNAL, DC, AND SMALL-SIGNAL 
CE VALUES OF CURRENT GAIN 
If we define 8 by 
a 
oo Lim & 


and replace Ico by Icgo, then Eq. (9-38) becomes 
Te = (1+ B)Icxo + Ble 
From Eq. (9-43) we have 


p= Ic — Ico 
I — (—Icao) 


In Sec. 9-9 we define cutoff to mean that Ig = 0, Ic = Icso, and Ip = —len 
Consequently, Eq. (9-44) gives the ratio of the collector-current increme! 
the base-current change from cutoff to 7, and hence 8 represents the large 
current gain of a common-emitter transistor. This parameter isof primary i 
tance in connection with the biasing and stability of transistor circuits as 
cussed in Chap. 10. 

In Sec. 9-10 we define the de current gain by 


I 
Bac cd = hee 
In that section it is noted that hrz is most useful in connection with detél 
mining whether or not a transistor is in saturation. In general, the b8 
current (and hence the collector current) is large compared with Iczo- Und 
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these conditions the large-signal and the de betas are approximately equal; 
then hrz ~ B. 

The small-signal CE forward short-circuit current gain @’ is defined as the 
ratio of a collector-current increment AJ¢ for a small base-current change AI‘ 
(at a given quiescent operating point, at a fixed collector-to-emitter voltage 
Ves), oF 
» — Ie 
as OT zg |Vee 


(9-46) 


If 6 is independent of current, we see from Eq. (9-43) that 6’ = 8 ~ hpg. 
However, Fig. 9-12 indicates that 8 is a function of current, and from Eq. 
(9-43), 


a op 
= T, red 
B’ = 8 + (Iceo + Is) als (9-47) 
The small-signal CE forward gain 6’ is used in the analysis of amplifier cir- 
cuits and is designated by hy. in Chap. 11. Using p’ = hy, and 8 = hrs, 
Eq. (9-47) becomes 
hez 
hee = (9-48) 
1 — (eso + In) ae 
c 
Since hys versus I¢ given in Fig, 9-12\shows a maximum, then hye is larger 
than hrg for small currents (to the left of the maximum) and hye < hee for 
currents larger than that corresponding to the maximum. It should be empha- 
sized that Eq. (9-48) is valid in the active region only. From Fig. 9-11 we see 
that hy. 0 in the saturation region because AZ; — 0 for a small increment AZ ‘B 


9-12 THE COMMON-COLLECTOR CONFIGURATION 


Another transistor-cireuit configuration, shown in Fig. 9-13, is known as the 
*ommon-collector configuration. The circuit is basically the same as the cir- 
cuit of Fig. 9-7, with the exception that the load resistor is in the emitter 
“ircuit rather than in the collector circuit. If we continue to specify the oper- 
Ation of the circuit in terms of the currents which flow, the operation for the 


Fig. 9.13 The transistor common-collector 
Sonfiguration. 
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common-collector is much the same as for the common-emitter configuration, 
When the base current is Ico, the emitter current will be zero, and no current 
will flow in the load. As the transistor is brought out of this back-biased 
condition by increasing the magnitude of the base current, the transistor will 
pass through the active region and eventually reach saturation. In this condi- 
tion all the supply voltage, except for a very small drop across the transistor, 
will appear across the load. 


9-13 GRAPHICAL ANALYSIS OF THE CE CONFIGURATION 


It is our purpose in this section to analyze graphically the operation of the 
circuit of Fig. 9-14. In Fig. 9-15a the output characteristics of a p-n-p 
germanium transistor and in Fig. 9-15b the corresponding input characteristics 
are indicated. We have selected the CE configuration because, as we see in 
Chap. 11, it is the most generally useful configuration. 

In Fig. 9-15a we have drawn a load line for a 250-2 load with Veo = 15 V. 
If the input base-current signal is symmetric, the quiescent point Q is usually 
selected at about the center of the load line, as shown in Fig. 9-15a. We 
postpone until Chap. 10 our discussion on biasing of transistors. 


Notation At this point it is important to make a few remarks on tran- 
sistor symbols. The convention used to designate transistor voltages and 
currents is the same as that introduced for vacuum tubes in Sec. 7-9. Spe- 
cifically, instantaneous values of quantities which vary with time are repre: 
sented by lowercase letters (i for current, v for voltage, and p for power). 
Maximum, average (dc), and effective, or root-mean-square (rms), values 
represented by the uppercase letter of the proper symbol (I, V, or P). Aver 
age (dc) values and instantaneous total values are indicated by the uppercase 
subscript of the proper electrode symbol (B for base, C for collector, Z 
emitter). Varying components from some quiescent value are indicated by 
the lowercase subscript of the proper electrode symbol. A single subscript 18 
used if the reference electrode is clearly understood. If there is any poss 


Fig. 9-14 The CE transistor co 
ation. 
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Collector current fc, mA Base voltage Ups, V 


Collector voltage vcr, V 


Base current ip, pA 
(a) (6) 
Fig. 9-15 (a) Output and (b) input characteristics of a p-n-p germanium transistor. 


bility of ambiguity, the conventional double-subscript notation should be used. 
For example, in Figs. 9-16a to d and 9-14, we show collector and base currents 
and voltages in the common-emitter transistor configuration, employing the 
notation just described. The collector and emitter current and voltage com- 
ponent variations from the corresponding quiescent values are 


te = te — Ig = Mic te = ve — Vo = Ave 


& = tp — Ip = Aig Uy = vp — Ve = Avg 


The magnitude of the supply voltage is indicated by repeating the electrode 
Subscript. This notation is summarized in Table 9-1. 


TABLE 9.1 


Notation 
Base (collector) 
Base (collector) 
voltage with sping Aipteld 
respect to emitter 1 circuit 
RS Fer 
Thstantancous total value. in (ic) 
Quiescent Mealiie. szostt-wilt-omia'ss Seoetis : Ts (Ie) 
fitantancous value of varying component...... ig (Ge) 


“peed value of varying component (phasor, if 


Besteapinl) RL actu ee sch sana 
Supply voltage (magnitude) 


Ty (Ie) 
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fe 


= 3e 
2 
(d) 


tole 


(0) 


Fig. 9-16 (a, b) Collector and (c, d) base current and voltage waveforms. 


The Waveforms Assume a 200-uA peak sinusoidally varying base cu! 
around the quiescent point Q, where Jy = —300 wA. Then the extren 
points of the base waveform are A and B, where ig = —500 nA and —100 ui 
respectively. These points are located on the load line in Fig. 9-15a, 
find i¢ and veg, corresponding to any given value of zg, at the intersec 
the load line and the collector characteristics corresponding to this value 
For example, at point A, ig = —500 vA, i¢ = —46.5 mA, and veg = — 
The waveforms ic and vcg are plotted in Fig. 9-16a and b, respectively. 
observe that the collector current and collector voltage waveforms are not 
same as the base-current waveform (the sinusoid of Vig. 9-16c) because ih 
collector characteristics in the neighborhood of the load line in Fig. 9-15a @ 
not parallel lines equally spaced for equal increments in base current. 1 
change in waveform is known as output nonlinear distortion. 

The base-to-emitter voltage vss for any combination of base — in 
collector-to-emitter voltage can be obtained from the input characteris 
curves. In Fig. 9-15b we show the dynamic operating curve drawn fe 
combinations of base current and collector voltage found along A-Q-B 
load line of Fig. 9-15a. The waveform ugg can be obtained from the dy: 
operating curve of Fig. 9-15b by reading the voltage vas corresponding t 


Ratio 
iiictic, 
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given base current tg. We now observe that, since the dynamic curve is not 
a straight line, the waveform of » (Fig. 9-16d) will not, in general, be the 
same as the waveform of %. This change in waveform is known as input 
nonlinear distortion. In some cases it is more reasonable to assume that 
in Fig. 9-16d is sinusoidal, and then %, will be distorted. The above condition 
will be true if the sinusoidal voltage source v, driving the transistor has a 
small output resistance R, in comparison with the input resistance R; of the 
transistor, so that the transistor input-voltage waveform is essentially the 
same as the source waveform. However, if R, > R, the variation in ig is 
given by  ~ v./R,, and hence the base-current waveform is also sinusoidal. 

From Fig. 9-15b we see that for a large sinusoidal base voltage v) around the 
point Q the base-current swing || is smaller to the left of Q than to the right 
of Q. This input distortion tends to cancel the output distortion because, in 
Fig. 9-15a, the collector-current swing |7.| for a given base-current swing is 
larger over the section BQ than over QA. Hence, if the amplifier is biased 
so that Q is near the center of the ic-vcg plane, there will be less distortion if the 
excitation is a sinusoidal base voltage than if it is a sinusoidal base current. 

It should be noted here that the dynamic load curve can be approximated 
by a straight line over a sufficiently small line segment, and hence, if the input 
signal is small, there will be negligible input distortion under any conditions 
of operation (current-source or voltage-source driver). 


9-14 ANALYTICAL EXPRESSIONS FOR 


TRANSISTOR CHARACTERISTICS 


The dependence of the currents in a transistor upon the junction voltages, or 


vice versa, may be obtained by starting with Eq. (9-8), repeated here for 
eonvenience: 


Io = —anIg — Ico(eVe!'¥t — 1) (9-49) 


We have added the subscript N to @ in order to indicate that we are using 
the transistor in the normal manner. We must recognize, however, that there 
No essential reason which constrains us from using a transistor in an inverted 
ion, that is, interchanging the roles of the emitter junction and the col- 

r junction. From a practical point of view, such an arrangement might 

be as effective as the normal mode of operation, but this matter does not 
©Oncern us now. With this inverted mode of operation in mind, we may now 
Write, in correspondence with Eq. (9-49), 
Tx = —ayI¢ — Igo(e’s!"* — 1) (9-50) 

Here @r is the inverted common-base current gain, just as ay in Eq. (9-49) is 
current gain in normal operation. Igo is the emitter-junction reverse satu- 

urrent, and Vz is the voltage drop from p side to n side at the emitter 
nm and is positive for a forward-biased emitter. In the literature, 


B 
(base) 
Fig. 9-17 Defining the voltages and currents used in the Ebers-Moll equa- 
tions. For either a p-n-p or an n-p-n transistor, a positive value of current 
that positive charge flows into the junction and a positive Ve (Vc) means 
that the emitter (collector) junction is forward-biased (the p side positive with 
respect to the n side). 


ar (reversed alpha) and ar (forward alpha) are sometimes used in place of 
a; and ay, respectively. 


The Base-spreading Resistance rx, The symbol Vc represents the drop 
across the collector junction and is positive if the junction is forward-bi 
The reference directions for currents and voltages are indicated in Fig. 9 
Since Ves represents the voltage drop from collector-to-base terminals, el 
Vce differs from V¢ by the ohmic drops in the base and the collector mate 
Recalling that the base region is very thin (Fig. 9-4), we see that the 
which enters the base region across the junction area must flow through a lon 
narrow path to reach the base terminal. The cross-sectional area for cu 
flow in the collector (or emitter) is very much larger than in the base. Hene 
usually, the ohmic drop in the base alone is of importance. This de obi , 
base resistance rw is called the base-spreading resistance, and is indicated 
Fig. 9-17. The difference between Ves and Vc is due to the ohmic dro 
across the body resistances of the transistor, particularly the base-spreadi 
resistance Tw. 


The Ebers-Moll-Model Equations (9-49) and (9-50) have a simple in ter” 
pretation in terms of a circuit known as the Ebers-Moll model. This model 
shown in Fig. 9-18 for a p-n-p transistor. We see that it involves two ides 
diodes placed back to back with reverse saturation currents —Izo and —/¢ 
and two dependent current-controlled current sources shunting the ide! 
diodes. For a p-n-p transistor, both Ico and Igo are negative, so that —* 
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and —Jzo are positive values, giving the magnitudes of the reverse saturation 
currents of the diodes. The current sources account for the minority-carrier 
transport across the base. An application of KCL to the collector node of 
Fig. 9-18 gives 

Tc = —anlg +I = —anlg + I,(e¥el¥ — 1) 


where the diode current J is given by Eq. (6-26). Since J, is the magnitude 
of the reverse saturation, then J, = —Jc9. Substituting this value of J, into 
the preceding equation for J¢ yields Eq. (9-49). 

This model is valid for both forward and reverse static voltages applied 
across the transistor junctions. It should be noted that we have omitted the 
base-spreading resistance from Fig. 9-17 and have neglected the difference 
between Iczo and Ico. 

Observe from Fig. 9-18 that the dependent current sources can be elimi- 
nated from this figure provided ay = ay = 0. For example, by making the 
base width much larger than the diffusion length of minority carriers in the 
base, all minority carriers will recombine in the base and none will survive to 
reach the collector. For this case the transport factor 6*, and hence also a, 
will be zero. Under these conditions, transistor action ceases, and we simply 
have two diodes placed back to back. This discussion shows why it is impossi- 
- — a transistor by simply connecting two separate (isolated) diodes 

ack. 


Currents as Functions of Voltages We may use Eqs. (9-49) and (9-50) 
to solve explicitly for the transistor currents in terms of the junction voltages 
as defined in Fig. 9-17, with the result that 


arlco I 

Ig = eae (eVel¥r — 1) — pas (eVal¥r — 1) (9-51) 
anl z0 Ico 

Ic = : eae (e"s!¥r — 1) — (ie (eVel¥r — 1) (9-52) 


These two equations were first presented by Ebers and Moll, and are identical 
with Eqs. (9-19) and (9-21), derived from physical principles in Sec. 9-5. In 


Fig. 9-18 The Ebers-Moll model for a p-n-p transistor. 
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that section it is verified that the coefficients 


anl go 
by ting PRO ud 


and age 


are equal. Hence the parameters ay, ar, Ico, and Igo are not independent, 
but are related by the condition 
(9-53) 


Manufacturer’s data sheets often provide information about aw, Ico, and Igo, 
so that ay may be determined. For many transistors Igo lies in the range 
0.51 co to Ico. 2 

Since the sum of the three currents must be zero, the base current is 
given by 7 


Ip = —(Iz + Ic) (9-54) 
a 
Voltages as Functions of Currents We may solve explicitly for 


junction voltages in terms of the currents from Eqs. (9-51) and (9-52), wit 
the result that 


alco = anI x0 


Vie Vrin(1 - tale) 
BO 

Vow Vein(1 — te eal 
Teco 


We now derive the analytic expression for the common-emitter charac 
teristics of Fig. 9-8. The abscissa in this figure is the collector-to-emitter 
voltage Vex = Vz — Vc for an n-p-n transistor and is Veg = Vc — Vz for 
p-n~p transistor (remember that Vc and Vx are positive at the p side of 
junction). Hence the common-emitter characteristics are found by sub 
ing Eqs. (9-55) and (9-56) and by eliminating Zx by the use of Eq. (9-5 
The resulting equation can be simplified provided that the following ineq! 
ties are valid: Iz >> Izo and Iz >> Ico/an. After some manipulations and 
the use of Eqs. (9-42) and (9-53), we obtain (except for very small values of J, 


1 ile 
Ver = £Vrin % Pei Cu) 
{ —s32 
BIp 
where 
Br ae and Antere la 


Note that the + sign in Eq. (9-57) is used for an n-p-n transistor, and 
— sign for a p-n-p device. For a p-n-p germanium-type transistor, at Jo = 0, 
Ves = —Vr In (1/ar), so that the common-emiiter characteristics do not pa s 
through the origin. For or = 0.78 and Vr = 0.026 V, we have Vez ~ —6 mV 


Sec. 9-15 


0.98 
Fig. 9-19 The common- 
emitter output character- 
istic for a p-n-p transistor 
as obtained analytically. 


Meajlor 03 04 06 
0,006 —Vee,V 


at room temperature. This voltage i is so small that the curves of Fig. 9-8 
look as if they pass through the origin, but they are actually displaced to the 
right by a few millivolts. 

If Ic is increased, then Veg rises only slightly until Jc/Ig approaches 6. 
For example, even for Jc/Iz = 0.98 = 90 (for 6 = 100), 


1/0.78 + 90/3.5 
seb 8 


1 
Vr in 5 


Vex = —0.026 In —0.15 V 

This voltage can barely be detected at the scale to which Fig. 9-8 is drawn, 
and hence near the origin it appears as if the curves rise vertically. However, 
note that Fig. 9-11 confirms that a voltage of the order of 0.2 V is required for 
Tc to reach 0.9 of its maximum value. 

The maximum value of I¢/Ia is 8, and as this value of I¢/I is approached, 
Ver— —«, Hence, as I¢/Ie increases from 0.96 to 8, |Vcs| increases from 
0.15 V to infinity. A plot of the theoretical common-emitter characteristic is 
indicated in Fig. 9-19. We see that, at a fixed value of Vos, the ratio Ic¢/Is is 
constant. Hence, for equal increments in Jy, we should obtain equal incre- 
ments in Ig at a given Veg. This conclusion is fairly well satisfied by the 
Curves in Fig, 9-8. However, the Js = 0 curve seems to be inconsistent since, 
for a constant I¢/Ix, this curve should coincide with the Ic = 0 axis. This 
discrepancy is due to the approximation made in deriving Eq. (9-57), which is 
hot valid for Jz = 0. 

The theoretical curve of Fig. 9-19 is much flatter than the curves of Fig. 
9-8 because we have implicitly assumed that ay is truly constant. As already 
Pointed out, a very slight increase of aw with Voz can account for the slopes 
of the common-emitter characteristic. 


9-15 ANALYSIS OF CUTOFF AND SATURATION REGIONS 


Let us now apply the equations of the preceding section to find the de currents 
8nd voltages in the grounded-emitter transistor. 
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The Cutoff Region If we define cutoff as we did in Sec. 9-9 to mean zero 
emitter current and reverse saturation current in the collector, what emitter- 
junction voltage is required for cutoff? Equation (9-55) with Zs = 0 and 
I¢ = Ico becomes 


Vs =Vrin (1 - (9-58) 
where use was made of Eq. (9-53). At 25°C, Vr = 26 mV, and for ay = 0.98, 
Vz = —100 mV. Near cutoff we may expect that ay may be smaller than 
the nominal value of 0.98. With aw = 0.9 for germanium, we find that 
Vs = —60 mV. For silicon near cutoff, ay ~ 0, and from Eq. (9-58), 
Ve ~ Vrilnl =0V. The voltage Vx is the drop from the p to the n side 
of the emitter junction. To find the voltage which must be applied between 
base and emitter terminals, we must in principle take account of the drop 
across the base-spreading resistance rw in Fig. 9-17. If nw = 100 @ and 
Ico = 2 pA, then Icor = 0.2 mV, which is negligible. Since the e1 r 
current is zero, the potential Vg is called the floating emitter potential. ‘ 
The foregoing analysis indicates that a reverse bias of approximately 
0.1 V (0 V) will cut off a germanium (silicon) transistor. It is interesting t 


leo) Sn ae 
BO 


Assuming that both Vz and Vc are negative and much larger than V7, so that 
the exponentials may be neglected in comparison with unity, Eqs. (9-49) 
(9-50) become 


Ic = —anIz + Ico Ig = —arlc + Iz0 
Solving these equations and using Eq. (9-53), we obtain 


— Txo(1 — an) 
1 — ayar 


Io=ioow) 7, 


1 — ayar 


Since (for Ge) aw = 1, Ic ~ Ico and Ig ~ 0. Using aw = 0.9 and ar = 0.5; 
then I¢ = I¢o(0.50/0.55) = 0.917co and Ig = Igo(0.10/0.55) = 0.18Jz0 @ 
represents a very small reverse current. Using a; ~ 0 and aw ~ 0 (for Si), 
we have that Ic ~ Ico andIg ~ Igo. Hence, increasing the magnitude of the 
reverse base-to-emitter bias beyond cutoff has very little effect (Fig. 9-20) 

the very small transistor currents. 


Short-circuited Base Suppose that, instead of reverse-biasing the emi! 
junction, we simply short the base to the emitter terminal. The c' J 
which now flow are found by setting Vz = 0 and by neglecting exp (Ve/V1 
in the Ebers-Moll equations. The results are 


le = 188 


~ 1 = away 


= Ices and Ig = —arlces 
where Icgs represents the collector current in the common-emitter config 
ration with a short-circuited base. If (for Ge) av = 0.9 and a = 0.5, thet 


Teas is about 1.82co and Ig = —0.91Ico. If (for Si) av = 0 and a; ~ 0, 
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Toss = Ico and Ig ~ 0. Hence, even with a short-circuited emitter junction, 
the transistor is virtually at cutoff (Fig. 9-20). 


Open-circuited Base If instead of a shorted base we allow the base to 
“oat,” so that Ig = 0, the cutoff condition is not reached. The collector 
current under this condition is called Icgo, and is given by 
Ico 


1 — ay (9-62) 


Tczo = 


It is interesting to find the emitter-junction voltage under this condition of a 
floating base. From Eq. (9-55), with Iz = —J¢, and using Eq. (9-53), 
ay(1 — ar) 

az(1 — aw) 

For ay = 0.9 and a; = 0.5 (for Ge), we find Ve = +60 mV. For ay = 
2a; ~ 0 (for Si), we have Vz ~ Vr ln 3 = +28mV. Hence an open-circuited 
base represents a slight forward bias. 


Ve= Vrln[1 + (9-63) 


The Cutin Voltage The volt-ampere characteristic between base and 
emitter at constant collector-to-emitter voltage is not unlike the volt-ampere 
characteristic of a simple junction diode. When the emitter junction is 
reverse-biased, the base current is very small, being of the order of nano- 
amperes or microamperes for silicon and germanium, respectively. When the 
emitter junction is forward-biased, again, as in the simple diode, no appreciable 
base current flows until the emitter junction has been forward-biased to the 
extent where |Vgz| > |V,|, where V, is called the cutin voltage. Since the col- 
lector current is nominally proportional to the base current, no appreciable 
collector current will flow until an appreciable base current flows. Therefore 
a plot of collector current against base-to-emitter voltage will exhibit a cutin 
voltage, just as does the simple diode. Such plots for Ge and Si transistors 
are shown in Fig. 9-20a and b. 

In principle, a transistor is in its active region whenever the base-to- 
emitter voltage is on the forward-biasing side of the cutoff voltage, which 
Occurs at a reverse voltage of 0.1 V for germanium and 0 V for silicon. In 
effect, however, a transistor enters its active region when Vaz > Vy. 

We may estimate the cutin voltage V, in a typical case in the following 
Manner: Assume that we are using a transistor as a switch, so that when the 
Switch is on it will carry a current of 20 mA. We may then consider that the 
cutin point has been reached when, say, the collector current equals 1 percent 
of the maximum current or a collector current Jc = 0.2mA. Hence V, is the 
Value of Vz given in Eq. (9-55), with Jz = —(Ue +Is) ~ —Je = —0.2 mA. 
Assume a germanium transistor with ay = 0.5andZs0 = 1A. Since at room 
temperature Vr = 0.026 V, we obtain from Eq. (9-55) 


0.2 X 10-%(1 — 0.5 


V, = (0.026)(2.30) tog [1 + mut. | = 0.12 V 


_ = J  — —= I a a ee 


-0.3 -0.2 -0.1 OF Nada 0.2 V,=03 Vas, V 


cw Cul Aatire ale saturation 


qc 


-0.3 -02 -O1 000301 02 03 


(®) Lm 
out —| base 


04 V,=05 06 V.=0.7 Vez,V 


cxf a fan 


Fig. 9-20 Plots of collector current against base-to-emitter voltage for 


(a) germanium and (b) silicon transistors. 


(Tc is not drawn to scale.) 
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Fig.9-21 Plot of collector 
current against base-to- 
emitter voltage for various 
temperatures for the type 
2N337 silicon transistor. 
(Courtesy of Transitron 
Electronic Corporation.) 


Collector current J, mA 
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If the switch had been called upon to carry 2 mA rather than 20 mA, a cutin 
voltage of 0.06 V would have been obtained. For a silicon transistor with 
ar = 0.5 and Jzo = 1 nA and operating at 20 mA (2 mA) we obtain from 
Eq. (9-55) that V, = 0.6 V (0.3 V). Hence, in Fig. 9-20 the following reason- 
able values for the cutin voltages V, are indicated: 0.1 V for germanium and 
0.5 V for silicon. 

Figure 9-21 shows plots, for several temperatures, of the collector current 
as a function of the base-to-emitter voltage at constant collector-to-emitter 
voltage for a typical silicon transistor. We see that a value for V, of the 
order of 0.5 V at room temperature is entirely reasonable. The temperature 
dependence results from the temperature coefficient of the emitter-junction 
diode. Therefore the lateral shift of the plots with change in temperature 
and the change with temperature of the cutin voltage V, are approximately 
=2.5 mV/°C [Eq. (6-39)]. 


The Saturation Region Let us consider the 2N404 p-n-p germanium 
transistor operated with Jc = —20 mA, Js = —0.35, and Jg = +20.35 mA, 
Assume the following reasonable values: Ico = —2.0 nA, Izo = —1.0 uA, and 
@y = 0.99. From Eq. (9-53), ar = 0.50. From Eqs. (9-55) and (9-56), we 
calculate that, at room temperature, 


= (0.50) (20) 


Vs = (0.026)(2.30) log [»-” 35 = 08 


]-o2v 
and 


Ve = (0.026)(2.30) tog [1 a oe ay | =011V 


For a p-n-p transistor, 
Vee = Ve — Vz = 0.11 — 0.24 = —0.13 V 
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Taking the voltage drop across mw (~100 @) into account (Fig. 9-17), 


Ves = Ve — Iatw = 0.11 + 0.035 ~ 0.15 V 
and 
Ves = Istw — Ve = —0.035 — 0.24 ~ 0.28 V 


Note that the base-spreading resistance does not enter into the caleu- 
lation of the collector-to-emitter voltage. For a diffused-junction transistor 
the voltage drop resulting from the collector-spreading resistance may be sig- 
nificant for saturation currents. If so, this ohmic drop can no longer be neg- 
lected, as we have done above. For example, if the collector resistance is 5 Q, 
then with a collector current of 20 mA, the ohmic drop is 0.10 V, and |V cg} 
increases from 0.13 to 0.23 V. 


9-16 TYPICAL TRANSISTOR-JUNCTION VOLTAGE VALUES 


Quite often, in making a transistor-circuit calculation, we are beset by a compli- 
cation when we seek to determine the transistor currents. These currents are 
influenced by the transistor-junction voltages. However, to determine these 
junction voltages, we should first have to know the very currents we seek to 
determine. A commonly employed and very effective procedure to overcome 
this problem arises from the recognition that certain of the transistor-junction 
voltages are ordinarily small in comparison with externally impressed voltages, 
the junction voltages being in the range of only tenths of volts. We may 
therefore start the calculation by making the first-order approximation that 
these junction voltages are all zero. On this basis we calculate a first-order 
approximation of the current. These first-order currents are now used to 
determine the junction voltages either from transistor characteristics or from 
the Ebers-Moll equations. The junction voltages so calculated are used to 
determine a second-order approximation of the currents, etc. As a matter of 
practice, it ordinarily turns out that not many orders are called for, since the 
successive approximations converge to a limit very rapidly. Furthermore, a 
precise calculation is not justifiable because of the variability from sample to 
sample of transistors of a given type. 3 

The required number of successive approximations may be reduced, or 
more importantly, the need to make successive approximations may usually 
be eliminated completely by recognizing that for many low- and medium- 
power transistors, over a wide range of operating conditions, certain transistor- 
junction voltages lie in a rather narrow range, and may be approximated by 
the entries in Table 9-2. This table lists the collector-to-emitter saturation 
voltage [Vce(sat)], the base-to-emitter saturation voltage [Vse(sat) = Vel» 
the base-to-emitter voltage in the active region [Vgs(active)], at cutin 
[Vee(cutin) = V,], and at cutoff [Vzz(cutoff)]. The entries in the table are 
appropriate for an n-p-n transistor. For a p-n-p transistor the signs of all 
entries should be reversed. Observe that the total range of Ves between cutin 
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and saturation is rather small, being only 0.2 V. The voltage Vzz(active) has 
been located somewhat arbitrarily, but nonetheless reasonably, at the mid- 
point of the active region in Fig. 9-20. 

Of course, particular cases will depart from the estimates of Table 9-2. 
But it is unlikely that the larger of the numbers will be found in error by more 
than about 0.1 V or that the smaller entries will be wrong by more than about 
0.05 V. In any event, starting a calculation with the values of Table 9-2 
may well make further approximations unnecessary. 


TABLE 9-2‘ Typical n-p-n transistor-junction voltages at 25°Ct 


Vez(active) | Vas(cutin) = Vy 
0.6 f 
0.2 F 


+ The temperature variation of these voltages is discussed in Sec. 9-15. 


Finally, it should be noted that the values in Table 9-2 apply to the 
intrinsic junctions. The base terminal-to-emitter voltage includes the drop 
across the base-spreading resistance ry. Ordinarily, the drop rwJs is small 
enough to be neglected. If, however, the transistor is driven very deeply into 
saturation, the base current Ip may not be negligible, but we must take 


Vaz = Ve + Larw 


9-17 TRANSISTOR SWITCHING TIMES 


When a transistor is used as a switch, it is usually made to operate alternately 
in the cutoff condition and in saturation. In the preceding sections we have 
Computed the transistor currents and voltages in the cutoff and saturation 
States. We now turn our attention to the behavior of the transistor as it 
makes a transition from one state to the other. We consider the transistor 
circuit shown in Fig. 9-22a, driven by the pulse waveform shown in Fig. 9-22b. 

waveform makes transitions between the voltage levels V2 and V;. At 
A the transistor is at cutoff, and at V; the transistor is in saturation. The 
mput waveform »; is applied between base and emitter through a resistor R,, 
Which may be included explicitly in the circuit or may represent the output 
pedance of the source furnishing the waveform. 

__ The response of the collector current ic to the input waveform, together 
With its time relationship to that waveform, is shown in Fig, 9-22c. The cur- 
Fent does not immediately respond to the input signal. Instead, there is a 

'Y, and the time that elapses during this delay, together with the time 
red for the current to rise to 10 percent of its maximum (saturation) 


Fig. 9-22 The pulse waveform in (b) drives the transistor in (a) from cutoff to 
saturation and back again. (c) The collector-current response to the driving inp 
pulse. 


value I¢s ~ Vec/Rr, is called the delay time tz. The current waveform has 
a nonzero rise time t,, which is the time required for the current to rise 
10 to 90 percent of Ics. The total turn-on time ton is the sum of the delay 
and rise time, fon = ta +t. When the input signal returns to its initial 
at t = T, the current again fails to respond immediately. The interval whieh 
elapses between the transition of the input waveform and the time when % 
has dropped to 90 percent of Tes is called the storage time t,, The stor 
interval is followed by the fall time t,, which is the time required for i¢ to fall 
from 90 to 10 percent of Ics. The turnoff time torr is defined as the sum ( 
the storage and fall times, torr = ts + t,. We shall consider now the physica 
reasons for the existence of each of these times. The actual calculation of 
time intervals (ta, t,, t, and t,) is complex, and the reader is referred to Ref. 
Numerical values of delay time, rise time, storage time, and fall time for the 
Texas Instruments n-p-n epitaxial planar silicon transistor 2N3830 unde 
specified conditions can be as low as tg = 10 nsec, t, = 50 nsec, t, = 400 
and t; = 30 nsec. 


The Delay Time ‘Three factors contribute to the delay time: 
when the driving signal is applied to the transistor input, a nonzero 
required to charge up the emitter-junction transition capacitance so that 
transistor may be brought from cutoff to the active region. Second, ¢' 
when the transistor has been brought to the point where minority 
have begun to cross the emitter junction into the base, a time interv 
required before these carriers can cross the base region to the collector jum 
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and be recorded as collector current. Finally, some time is required for the 
collector current to rise to 10 percent of its maximum, 


Rise Time and Fall Time The rise time and the fall time are due to the fact 
that, if a base-current step is used to saturate the transistor or return it from 
saturation to cutoff, the transistor collector current must traverse the active 
region. The collector current increases or decreases along an exponential curve 
whose time constant 7, can be shown!" to be given by 7; = hr2(C.R. + 1/wr), 
where C. is the collector transition capacitance and wr is the radian frequency 
at which the current gain is unity (Sec. 13-7). 


Storage Time The failure of the transistor to respond to the trailing 
edge of the driving pulse for the time interval ¢, (indicated in Fig. 9-22c) 
results from the fact that a transistor in saturation has a saturation charge 
of excess minority carriers stored in the base. The transistor cannot respond 
until this saturation excess charge has been removed. The stored charge 
density in the base is indicated in Fig. 9-23 under various operating conditions. 

The concentration of minority carriers in the base region decreases linearly 
from pnoe”*!"r at c = Ot0 prceYe/¥r at x = W, as indicated in Fig. 9-24b. Inthe 
cutoff region, both Vg and V¢ are negative, and p, is almost zero everywhere. 
Tn the active region, Vz is positive and Vc negative, so that pp is large at 
«= 0 and almost zero at « = W. Finally, in the saturation region, where 
Vz and Ve are both positive, p, is large everywhere, and hence a large amount 
of minority-carrier charge is stored in the base. These densities are pictured 
in Fig, 9-23. 

Consider that the transistor is in its saturation region and that at ¢ = T 
4n input step is used to turn the transistor off, as in Fig. 9-22. Since the 
turnoff process cannot begin until the abnormal carrier density (the heavily 
shaded area of Fig. 9-23) has been removed, a relatively long storage delay 
time t, may elapse before the transistor responds to the turnoff signal at the 
input. In an extreme case this storage-time delay may be two or three times 
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The parameter n is found to be in the range of about 2 to 10, and controls 
the sharpness of the onset of breakdown. 

If a current Zz is caused to flow across the emitter junction, then, neglect- 
ing the avalanche effect, a fraction aI, where a is the common-base current 
gain, reaches the collector junction. Taking multiplication into account, I¢ 
has the magnitude Melg. Consequently, it appears that, in the presence 
of avalanche multiplication, the transistor behaves as though its common-base 
current gain were Ma. 

An analysis'® of avalanche breakdown for the CE configuration indicates 
that the collector-to-emitter breakdown voltage with open-circuited base, desig- 
nated BV cgo, is f 


BV cso = BV cso Ae (9-65) 


Ie Ic 


Fig, 9-24 The minority-carrier density in 
base region. 


(6) 


the rise or fall time through the active region. In any event, it is clear that 
when transistor switches are to be used in an application where speed is al 
a premium, it is advantageous to restrain the transistor from entering th 
saturation region. . 


For an n-p-n germanium transistor, a reasonable value for n, determined 
experimentally, isn = 6. If we now take hrs = 50, we find that 


BVczo0 = 0.52BV cz0 


u ie A so that if BVoxo = 40 V, BVcxo is about half as much, or about 20 V. Ideal- 
#18 MARIAUN  NORTAGE RATING & ized common-emitter characteristics extended into the breakdown region are 
shown in Fig. 9-25. If the base is not open-circuited, these breakdown char- 
acteristics are modified, the shapes of the curves being determined by the 
base-circuit connections. In other words, the maximum allowable collector- 
to-emitter voltage depends not only upon the transistor, but also upon the 
circuit in which it is used. 


Even if the rated dissipation of a transistor is not exceeded, there is an upp 
limit to the maximum allowable collector-junction voltage since, at hij 
voltages, there is the possibility of voltage breakdown in the transistor. Tw 
types of breakdown are possible, avalanche breakdown, discussed in Sec. 6-1 
and reach-through, discussed below. 


Avalanche Multiplication The maximum reverse-biasing voltage 
may be applied before breakdown between the collector and base te 
of the transistor, under the condition that the emitter lead be open-circuit 
represented by the symbol BVczo. This breakdown voltage is a characte! 
of the transistor alone. Breakdown may occur because of avalanche mull 
plication of the current Jco that crosses the collector junction. As a res 
of this multiplication, the current becomes MJIco, in which M is the fact 
by which the original current Jco is multiplied by the avalanche effect. 


Reach-through The second mechanism by which a transistor’s usefulness 
may be terminated as the collector voltage is increased is called punch-through, 
or reach-through, and results from the increased width of the collector-junction 
transition region with increased collector-junction voltage (the Early effect). 

The transition region at a junction is the region of uncovered charges 
on both sides of the junction at the positions occupied by the impurity atoms. 
As the voltage applied across the junction increases, the transition region 
Penetrates deeper into the collector and base. Because neutrality of charge 


ther must be maintained, the number of uncovered charges on each side remains 
fore not subject to avalanche multiplication.) At a high enough volt 


namely, BVcxo, the multiplication factor M becomes nominally infinite, 4 
the region of breakdown is then attained. Here the current rises abrupt 
and large changes in current accompany small changes in applied voltage. 

The avalanche multiplication factor depends on the voltage Vox betwe 
collector and base. We shall consider that 


1 
1 — (Vew/BV cro)” 


Equation (9-64) is employed because it is a simple expression which 8) 
a good empirical fit to the breakdown characteristics of many transistor tyP 


Fig. 9.25 Idealized common- 
®mitter characteristics 
®xtended into the breakdown 
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equal. Since the doping of the base is ordinarily substantially smaller than 
that of the collector, the penetration of the transition region into the base jg 
larger than into the collector (Fig. 9-2c). Since the base is very thin, it ig 
possible that, at moderate voltages, the transition region will have spread co 
pletely across the base to reach the emitter junction. At this point noi 
transistor action ceases, since emitter and collector are effectively shorted. — 

Punch-through differs from avalanche breakdown in that it takes p 
at a fixed voltage between collector and base, and is not dependent on cire 
configuration. In a particular transistor, the voltage limit is determined } , 
punch-through or breakdown, whichever occurs at the lower voltage. 
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10 TRANSISTOR BIASING AND 
THERMAL STABILIZATION 


This chapter presents methods for establishing the quiescent oper- 
ating point of a transistor amplifier in the active region of the charac- 
teristics. The operating point shifts with changes in temperature T 
because the transistor parameters (8, Ico, etc.) are functions of T. 
A criterion is established for comparing the stability of different 
biasing circuits. Compensation techniques are also presented for 
quiescent-point stabilization. 


10-1 THE OPERATING POINT 


From our discussion of transistor characteristics in Secs. 9-8 to 9-10, 
it is clear that the transistor functions most linearly when: it is con- 
strained to operate in its active region. To establish an operating 
point in this region it is necessary to provide appropriate direct poten- 
tials and currents, using external sources. Once an operating point Q 
is established, such as the one shown in Fig. 9-15a, time-varying excur- 
sions of the input signal (base current, for example) should cause an 
output signal (collector voltage or collector current) of the same wave- 
form. If the output signal is not a faithful reproduction of the input 
signal, for example, if it is clipped on one side, the operating point is 
unsatisfactory and should be relocated on the collector characteristics. 
The question now naturally arises as to how to choose the operating 
point. In Fig. 10-1 we show a common-emitter circuit (the capacitors 
have negligible reactance at the lowest frequency of operation of this 
circuit). Figure 10-2 gives the output characteristics of the transistor 
used in Fig. 10-1. Note that even if we are free to choose R., Rx, Re, 
and Vec, we may not operate the transistor everywhere in the active 
region because the various transistor ratings limit the range of useful 
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Fig. 10-1 The fixed-bias circuit, 


operation. These ratings (listed in the manufacturer’s specification sheets) 
are maximum collector dissipation Po(max), maximum collector voltage 
hy Vc(max), maximum collector current Jo(max), and maximum emitter-to-b 
: voltage V2(max). Figure 10-2 shows three of these bounds on typical eo 
lector characteristics. : 


Ie (max) 


Vo(max) Very 


Fig. 10-2 Common-emitter collector characteristics; ac and de load lines. 


af ms Ps 
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The DC and AC Load Lines Let us suppose that we can select R. so that 
the de load line is as drawn in Fig. 10-2. If R, = @ and if the input signal 
(base current) is large and symmetrical, we must locate the operating point Q. 
at the center of the load line. In this way the collector voltage and current 
may vary approximately symmetrically around the quiescent values Vc and 
To, respectively. If Ry, # ~, however, an ac load line (Sec. 7-12) correspond- 
ing to a load of Ry, = Rz||\R. must be drawn through the operating point Qi. 
This ac load line is indicated in Fig. 10-2, where we observe that the input 
signal may swing a maximum of approximately 40 «A around Q, because, if 
the base current decreases by more than 40 A, the transistor is driven off. 

If a larger input swing is available, then in order to avoid cutoff during a 
part of the cycle, the quiescent point must be located at a higher current. 
For example, by simple trial and error we locate Qs on the dc load line such 
that a line with a slope corresponding to the ac resistance R, and drawn 
through Q: gives as large an output as possible without too much distortion. 
In Fig. 10-2 the choice of Q: allows an input peak current swing of about 
60 vA. 


The Fixed-bias Circuit The point Q2 can be established by noting the 


‘required current Igo in Fig. 10-2 and choosing the resistance R, in Fig. 10-1 


so that the base current is equal to Is. 


Veo — Vas 
Rs 


The voltage Vex across the forward-biased emitter junction is (Table 9-2, 
page 257) approximately 0.2 V for a germanium transistor and 0.6 V for a 
silicon transistor in the active region. Since Vcc is usually much larger than 
Vox, we have 


Therefore 


Ip = (10-1) 


=Ip2 


Vee 


Ry 


The current J, is constant, and the network of Fig. 10-1 is called the 
Jixed-bias cirewit. In summary, we see that the selection of an operating point 
Q depends upon a number of factors. Among these factors are the ac and 
de loads on the stage, the available power supply, the maximum transistor 
Tatings, the peak signal excursions to be handled by the stage, and the toler- 
able distortion. 


Ip = 


(10-2) 


10-2 BIAS. STABILITY 


Th the preceding section we examined the problem of selecting an operating 
Point Q on the load line of the transistor. We now consider some of the 
Problems of maintaining the operating point stable. 

Let us refer to the biasing circuit of Fig. 10-1. In this circuit the base 
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gec, 10-2 


It is possible for this succession of events to become cumulative, so that the 
tings of the transistor are exceeded and the device burns out. ua 
ralliiiven if the drastie state of affairs described above does not take place, it is 

ible for a transistor which was biased in the active region to find itself in 
the saturation region as a result of this operating-point instability (Sec. 10-10). 
To see how this may happen, we note that if Jz = 0, then, from Eq. (9-38), 
To = Ico/(1 — @). As the temperature increases, Ico increases, and even if 
we assume that a remains constant (actually it also increases), it is clear that 
the J: = 0 line in the CE output characteristics will move upward. The 
characteristics for other values of I, will also move upward by the same 
amount (provided that 6 remains constant), and consequently the operating 
int will move if Ip is forced to remain constant. In Fig. 10-4 we show the 
output characteristics of the 2N708 transistor at temperatures of +25 and 
4100°C. This transistor, used in the circuit of Fig. 10-1 with Vec = 10 raf 
R. = 250 2, Ry = 24 K, operates at Q with Iz = (10 — 0.6)/24 = 0.4 mA. 
Hence it would find itself almost in saturation at a temperature of THORNE 
even though it would be biased in the middle of its active region at +25°C. 


Fig. 10-3 Graphs sho 
the collector characteristic 
for two transistors of the 
same type. The dashed 
characteristics are for q 
transistor whose 8 is much 
larger than that of the 
transistor represented by 
the solid curves. 


current J, is kept constant since Jz ~ Vec/Rs. Let us assume that the 
sistor of Fig. 10-1 is replaced by another of the same type. In spite of 
tremendous strides that have been made in the technology of the manufac! 
of semiconductor devices, transistors of a particular type still come out of 
duction with a wide spread in the values of some parameters. For example 
Fig, 9-12 shows a range of hee ~ 8 of about 3 to 1. To provide informatio 
about this variability, a transistor data sheet, in tabulating parameter values 
often provides columns headed minimum, typical, and maximum. ‘ 
Tn Sec. 9-8 we see that the spacing of the output characteristics v 
increase or decrease (for equal changes in I) as 8 increases or decreases. 
Fig. 10-3 we have assumed that 8 is greater for the replacement transi 
Fig. 10-1, and since Jy is maintained constant at Iz. by the external biasin 
circuit, it follows that the operating point will move to Q:. This new ope’ 
ating point may be completely unsatisfactory. Specifically, it is possible f 
the transistor to find itself in the saturation region. We now conclude ths 
maintaining / constant will not provide operating-point stability as 6 ch 2 
On the contrary, Z» should be allowed to change so as to maintain Ig and Ve 
constant as 8 changes. : 


The Stability Factor S From our discussion so far we see that in biasing 
a transistor in the active region we should strive to maintain the operating 
point stable by keeping Zc and Vcg constant. The techniques normally used 
to do so may be classified in two categories: (1) stabilization techniques and 
(2) compensation techniques. Stabilization techniques refer to the use of resis- 
tive biasing circuits which allow J, to vary so as to keep I ¢ relatively constant 
with variations in Ico, 8, and Veg. Compensation techniques refer to the use 
of temperature-sensitive devices such as diodes, transistors, thermistors, etc., 


nan 

= 
Nets 
BI, 


Thermal Instability A second very important cause for bias insta 
is a variation in temperature. In Sec. 9-9 we note that the reverse satural 
current Icot changes greatly with temperature. Specifically, I¢o doubles f@ 
every 10°C rise in temperature. This fact may cause considerable practie 
difficulty in using a transistor as a circuit element. For example, the collee 
current J¢ causes the collector-junction temperature to rise, which in 
increases Ico. As a result of this growth of Ico, Ic will increase (Eq. (9-43) 
which may further increase the junction temperature, and consequently Te 


j Throughout this chapter Jeno is abbreviated Ico (Sec. 9-9). 


Collector voltage Vex, V 
(a) 
Fig. 10-4 Diffused silicon planar 2N708 n-p-n transistor output CE characteristics 
for (a) 25°C and (b) 100°C. (Courtesy of Fairchild Semiconductor.) 
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which provide compensating voltages and currents to maintain the ope 
point constant. A number of stabilization and compensation circuits are 
sented in the sections that follow. In order to compare these biasing ci 
we define a stability factor S as the rate of change of collector current 
respect to the reverse saturation current, keeping § and Veg constant, or — 


ac Alc g 
© ate ATeo (a 
The larger the value of S, the more likely the circuit is to exhibit thern 
instability.t S$ as defined here cannot be smaller than unity. Other s 
factors may also be defined, for example, 8J¢/88 and 8Ic/dVzz. As we 
in Sec. 10-5, however, bias circuits which provide stabilization of I¢ or ek =v 
respect to Ico will also perform satisfactorily for transistors which have rg In= Yoo — tehe Vos (10-9) 
variations of 6 and Vaz with temperature. In the active region the b e+ Ry 
relationship between Ic and Js is given by Eq. (9-43), repeated here fo Since. V zz is almost independent of collector current (Vez = 0.6 V for Si and 
SPRPSHOR EE, 0.2 V for Ge), then from Eq. (10-9) we obtain 


Ic = (1 + B)Ico + Bla (10- dlp R. 


A connection is indicated in Fig. 10-5a. The physical reason that this circuit 
jg an improvement over that in Fig. 10-1 is not difficult to find. If Io tends 
to increase (either because of a rise in temperature or because the transistor 
has been replaced by another of larger 8), then Vcx decreases. Hence I» also 
decreases; and as a consequence of this lowered bias current, the collector 
current is not allowed to increase as much as it would have if fixed bias had 


used. 
We now calculate the stability factor S. From KVL applied to the cir- 
cuit of Fig. 10-5a, 


—Vee + (Ie + Ic)Re + InRy + Vaz = 0 (10-8) 


@ip_ _ (10-10) 
If we differentiate Eq. (10-4) with respect to Jc and consider 8 constant with dle Beck Be 
To, we obtain ' Substituting Eq. (10-10) in Eq. (10-6), we obtain 
=1+t8, ,dle B+1 ta 
ler sina 2 S= FARR. +R) en 
3 . . . 
Ss 1+8 This value is smaller than 6 + 1, which is obtained for the fixed-bias circuit, 
~ T= B@Is/adle) and hence an improvement in stability is obtained. 


Tn order to calculate the factor S for any biasing arrangement, it is only nee 
sary to find the relationship between Iz and Jc and to use Eq. (10-6). For th 
fixed-bias circuit of Fig. 10-1, Iz is independent of Ic (Eq. (10-2)]. Hence th 
stability factor S of the fixed-bias circuit is 


S=6+1 (10-7) 


For 6 = 50, S = 51, which means that I¢ increases 51 times as fast | 
Ico. Such a large value of S makes thermal runaway a definite possibilil 
with this circuit. In the following sections bias-stabilization techniques 
presented which reduce the value of S, and hence make J¢ more independ 
of Igo. 


Stabilization with Changes in 6 It is important to determine how well 
the circuit of Fig. 10-5 will stabilize the operating point against variations in 6. 


10-3 COLLECTOR-TO-BASE BIAS 


An improvement in stability is obtained if the resistor R, in Fig. 10-1 if 
returned to the collector junction rather than to the battery terminal. Sue 


t In this sense, 8 should more properly be called an instability factor. 


(a) (6) 
Fig. 10-5 (a) A collector-to-base bias circuit. (b) A method of 
avoiding ac degeneration. 
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From Eqs. (10-4) and (10-8) we obtain, after some manipulation, and ut (collector) terminal to the input (base) terminal via Ry. Feedback 
( the outp' ( ) 


wei lifiers are studied in detail in Chap. 17. The ac voltage gain of such an 

Ic = awed Cate aioe Picier is less than it would be if there were no feedback. Thus, if the signal 

7 +a cage causes an increase in the base current, 7¢ tends to increase, Ycx Perna 

i iti he component of base current coming from Ry decreases. ence the 

To make & c ‘yuu to 8 we must have a R on Sande in base current is less than it would have been if Ry were connected 
BR. > Ry ‘1Oe1: 


to a fixed potential rather than to the collector terminal. This signal-gain 
degeneration may be avoided by splitting 2, into two parts Say Pn See 
the junction of these resistors to ground through a capacitor C’,-as indicate 4 
in Fig. 10-5b. At the frequencies under consideration, the reactance of C’ 
be negligible. ‘ 

Be nots that if the output impedance of the signal source is small compared 
with the input resistance of the transistor, then the capacitance C’ is not 
needed, because any feedback current in R, is bypassed to ground through the 
signal impedance and does not contribute to the base current. 


The inequality of Eq. (10-13) cannot be realized in all practical cireui 
However, note that even if R, is so small that R. = Rs/8, the sensitivi 
variations in @ is half what it would be if fixed bias (Ip constant) were us 


EXAMPLE The transistor in Fig. 10-5 is a silicon-type 2N708 with B = 
Vee = 10 V, and R, = 250 2. It is desired that the quiescent point be appro 
mately at the middle of the load line. Find R, and calculate S. The outp 
characteristics are shown in Fig. 10-4, 


Solution Since we may neglect I, compared with /. in R., we may draw a lo 
line corresponding to 10 V and 2502. From the load line shown in Fig. 104 
we choose the operating point at Js = 0.4 mA, Ic = 21 mA, and Ves = 4.6 
(at a temperature of +25°C). From Fig. 10-5 we have 
_ Vee— Vaz _ 46-06 
Te 0.4 
The stability factor S can now be calculated using Eq. (10-11), or 
one 51 4 
1 + 50 X 0.25/10.25 
which is about half the value found for the circuit of Fig. 10-1. We should 
here that the numerical values of R, and R; of this example do not satisfy 


(10-13) since BR, = 12.5 K whereas R, = 10 K. We should then expect Ie | 
vary with variations in 8, but to a smaller extent than if fixed bias were used. 


10-4 SELF-BIAS, OR EMITTER BIAS 


If the load resistance R. is very small, as, for example, in a transformer- 
coupled circuit, then from Eq. (10-11) we see that there is no improvement 
in stabilization in the collector-to-base bias circuit over the fixed-bias circuit. 
A circuit which can be used even if there is zero de resistance in series with 
the collector terminal is the self-biasing configuration of Fig. 10-6a. The 
current in the resistance R, in the emitter lead causes a voltage drop which 
is in the direction to reverse-bias the emitter junction. Since this junction 
must be forward-biased, the base voltage is obtained from the supply through 
the R,R, network. Note that if R, = Ril|R2— 0, then the base-to-ground 
Voltage V sy is independent of Jco. Under these circumstances we may verify 


Ry 


23 


Vee 


Analysis of the Collector-to-Base Bias Circuit If the component vali 
are specified, the quiescent point is found as follows: Corresponding to 
value of I» given on the collector curves, the collector voltage 


Vow = IpRy + Vaz 


is calculated. The locus of these corresponding points Vce and J, plott 
on the common-emitter characteristics is called the bias curve. The intel e 
tion of the load line and the bias curve gives the quiescent point. Alte! 
tively, if the collector characteristics can be represented analytically by 
(10-4), Z¢ is found directly from Eq. (10-12). 


(6) 


A Method for Decreasing Signal-gain Feedback The increased st 


Fig. 10-6 (a) A self-biasing circuit. (b) Simplification of the base 
bility of the circuit in Fig. 10-5a over that in Fig. 10-1 is due to the feedback 


circuit in (a) by the use of Thévenin's theorem. 
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[Eq. (10-17)] that S = 8/¢/dlco— 1. 
kept as small as possible. 

The physical reason for an improvement in stability with Ry ¥ 0 is gh 
following: If Jc tends to increase, say, because Ico has risen as a resu! 
an elevated temperature, the current in R, increases. As a conseq) 
the increase in voltage drop across R,, the base current is decreased, | 
Te will increase less than it would have had there been no self-biasing resist 


For best stability R; and Rz m 


The Stabilization Factor S We now find the analytical expression | 
the stabilization factor S. Since such a calculation is made under de o 
signal conditions, the network of Fig. 10-6a contains three independent lo 
If the circuit to the left between the base B and ground N terminals in F 
10-6a is replaced by its Thévenin equivalent, the two-mesh circuit of 
10-6b is obtained, where 


RV Rk 
ME Re + Ry * Ri + fi +R aes 


Obviously, R, is the effective resistance seen looking back from the b 
terminal. Kirchhoff’s voltage law around the base circuit yields 


V = IsRs + Vaz + (Ie + Ic)Re (10-1 


If we consider Vg to be independent of Ic, we can differentiate Eq. (10-1 
to obtain 


din _ Ry 
dle R.+ Re 
Substituting Eq. (10-16) in Eq. (10-6) results in 


ae ak eae 1+ Ri/Re 
T+ BR/(R. + Be) T+8 + R/R 


Note that S varies between 1 for small R,/R,and1+ for R,/R.+ o. E 
tion (10-17) is plotted in Fig. 10-7 for various values of 8. It can be seen th 
for a fixed R,/R., S increases with increasing 8. (Therefore stability dee 
with increasing 8.) Also note that S is essentially independent of 6 for sm 

The smaller the value of Rp, the better the stabilization. We have 
noted that even if 2, approaches zero, the value of S cannot be reduced bel 
unity. Hence J¢ always increases more than Ico. As Rj is reduced wh 
the Q point is held fixed, the current drawn in the R:R. network from the sup 
Vee increases. Also, if R, is increased while R, is held constant, then to operat 
at the same quiescent currents, the magnitude of Vcc must be increased. ! 
either case a loss of power (decreased efficiency) is the disadvantage 
accompanies the improvement in stability. 

In order to avoid the loss of ac (signal) gain because of the feedba 
caused by R, (Sec. 12-7), this resistance is often bypassed by a large capacitam! 


(1 + 8) 


ve find R,/R, = 2.12 and R, = 2.12 X 1.4 = 2.96 K. 
<3. 


Fig. 10-7 Stability factor S [Eq. (10-17)] versus R,/R, for the self-bias 
circuit of Fig. 10-6b, with 8 as a parameter. (Courtesy of L. P. 
Hunter, “Handbook of Semiconductor Electronics,’’ McGraw-Hill 

Book Company, New York, 1962.) 


(> 10 uF), so that its reactance at the frequencies under consideration is very 
all. 


EXAMPLE Assume that a silicon transistor with 8 = 50, Vaz = 0.6 V, Veo = 
22.5 V, and R. = 5.6 K is used in Fig. 10-6a. It is desired to establish a Q point 
at Vex = 12 V, Jc = 1.5 mA, and a stability factor S <3. Find R., R,, and Rs. 


Solution The current in R, is I¢ + Iz * Ic. 


Hence, from the collector circuit 
of Fig. 10-6b, we have 


R; epee Hoa aon Yer. BS — l= 710K 


Te 
or 


R.=70-56=14K 
From Eq. (10-17) we can solve for Ry/R.: 


gag) LH RR 
51+ RR. 


If R, < 2.96 K, then 
The base current J is given by 


5 
72 nA = 30 pA 
50" £ 


I> 


274 / ELECTRONIC DEVICES AND CIRCUITS 


We can solve for R; and Ry from Eqs. (10-14). We find 


Vee Sa; 
Rs Rime 1 Capes ag 


From Eggs. (10-15) and (10-18) we obtain 
V = (0.030) (2.96) + 0.6 + (0.030 + 1.5)(1.4) = 2.83 V 


2.96 X 22.5 
R= erareaitte 23.6 K 
Ry oO XK 288 oak 
22.5 — 2.83 


Analysis of the Self-bias Circuit If the circuit component values ij 
Fig. 10-6a are specified, the quiescent point is found as follows: Kirchhoff’ 
voltage law around the collector circuit yields 4 


—Veo + Ic(Re + Re) + InRe+ Ves = 0 (10-19 


If the drop in R, due to I, is neglected compared with that due to Ic, th 

this relationship between J¢ and Vez is a straight line whose slope corres d 
to R, + R. and whose intercept at Jc = 0 is Vez = Vcc. This load 
drawn on the collector characteristics. If Jc from Eq. (10-19) is subs 
in Eq. (10-15), a relationship between Is and Vee results. Correspondia 
to each value of Iz given on the collector curves, Vcz is calculated and th 
bias curve is plotted. The intersection of the load line and the bias cur 
gives the quiescent point. 


EXAMPLE A silicon transistor whose common-emitter output characte! 
are shown in Fig. 10-8) is used in the circuit of Fig. 10-6a, with Vec = 22.5 

- = 5.6 K, R= 1K, R: = 10 K, and R, = 90 K. For this transistor, 8? 
55. (a) Find the Q point. (8) Calculate S. 
Solution a. From Eqs. (10-14) we have 

10 X 22.5 10 x 90 
Fan Seay = 

100 Jos that & ie aeptiik 


The equivalent circuit is shown in Fig. 10-84. The load line corresponding 
total resistance of 6.6 K and a supply of 22.5 V is drawn on the collector chara 
teristics of Fig. 10-8b. Kirchhoff’s voltage law applied to the collector and b& 
circuits, respectively, yields (with Vaz = 0.6) 


—22.5 + 6.6lc +Ie+ Vez =0 
0.6 — 2.25 + Ie + 10.072 = 0 
Eliminating I¢ from these two equations, we find 


Veer = 65.012 + 11.6 


v =90K 


Fig. 10-8 (a) An illustrative example. 
the bias curve determines the Q point. 


22.5V 


oO 4 16 
Collector-to-emitter voltage Voz, 


(6) 


(b) The intersection of the load line and 


<8 
s 


(2) 


Values of Vex corresponding to Tz = 20, 40, and 60 yA are obtained from this 
equation and are plotted in Fig. 10-86. We see that the intersection of the bias 
curve and the load line occurs at Ver = 13,3 V, Jc = 1.4 mA, and from the bias- 
curve equation, ]s = 26 uA. 

In many cases transistor characteristics are not available but 8 is known. 
Then the calculation of the Q point may be carried out as follows: In the active 
region and for base currents large compared with the reverse saturation current 
(Iz > Ico), it follows from Eq. (10-4) that 


Tc = Bln (10-22) 


This equation can now be used in place of the collector characteristics. Since 
6 = 55 for the transistor used in this example, substituting J» = I¢/55 in Eq. 
(10-21) for the base circuit yields 


—1.65 + Ic + $8Ic = 0 
or 
Te _ 1.40 


Tg ws ee = 25: 
aT 5s ais 25.5 pA 


Ie =140mA and 


These values are very close to those found from the characteristics. 
The collector-to-emitter voltage can be found from Eq. (10-20) and the known 
values of I, and Ic: 


—22.5 + 6.6 X 1.40 + 0.026 + Vez = 0 
or 


Vee = 1382V 
6. From Eq. (10-17), 


1+9 
S=56 = 8.61 
ats) 8.6 
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This value is about one-sixth of the stabilization factor for the fixed-bias cireujj 
which indicates that a great improvement in stability can result if self-bias jy 
used. 


Fig. 10-9 Transfer characteristic 
for the 2N1631 germanium p-n-p 
alloy-type transistor at Veg = 

—9 V and T, = 25°C. (Courtesy 
of Radio Corp. of America.) 


In the collector-to-base bias circuit the value of R, is determined fi 
the desired quiescent base current, and no control is exercised over the stabiliza 
tion factor S. However, in the self-bias circuit, J, and S may be specifi 
independently because these requirements can be satisfied by the proper choi 
of R. and Ry. For this reason, and because generally lower values of § 
obtained with the self-bias arrangement, this circuit is more popular than th 
of Fig. 10-5a. 

For the sake of simplicity the resistor R2 is sometimes omitted from Fig, 
10-6a. In such a circuit R; is determined by Jz but S cannot be specified as; 
design parameter. The value of S is calculated from Eq. (10-17), with R 
replaced by Ru. 


Equation (10-23) represents a load line in the Zo-V zz plane, and is indi- 
eated in Fig. 10-10. The intercept on the Vgz axis is V + V’, where 


10-5 STABILIZATION AGAINST VARIATIONS IN Vas AND 8 
FOR THE SELF-BIAS CIRCUIT 


In the preceding sections we examine in detail a number of bias circuits whit 
provide stabilization of Ic against variations in Ic¢9. There remain to be co 
sidered two other sources of instability in Ic, those due to the variation | 
Vaz and 6 with temperature and with manufacturing tolerances in the 
duction of transistors. We shall neglect the effect of the change of Veg 
temperature, because this variation is very small (Sec. 9-10) and because 
assume that the transistor operates in the active region, where J¢ is approx 
mately independent of Vez. However, the variation of Vaz with temperatu 
has a very important effect on bias stability. For a silicon transistor, Vag 
about 0.6 V at room temperature, and for a germanium transistor, it is 
0.2 V. As the temperature increases, |Vs2| decreases at the rate of 2.5 mV/% 
for both germanium and silicon transistors (Sec. 9-10). 


Vi = B+ BPX Too = (Ry + Reo (10-24) 
since 8>>1. If at T = Ts (T2), Ie = Ico1 (Ico2) and 8 = B: (62), then Vi ~ 
(Rs + R.)Ico: and V3; ~ (Ry + R.)Icox. Hence the intercept of the load line 
on the Vzzg axis is a function of temperature because Ico increases with T. 
The slope of the load line is 

¢ eee 

R, + R.A + B) 
and hence |c| increases with 7’ because f increases with 7. The transfer char- 
acteristic for T = T; > T, shifts to the left of the corresponding curve for 


The Transfer Characteristic The output current /¢ is plotted in Pi 


Fig. 10-10 Illustrating that the col- 
lector current varies with tempera- 
ture T because Var, Ico, and 6 
change with 7. 


This transfer characteristic for a silicon transistor is given in Fig. 9-21. 
curve shifts to the left at the rate of 2.5 mV/°C (at constant J¢) for incre 
temperature. We now examine in detail the effect of the shift in transi 
characteristics and the variation of 8 and Jco with temperature. If 
(10-15), obtained by applying KVL around the base circuit of the self-bi 
circuit of lig. 10-6b, is combined with Eq. (10-4), which represents the colle 
characteristics in the active region, the result is 


Vor = V+ (Re + REE? Ie —BERO+) ;, (10+ 
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T = T because Vzz (at constant Ic) varies with T as indicated above. 8 
intersection of the load line with the transfer characteristic gives the collector 
current Ic. We see that Ic2 > Ici because Ico, 8, and Vaz all vary wii 
temperature. 


The Stability Factor S’ 
stability factor S’, defined by 


OG 
OVee 


The variation of I¢ with Vz is given by the 


Ss 


where both Jco and § are considered constant. 
—B 


From Eq. (10-23) we find 


s’ 


“RFRG+8)  R+RB+1 
where we made use of Eq. (10-17). We now see from Eq. (10-26) that as we 
reduce S toward unity, we minimize the change of J¢ with respect to be 
Vaz and Ico. . 


The Stability Factor 8S’ The variation of J¢ with respect to @ is given b 
the stability factor S’’, defined by 


uw . Oe 
8 =o 


where both Jco and Vzz are considered constant. 


BV + V’ — Vaz) 
Ry + Bl + 8) 


where, from Eq. (10-24), V’ may be taken to be independent of 8. We obts 
after differentiation and some algebraic manipulation, 


le ToS 
06 B(1 + 8) 


A difficulty arises in the use of S’’ which is not present with S and S’. 
change in collector current due to a change in 8 is 


IS 
aa +8) 


where Ag = 62 — 6; may represent a large change in 8. Hence it is not. 
whether to use 63, 62, or perhaps some average value of 8 in the expressions | 
Sand S. This difficulty is avoided if S” is obtained by taking finite diff 
ences rather than by evaluating a derivative. Thus 
— Ice: —TIer _ Alc 


Bo — Bi 


From Eq. (10-23), 


Ic = 


9” = 


Alc = 8” AB = (10-3 


8” 


AB a 


Sec. 10-5 
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From Eq. (10-28), we have 


Ico _ Bo Ry + Rl + Bi) 


Te. Bi Ry + Ral + Ba) (10-32) 
Subtracting unity from both sides of Eq. (10-32) yields 

Tos Bs R+R, 

pf es eee ff Op VR 2S es ; 

Tos @ 1) Re RAL + BD (10-33) 
or 

gt = Ale L ToS2 icaai 


‘OB Bil + B:) 


where S: is the value of the stabilizing factor S when 6 = #2 as given by Eq. 
(10-17). Note that this equation reduces to Eq. (10-29) as A8 = 82 — Bi — 0. 
It is clear from Eq, (10-29) that minimizing S also minimizes S’’. This means 
that the ratio R,/R, must be small. From Eq. (10-26) it is seen that, in order 
to keep S’ small, a large R; or R, is required. Hence, in all cases, it is desirable 
to use as large an emitter resistance 2, as practical, and a compromise will 
usually be necessary for the selection of Re. 

In the examples given previously, illustrating how to design a bias net- 
work, the stability factor S was arbitrarily chosen. Equation (10-34) is of 
prime importance because it allows us to determine the maximum value of 3 
allowed for a given spread of 8. This variation in 8 may be due to any cause, 
such as a temperature change, a transistor replacement, etc. 


EXAMPLE Transistor type 2N335, used in the circuit of Fig. 10-6, may have 
any value of 8 between 36 and 90 at a temperature of 25°C, and the leakage cur- 
rent Jco has negligible effect. on J¢ at room temperature. Find R,, Ry, and Rz 
subject to the following specifications: R, = 4 K, Vec = 20 V; the nominal 
bias point is to be at Vez = 10 V, Jc = 2 mA; and J¢ should be in the range 1.75 
to 2.25 mA as 8 varies from 36 to 90. 


Solution From the collector circuit (with Ic > Ts), 


Hence R, = 5-4 = 1K. 
From Eq. (10-34) we can solve for Ss. Hence, with AJc = 0,5 mA, Ie: = 
1.75 mA, 8, = 36, By = 90, and AB = 54, we obtain 


05 175 _& 
54 36 1+ 90 
or 
S: = 17.3 
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Substituting S, = 17.3, R, = 1 K, and 8, = 90 in Eq. (10-17) yields 


(17.3)(91 + Ry) = 91(1 + Re) 
or 

R, = 201K 

From Eq. (10-23), with Ic = 1.75 mA, B = 36, Ry = 20.1 K, 2. =1K 
Vas = 0.6 V, and Ico = 0, we obtain 


eee te Ic = 0.6 + (Bie *) (1.75) = 3.38 V 


V = Vast+ 
From Eqs. (10-18), 


Ry = RoW = 201 x 2 = 119K 


3.38 
RV _ 119 X 3.38 
R= = A mek 
"Veo V 20 = 3.38 


10-6 GENERAL REMARKS ON COLLECTOR-CURRENT STABILITY! 


Stability factors were defined in the preceding sections, which considered 
change in collector current with respect to Ico, Vas, and 8. These stabi 
factors are repeated here for convenience: 
Alc St ta Vl aay ae ‘set 
8 AVer 8 AB Ge 
Each differential quotient (partial derivative) is calculated with all other 
parameters maintained constant. 
If we desire to obtain the total change in collector current over a specifie 
temperature range, we can do so by expressing this change as the sum of 
individual changes due to the three stability factors. Specifically, by ti 
the total differential of Ie = f(Ico, Vaz, 8), we obtain 
dle alc ole 


@co Vez OB af 


= 8 Alco + S' AVez + S” AB (I 


If Alc is known, the corresponding change in Vcx can be obtained from # 
de load line. 

We now examine in detail the order of magnitude of the terms of Bi 
(10-36) for both silicon and germanium transistors over their entire rang 
temperature operation as specified by transistor manufacturers. This 
usually is —65 to +75°C for germanium transistors and —65 to +175°¢ 
for silicon transistors. d 

Tables 10-1 and 10-2 show typical parameters of silicon and germaniv 


Ale = Alco + AVas + 
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TABLE 10-7 


Typical silicon transistor parameters 


—65 
1.95 X 10-* 
25 

0.78 


transistors, each having the same 8 (55) at room temperature. For Si, Jo is 
much smaller than for Ge. Note that Ico doubles approximately every 10°C 
and |Vzs| decreases by approximately 2.5 mV/°C. 


EXAMPLE For the self-bias circuit of Fig. 10-6a, R, = 4.7 K, Ry = 7.75 K, 
and R,/R, = 1.65. The collector supply voltage and R, are adjusted to establish 
a collector current of 1.5 mA. 

a. Determine the variation of J¢ in the temperature range of —65 to +175°C 
when the silicon transistor of Table 10-1 is used. 

6. Repeat (a) for the range —65 to +75°C when the germanium transistor 
of Table 10-2 is used. 


Solution a, Since R,, R», and 6 are known, the stability factor S can be deter- 
mined at +25°C from Eq. (10-17): 


(1+ 6)(1 + Rs/R.) _ (56)(2.65) _ 
1+B+ R/R, 56 + 1.65 


Similarly, S’ at +25°C can be determined from Eq. (10-26): 
-s B 2.57 \ (55 
=——— —“_. = — (—_} (=) = -0.203 ma/v 
nenies ~ (au) ) / 
The values of S and S’ are valid for either a silicon or a germanium transistor 
Operating in the circuit of Fig. 10-6a. Since the stability factor S’” contains both 
&, and s, it must be determined individually for each transistor at each new 


temperature, using Eq. (10-34). Hence, for the silicon transistor at +175°C, 
we have, using Eq. (10-17), 


S(25°C) = 2.57 


S'(25°C) = 


1+ R/R. 
1+ B+ Re/R, 


— (101) (2.65) _ 
101 + 1.65 


S2(+175°C) = (1 + 2) 2.61 
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Practical Considerations The foregoing example illustrates the supe- 
riority of silicon over germanium transistors because, approximately, the same 
change in collector current is obtained for a much higher temperature change 


Then 


S'(-4175°C) = TovS2__ _ (1.5)(2.62) 


B+ 6) (sor <1 


Gimilarly jn the silicon transistor. In the above example, with S = 2.57, the current 
“ (26) (2.65) change at the extremes of temperature is only about 10 percent. Hence this 
S.(—65°C) = aa eg 2.49 circuit could be used at temperatures in excess of 75°C for germanium and 

" 175°C for silicon. If S is larger, the current instability is greater. For 

8’(—65°C) = (1.5)(2.49) _ 2.61 X 107 mA example, in Prob. 10-19, we find for R, = 1 K and S = 7.70 that the collector 
(55) (26) ‘ current varies about 30 percent at —65°C and +75°C (Ge) or +175°C (Si). 


These numerical values illustrate why a germanium transistor is seldom used 
above 75°C, and a silicon device above 175°C. The importance of keeping 
S small is clear. 

The change in collector current that can be tolerated in any specific 
application depends on design requirements, such as peak signal voltage 
required across R.. Weshould also point out that the tolerance in bias resistors 
and supply voltages must be taken into account, in addition to the variation 
1 of 8, Ico, and Vas. 

Ale(—65°C) = (2.57)(—10~*) — (0.203)(0.18) + (2.61  107*)(—30) Our discussion of stability and the results obtained are independent of 

= 0 — 0.036 — 0.078 = —0.114 mA by R,, and hence they remain valid for R. = 0. Tf the output is taken across 

(iisacibcnetter sibsniattiocasenhanere: Ak ‘ R,, such a cireuit is called an emitter follower (discussed in detail in Sec. 12-8). 

Ved mA ae EI75°C in. transistor, the,odllecton current will, be apptet If we have a direct-coupled emitter follower driven from an ideal voltage source, 

ER Sich and 1.39 mA at —65°C. then R, = 0 and S is at its lowest possible value, namely, S = 1. It is clear 

that a cireuit with R, = 0 can be used to a higher temperature than a similar 
circuit with Rp # 0. 

In the above example the increase in collector current from 25 to 75°C 
for a germanium transistor is 0.08 mA due to Ico and 0.02 mA due to Vaz. 
Hence, for Ge, the effect of Ico has the dominant influence on the collector 
current. On the other hand, the increase in J¢ for a silicon transistor over 
the range from 25 to 175°C due to Ico is approximately the same as that due 


We are now in a position to calculate the change in Jc, using Eq. (10-36) 
Table 10-1. 


Ale(+175°C) = S Alco + S' AVaz + S” AB 


= (2,57)(83 X 10%) + (—0.203)(—0.375) + (0.71 x 107%)¢ ) 


= 0.085 + 0.077 + 0.032 = 0.194 mA 
and at —65°C, 


b. To caleulate the change in collector current using the germanium 
sistor, we must compute S” at +75 and —65°C, 


(91) (2.65) _ 


eer TT: 


2.60 


8"(4:75°C) = —Zo1S2_ _ (1.5)(2.60) 


Bleed KERRY (o preeon pnty 


Similarly, to Var. However, if the temperature range is restricted somewhat, say, from 
8:(—65°0) = CNE8) _ 9.45 2 to 145°C, then Ac = 0.01 mA due to Ico and AIc = 0.06 mA due to 
21 + 1.65 Vaz. These numbers are computed as follows: If Tmax is reduced from 
175 to 145°C, or by 30°, then Ico is divided by 247 = 2% = 8. Hence 
S’"(—65°C) = GGA. 3.18 X 10-7 mA i 


S Alco = 0.085/8 ~ 0.01mA. Also, AV zz is increased by (30)(2.5) = 75 mV, 
or AV zz goes from —0.375 to —0.30 V and S' AVgx = (—0.2)(—0.30) = 0.06 
mA. Hence, for Si, the effect of Vaz has the dominant influence on the col- 
lector current. 


(55) (21) 
Hence the change in collector current is 
Ale(-+75°C) = (2.57)(31 X 10-3) + (—0.203)(—0.10) + (0.78 X 10-4)( 


= 0.080 + 0.020 + 0.027 = 0.127 mA 
and at —65°C, 


Ale(—65°C) = (2.57)(—10-*) + (+0.203) (0.18) + (3.18 X 10-*)(—35) 
= —0.002 — 0.036 — 0.111 = —0.149 mA 


10.7 BIAS COMPENSATION! 


The collector-to-base bias circuit of Fig. 10-5a and the self-bias circuit of Fig. 
0-Ga are used to limit the variation in the operating collector current Ic 
€aused by variations in Ico, Vax, and 8. These circuits are examples of 


Therefore, for the germanium transistor, the collector current will be ap feedb k if hich died in Ch: tyiwheksiifis found Abat 
ack amplifiers, which are stu’ in Chap. 17, where it is foun at a 


mately 1.63 mA at +-75°C and 1.35 mA at —65°C. 


Fig. 10-11 Stabilization by means of self. 
bias and diode-compensation techniques. 


consequence of feedback is to reduce drastically the amplification of the 
signal. If this loss in signal gain is intolerable in a particular application, 
it is often possible to use compensating techniques to reduce the drift of # 
operating point. Very often both stabilization and compensation technique: 
are used to provide maximum bias and thermal stabilization. 


Diode Compensation for Vsz A circuit utilizing the self-bias stab’ 
tion technique and diode compensation is shown in Fig. 10-11. The diod 
is kept biased in the forward direction by the source Vpp and resistance & 
If the diode is of the same material and type as the transistor, the voltag 
V. across the diode will have the same temperature coefficient (—2.5 mV/°O) 
as the base-to-emitter voltage Vex. If we write KVL around the base cit 
of Fig. 10-11, then Eq. (10-28) becomes 


7p es BV — (Vax — V.)) + (Ro + R)(8 + 1)Ico 
Ry + RAL + 8) 


Since Vag tracks V, with respect to temperature, it is clear from Eq. (10 
that Z¢ will be insensitive to variations in Vgg. In practice, the compens 
of Vaz as explained above is not exact, but it is sufficiently effective to 
care of a great part of transistor drift due to variations in Vas. 


Diode Compensation for Jco We demonstrate in Sec. 10-6 that ch 
of Vsz with temperature contribute significantly to changes in colle 
current of silicon transistors. On the other hand, for germanium transis! 
changes in Ico with temperature play the more important role in colle 
current stability. The diode compensation circuit shown in Fig. 10-12 o 
stabilization against variations in Ico, and is therefore useful for stabilii 
germanium transistors. J 

If the diode and the transistor are of the same type and material, # 
reverse saturation current J, of the diode will increase with temperature 


4 


Fig. 10-12 Diode compensation for a germanium 
transistor. 


the same rate as the transistor collector saturation current Igo. From Fig. 
10-12 we have 


_ Veo — Vas") Veo ™ 
I= re ey const 
Since the diode is reverse-biased by an amount Vz ~ 0.2 V for germanium 
devices, it follows that the current through D is I,. The base current is 


Ip = 1 —1,. Substituting this expression for Jz in Eq. (10-4), we obtain 
Ic = BI — BI. + (1 + 8)Ico (10-38) 


We see from Eq. (10-38) that if 6 > 1 and if 7, of D and Ico of Q track each 
other over the desired temperature range, then J¢ remains essentially constant. 


10-8 BIASING CIRCUITS FOR LINEAR INTEGRATED CIRCUITS* 


In Chap. 15 we study the fabrication techniques employed to construct 
integrated circuits. These circuits consist of transistors, diodes, resistors, and 
capacitors, all made with silicon and silicon oxides in one piece of crystal or 
chip. One of the most basic problems encountered in linear integrated circuits 
is bias stabilization of a common-emitter amplifier. The self-bias circuit of 
Fig. 10-6a is impractical because the bypass capacitor required across R, is 
Much too large (usually in excess of 10 uF) to be fabricated with present-day 
integrated-circuit technology. This technology offers specific advantages, 
which are exploited in the biasing circuits of Fig. 10-13a and b. The special 
features are (1) close matching of active and passive devices over a wide 
temperature range; (2) excellent thermal coupling, since the whole circuit is 
fabricated on a very tiny chip of erystal material (approximately 90 mils 
Square); and (3) the active components made with this technology are no 
More expensive than the passive components. Hence transistors or diodes 
an be used economically in place of resistors. 

The biasing technique shown in Fig. 10-13a uses transistor Q1 connected 
88 a diode across the base-to-emitter junction of transistor Q2, whose collector 


bir a 5 t ‘, : " y 3 


286 / ELECTRONIC DEVICES AND CIRCUITS E 
‘ Sec. 10-9 TRANSISTOR BIASING AND THERMAL STABILIZATION / 287 


If R. = 4Rs, then Ver = Vec — Ie. ~ Vee/2, which means that the 
amplifier will be biased at one-half the supply voltage Vcc, independent of 
the supply voltage as well as temperature, and dependent only on the matching 
of components within the integrated circuit. An evaluation of the effects 
of mismatch in this circuit on bias stability is given in Ref. 2. 


10-9 THERMISTOR AND SENSISTOR COMPENSATION? 


There is a method of transistor compensation which involves the use of tem- 
perature-sensitive resistive elements rather than diodes or transistors. The 
thermistor (Sec. 5-2) has a negative temperature coefficient, its resistance 
decreasing exponentially with increasing 7. The circuit of Fig. 10-14 uses 
a thermistor Rr to minimize the increase in collector current due to changes 
in Ico, Var, or with T. As T rises, Ry decreases, and the current fed through 
Rr into R, increases. Since the voltage drop across R, is in the direction to 
reverse-bias the transistor, the temperature sensitivity of Rr acts so as to 
tend to compensate the increase in I¢ due to T. 

An alternative configuration using thermistor compensation is to move 
Rr from its position in Fig, 10-14 and place it across R2 As T increases, 
the drop across Rr decreases, and hence the forward-biasing base voltage is 
reduced. This behavior will tend to offset the increase in collector current 
with temperature. hf 

Instead of a thermistor, it is possible to use a temperature-sensitive 
resistor with a positive temperature coefficient such as a metal, or the sensistor 
(manufactured by Texas Instruments). The sensistor has a temperature 
coefficient of resistance which is +0.7 percent/°C (over the range from —60 
to +150°C). A heavily doped semiconductor can exhibit a positive tem- 
perature coefficient of resistance, for under these conditions the material 
acquires metallic properties and the resistance decreases because of the decrease 
of carrier mobility with temperature. In the circuit of Fig. 10-14 (with Rr 


Fig. 10-13 Biasing techniques for linear integrated circuits. 


current is to be temperature-stabilized. The collector current of Q1 is given bu 


—} Vee ai Vaz 


Tor Ri — Iai — Ie2 


For Vaz < Vee and (Iz: + Ip2) K Ici, Eq. (10-39) becomes 
Ion = ie = const 


If transistors Q1 and Q2 are identical and have the same V zz, their colle 
currents will be equal. Hence Ic: = Ici = const. Evenif the two transistol 
are not identical, experiments? have shown that this biasing scheme g 
collector-current matching between the biasing and operating transistors 
cally better than 5 percent and is stable over a wide temperature range. 

The circuit of Fig. 10-13a is modified as indicated in Fig. 10-13b so 
the transistors are driven by equal base currents rather than the same b 
voltage. Since the collector current, in the active region varies linearly wi 
Iz, but exponentially with Vaz, improved matching of collector curren 
results. The resistors 2. and Rs are fabricated in an identical manner, | 
that Rs = Re. Since the two bases are driven from a common voltage nod 
through equal resistances, then Jy1 = Jz2 = Ip, and the collector currents are 
well matched for identically constructed transistors. 

From Fig. 10-13b, the collector current of Q1 is given by 


Veo — Vaz ( ®) Bs Fig. 10-14 Thermist ensation of 
Tone —(94%)7 (10-41) ermistor comp: 
; Ri R,)°* " the increase in Ic with T. ~_ 


Under the assumptions that Vez « Voc, and (2 + Ro/Ri)In K Vec/Ry 
(10-41) becomes 


’ 


Wi 
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removed), temperature compensation may be obtained by placing a sensis| 
either in parallel with R; or in parallel with (or in place of) R.. Why? 

In practice it is often necessary to use silicon resistors and carbon 
in series or parallel combinations to form the proper shaping network.* 
characteristics required to eliminate the temperature effects can be determi 
experimentally as follows: A variable resistance is substituted for the shay 
network and is adjusted to maintain constant collector current as the operatin 
temperature changes. The resistance ys. temperature can then be plot 
to indicate the required characteristics of the shaping network. The probler 
now is reduced to that of synthesizing a network with this measured 
perature characteristic by using thermistors or sensistors padded with 
perature-insensitive resistors. 


10-10 THERMAL RUNAWAY 


The maximum average power Pp(max) which a transistor can dissipate 
depends upon the transistor construction and may lie in the range frot 
few milliwatts to 200 W. This maximum power is limited by the tempera 
ture that the collector-to-base junction can withstand. For silicon trans 
tors this temperature is in the range 150 to 225°C, and for germanium it i 
between 60 and 100°C. The junction temperature may rise either becat 
the ambient temperature rises or because of self-heating. The maxim 
power dissipation is usually specified for the transistor enclosure (case) 
ambient temperature of 25°C. The problem of self-heating, which is m 
tioned in Sec, 10-2, results from the power dissipated at the collector junct 
As a consequence of the junction power dissipation, the junction tempera’ 
rises, and this in turn increases the collector current, with a subsequent ine! 
in power dissipation. If this phenomenon, referred to as thermal rui 
continues, it may result in permanently damaging the transistor. 


Thermal Resistance It is found experimentally that the steady-s 
temperature rise at the collector junction is proportional to the power dit 
pated at the junction, or 


AT = T; — Ts = OPp (10 


where 7; and 7’, are the junction and ambient temperatures, respectively, 
degrees centigrade, and Pp is the power in watts dissipated at the collect 
junction. The constant of proportionality @ is called the thermal res 
Its value depends on the size of the transistor, on convection or radiation * 
the surroundings, on forced-air cooling (if used), and on the thermal connectio 
of the device to a metal chassis or to a heat sink. Typical values for vari 
transistor designs vary from 0.2°C/W for a high-power transistor with 4 
efficient heat sink to 1000°C/W for a low-power transistor in free air. ; 

The maximum collector power Pe allowed for safe operation is specifie® 
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Fig. 10-15 Power-temperature 
derating curve for a germanium 120 
power transistor. 20 
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at 25°C. For ambient temperatures above this value, Po must be decreased, 
and at the extreme temperature at which the transistor may operate, Po is 
reduced to zero. A typical power-temperature derating curve, supplied in a 
manufacturer's specification sheet, is indicated in Fig. 10-15. 


Operating-point Considerations The effects of self-heating may be 
appreciated by referring to Fig. 10-16, which shows three constant-power 
hyperbolas and a de load line tangent to one of them. It can be shown (Prob. 
10-26) that the point of tangency C' bisects the load line AB. Consider that 
the quiescent point is above the point of tangency, say at Qi. If now the 
collector current increases, the result is a lower collector dissipation because 
Q: moves along the load line in the direction away from the 300-W toward 
the 100-W parabola. The opposite is true if the quiescent point is below the 
Point of tangency, such as at Q2. We can conclude that if Vez is less than 
Vec/2, the quiescent point lies in a safe region, where an increase in collector 
Current results in a decreased dissipation. If, on the other hand, the operating 


Fig. 10-16 Concerning transis- 
for self-heating. The dashed 

id line corresponds to a 
Yery small de resistance. 
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290 / ELECTRONIC DEVICES AND CIRCUITS Sec. 1000 Sec. 10-11 TRANSISTOR BIASING AND THERMAL STABILIZATION / 291 


‘The first partial derivative of Eq. (10-47) can be obtained from Eq. (10-46): 


oP. 

Te = Veo — oR. + Re) (10-48) 
The second partial derivative in Eq. (10-47) gives the rate at which collector 
current increases with temperature. From our discussion in this chapter we 
know that junction temperature affects collector current by affecting Ico, 
Vor, and 6. Hence we have, from Eq. (10-36), 


ao _ g dtco , Veg vv 9B 
at, ~ Sar, +S ar, +8" an, 


point is located so that Vez > Vec/2, the self-heating results in even mor 
collector dissipation, and the effect is cumulative. 

It is not always possible to select an operating point which satisfies 
restriction Vez < 4Vcc. For example, if the load Rz is transformer-coupled 
to the collector, as in Fig. 10-17, then R, represents the small primary | 
resistance, and hence the load line is almost vertical, as indicated by 1 
dashed line in Fig. 10-16. Clearly Vez can be less than $V co only for exe 
sively large collector currents. Hence thermal runaway can easily occur 
a transformer-coupled load or with a power amplifier which has small colle 
and emitter resistances. For such circuits it is particularly important, 
take precautions to keep the stability factors (discussed in the prece 
sections) so small as to maintain essentially constant collector current, 


(10-49) 


Since for any given transistor the derivatives in Eq. (10-49) are known, the 
designer is required to satisfy Eq. (10-47) by the proper selection of S, 8’, 
§”, and @. In some practical problems the effect of J¢o dominates, and we 
present an analysis of the thermal-runaway problem for this case. From Eqs. 
(10-47) and (10-49), 


The Condition for Thermal Stability We now obtain the restrictions t 
be met if thermal runaway is to be avoided. The required condition is 
the rate at which heat is released at the collector junction must not excee 


the rate at which the heat can be dissipated; that is, oPo g tice alco a (10-50) 
Ole > AT; 
oPc a oPp 
oT; ~ dT; In Sec. 6-7 it is noted that the reverse saturation current for either silicon or 


If we differentiate Eq. (10-42) with respect to T; and substitute in Eq. (10-48) | Re a 


we obtain alco 
= 0.071, 10-51 
Pe 1 aT; co ¢ ) 
aT; ~6 Substituting Eqs. (10-48) and (10-51) in Eq. (10-50) results in 


This condition must be satisfied to prevent thermal runaway. By suitable di cul 
design it is possible to ensure that the transistor cannot run away bel 

specified ambient temperature or even under any conditions. Such an ana 
is made in the next section. 


[Veo — 2e(Re + R.)|(S)(0.07Teo) < % (10-52) 


Equation (10-52) remains valid for a p-n-p transistor provided that J¢ (and 
Too) are understood to represent the magnitude of the current. Remembering 
that ®, S, and Ico are positive, we see that the inequality (10-52) is always 
10-11 THERMAL STABILITY in provided that the quantity in the brackets is negative, or provided 


Let us refer to Fig. 10-6a and assume that the transistor is biased in the acti sore 
Ie> aR. +R) (10-53) 
Since Ves = Veo — Ic(Re + Rz), then Eq. (10-53) implies that Vex < Veo/2, 
4nd this checks with our previous conclusion from Fig, 10-16. If the inequality 
of Eq. (10-53) is not satisfied and Ver > Vcc/2, then from Eq. (10-48) we see 
‘at IPo/dI¢ is positive, and the designer must ensure that Eq. (10-50) will 
© satisfied, or else thermal runaway will occur. 


Po as! IoVes had TcVcn 


If we assume that the quiescent collector and emitter currents are essen! 
equal, Eq. (10-45) becomes 


Po = IeVeo — Ic(Re + Re) 


Equation (10-44), the condition to avoid thermal runaway, can be rewritté 


as follows: EXAMPLE Find the value of @ required for the transistor of the example on 
age 274 in order for the circuit to be thermally stable. Assume that Jco = 1nA 
oP ale 2 1 at 25°C. 


Me aT; ~ 8 
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Solution Since Vec/2 = 11.25 V and Vez = 13.3 V, the circuit is not inhe 


If we neglect Vaz, we have 
stable, because Ves > ¢Vcc. Substituting in Eq. (10-52), we obtain 


5X10°R=40-5 or R=7,0002 


[22.5 — 2 X 1.4 X (5.6 + 1.0)](8.61)(0.07 x 107%) < 8 b. Since |Vcx| = 40 — 15 = 25 > 4|Vcel| = 20 V, the circuit of Fig. 10-17 


1 9 js not inherently stable. The stability factor S is obtained from Eq. (10-17). 
4.0 X 8.61 X 0.07 X 107° < ro) <a 1 + 7,000/5 - 
| 101 + 7,000/5 


© <4.1 x 108°C/W 4 
\ Substituting in Eq. (10-52), we obtain 
The upper bound on the value of ® is so high that no transistor can vio 


and therefore this circuit will always be safe from thermal runaway. (40 — 2X 1 X 15)(94.3)(0.07 X 5 XK 107%) < 


aI 


or 
© < 3.03°C/W 


———_—_—_————_———_————— 


This example illustrates that amplifier circuits operated at low ¢ 
and designed with low values of stability factor (S < 10) are very 
susceptible to thermal runaway. In contrast, power amplifiers op 
high power levels. In addition, in such circuits R, is a small resi 
power efficiency, and this results in a high stability factor S. As a rest 
thermal runaway in power stages is a major consideration, and the desigi 
must guard against it. 
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EXAMPLE Figure 10-17 shows a power amplifier using a p-n-p ge 
transistor with 8 = 100 and Ico = —5 mA. The quiescent collector r 
isT¢ = —1A. Find (a) the value of resistor 7; (b) the largest value of @ tha 

result in a thermally stable circuit. 


Solution a. The collector current is given by Eq. (10-4), or 
Te = Bln + (1 + B)Ico = B(Is + Ico) 


and 
1—5 X10 X 100 
Tp 700 A 5mA 
-Vec= —40V 


Fig. 10-17 Power amplifier with a fF 
former-coupled load. 
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fig. 11-1 A two-port os 
network. oon on V2 port 


no reactive elements within the two-port network. Then, from Eqs. 
(11-1) and (11-2), the h parameters are defined as follows: 


I SMALL-SIGNAL LOW-FREQUE 


hn = Fe | tae input resistance with output short-circuited (ohms). 
1 l= 
TRANSISTOR MO D ELS hy = os 9 = fraction of output voltage at input with input open- 
oa" circuited, or more simply, reverse-open-circuit voltage 
amplification (dimensionless). 
hn = = negative of current transfer ratio (or current gain) 
In Chap. 9 we are primarily interested in the static chara 1; =o 


with output short-circuited. (Note that the current 
into a load across the output port would be the nega- 
tive of is.) This parameter is usually referred to, 
simply, as the short-circuit current gain (dimensionless). 


of a transistor. In the active region the transistor operates 
reasonable linearity, and we now inquire into small-signal linear 
which represent the operation of the transistor in this active 
The parameters introduced in the models presented here are inter 
in terms of the external volt-ampere characteristics of the trans 
Methods for measuring these parameters are also given. Fi 
detailed study of the transistor amplifier in its various co! 
is made. 


hy» = 3 (+ = output conductance with input open-circuited (mhos). 


Notation The following convenient alternative subscript notation is 
recommended by the IEEE Standards:! 


é = 11 = input o = 22 = output 
11-1 TWO-PORT DEVICES AND THE HYBRID MODEL 


The terminal behavior of a large class of two-port devices is 5) 
by two voltages and two currents. The box in Fig. 11-1 represen 
such a two-port network. We may select two of the four quantit 
as the independent variables and express the remaining two in 
of the chosen independent variables. It should be noted th 
general, we are not free to select the independent variables arbi 
For example, if the two-port device is an ideal transformer, we cam 
pick the two voltages v; and v2 as the independent variables be 
their ratio is a constant equal to the transformer turns ratio. ¥ 
current 7; and the voltage v, are independent and if the two-por® 
linear, we-may write 


f = 21 = forward transfer r = 12 = reverse transfer 


Th the case of transistors, another subscript (b, e, or c) is added to designate 
the type of configuration. For example, 


hw» = hi» = input resistance in common-base configuration 


hye = hore = short-circuit forward current gain in common-emitter 
circuit 

Since the device described by Eqs. (11-1) and (11-2) is assumed to include 

NO reactive elements, the four parameters hi: hi2, her, and hee are real numbers, 

4nd the voltages and currents v;, v2, and 1, ¢2 are functions of time. However, 

Teactive elements had been included in the device, the excitation would be 

fonsidered to be sinusoidal, the h parameters would in general be functions 


frequency, and the voltages and currents would be represented by phasors 
4 Vo, and Ji, Is. 


0, = Ayrty + hiove 
do = Aerts + hove 


The quantities hii, his, he:, and Az: are called the h, or hybrid, parame 
because they are not all alike dimensionally. Let us assume that 


294 


The Model We may now use the four h parameters to construct a 
Mathematical model of the device of Fig. 11-1. The hybrid circuit for any 


wiv 2 ee TE ee Le ne yer 
ee . . 
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See. 11.3 ; 

we may write 

0 = frlts, Vc) (11-3) 
to = falts, vc) (11-4) 
Making a Taylor’s series expansion of Eqs. (11-3) and (11-4) around the quies- 


cent point Zp, Ve, similar to that of Eq. (8-12), and neglecting higher-order 
terms, we obtain 


Fig. 11-2. The hybrid model for — 
the two-port network of Fig. 11-],_ 
The parameters hy» and ha are 
dimensionless. 


i 
f 
device characterized by Eqs, (11-1) and (11-2) is indicated in Fig. 11-2. 4 


SOAK 4 Of 11-5 

due = 5 |,, dio + dye pee, Cs) 

can verify that the model of Fig. 11-2 satisfies Eqs. (11-1) and (11-2) by Sian Sh| Aig + oh Av (11-6) 
writing Kirchhoff’s voltage and current laws for the input and output po ae le et a oe 


ively. 
—s The partial derivatives are taken, keeping the collector voltage or the base 
current constant, as indicated by the subscript attached to the derivative. 
The quantities Avg, Ave, Ais, and Aic represent the small-signal (inere- 
mental) base and collector voltages and currents. According to the notation 
in Table 9-1, we represent them with the symbols t, v-, %, and %. We may 
now write Eqs. (11-5) and (11-6) in the following form: 


11-2 TRANSISTOR HYBRID MODEL 


The basic assumption in arriving at a transistor linear model or equivs e 
circuit is the same as that used in the case of a vacuum tube: the variat 
about the quiescent point are assumed small, so that the transistor para 


can be considered constant over the signal excursion. y 1» = Nisty + hrede (11-7) 
Many transistor models have been proposed, each one having its partic tc = hyely + Rode (11-8) 

advantages and disadvantages. The transistor model presented in this ch Phere, 

and exploited in the next chapter, is given in terms of the h parameters, w! af; _ due afi dup 

are real numbers at audio frequencies, are easy to measure, can also be ob’ hie = Bis bts lve re og ave ie (11-9) 


from the transistor static characteristic curves, and are particularly convenil 
to use in circuit analysis and design, Furthermore, a set of h parameters 
specified for many transistors by the manufacturers. 
To see how we can derive a hybrid model for a transistor, let us consid 
the common-emitter connection shown in Fig. 11-3. The variables 4, 
vp, and ve represent total instantaneous currents and voltages. From ot 
discussion in Chap. 9 of transistor voltages and currents, we see that we 2 
select the current iz and voltage vc as independent variables. Since va 
some function fi of ig and ve and since é¢ is another function fe of i» and 


and \ 
newts oe 


Of, _ dic 
hye = a Ve Ao de 


pa da (11-10) 
Opn diz 


Te 


The partial derivatives of Eqs. (11-9) and (11-10) define the h parameters 
for the common-emitter connection. In the next section we show that the 
above partial derivatives can be obtained from the transistor characteristic 
curves and that they are real numbers. We now observe that Eqs. (11-7) 
4nd (11-8) are of exactly the same form as qs. (11-1) and (11-2). Hence the 
Model of Fig. 11-2 can be used to represent a transistor. 


t The Three Transistor Configurations The common-emitter (CE), com- 

t Mon-collector (CC), and common-base (CB) configurations, their hybrid 

* Models, and the terminel vi equations are summarized in Table 11-1. We 
Fig. 11-3 A simple common-emitter con=— ould note here that, for any one of the three different transistor connections, 
nection. x le input and output voltages have a common terminal. Moreover, we note 
from Kirchhoff’s current law that 


b+iti=0 (11-11) 
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TABLE 11-1 Transistor configurations and their hybrid models of characteristic curves. Two families of curves are usually specified for 
transistors. The output characteristic curves depict the relationship between 
output current and voltage, with input current as the parameter. Figures 
g-5 and 9-8 show typical output characteristic curves for the common-base 
and common-emitter transistor configurations, The input characteristics 
depict the relationship between input voltage and current with output voltage 


as the parameter. Typical input characteristic curves for the common-base 


Circuit schematic 


CB ; és Z ‘ 2 ‘ 
U = hin + ia and common-emitter transistor connections are shown in Figs. 9-6 and 9-9. 
te = hyein + Rosde If the input and output characteristics of a particular connection are given, 


the h parameters can be determined graphically. 


The Parameter hy. For a common-emitter connection the characteristics 
are shown in Fig, 11-4. From the definition of hy. given in Eq. (11-10) and 
from Fig. 11-4a, we have 


dic _ Ate tor — ter 
oa Nig \ve a al (11-12) 
The current increments are taken around the quiescent point Q, which corre- 
sponds to the base current ip = Ip and to the collector voltage vex = Ve (a 
vertical line in Fig. 11-4a). 

The parameter hy. is the most important small-signal parameter of the 
transistor. ‘This common-emitter current transfer ratio, or CE alpha, is also 
written a, or 6’, and called the small-signal beta of the transistor. The rela- 
tionship between 6’ = hy. and the large-signal beta, B ~ hes, is given in Eq. 
(9-47), 


ic Var 


i = hyois + hte 


The circuits and equations in Table 11-1 are valid for either an V, 


or p-n-p transistor and are independent of the type of load or meth 
biasing. 7 


Um 


11-3 DETERMINATION OF THE h PARAMETERS 
FROM ‘THE CHARACTERISTICS? 


Equations (11-3) and (11-4) give the form of the functional relationshij 
the common-emitter connection of total instantaneous collector current @ 
base voltage in terms of two variables, namely, base current and collet 
voltage. Such functional relationships are represented in Chap. 9 by fa mi 


(6) 


3 Fig. 11-4 Characteristic curves of a common-emitter transistor. (a) CE output 
~ characteristics—determination of hye and /ioc; (b) CE input characteristics— 
~ determination of hie and hye 
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f The Parameter h,, From Eq. (11-10), 
dig dic 

Roe = ave be De In 
The value of h.. at the quiescent point Q is given by the slope of the outpy 
characteristic curve at that point. This slope can be evaluated by draw 


The Parameter hy, From Eq. (11-9), i 


hag = 22 we BP 


din ~ Ais lve us 


Hence the slope of the appropriate input characteristic at the quiescen 
point Q gives hi. In Fig. 11-40, hi. is given by the slope of the line ZF, 
is drawn tangent to the characteristic curves at the point Q. 


-100 -650 0 50 100 «150 «200 
Collector current Ic , mA Junction temperature T; , °C 


(a) (6) 


Characteristics relative to value at J = 25°C 


La acy 2 lag ctf Yi Fig. 11-5 Variation of common-emitter h parameters (a) with collector current 
normalized'to unity at Ver = —5.0 V and Ic = —1.0 mA for the type 2N996 
diffused-silicon planar epitaxial transistor; (b) with junction temperature, normal- 
ized to unity at 7; = 25°C. (Courtesy of Fairchild Semiconductor.) 


_ dg _ Avg Up. — Ver 
ne RS. | decile’ Taos = Pox 


A vertical line on the input characteristics of Fig. 11-4b represents ¢ 
base current. The parameter h,, can now be obtained as the change in 
voltage, vs2 — vai, divided by the change in collector voltage, vc: — vo, | 
a constant base current Js, at the quiescent point Q. Since h,. ~ 1074, 
Avg < Avec, and hence the above method, although correct in principle, is’ 
inaccurate in practice. 

The procedure outlined here for the determination of the common. 4 
h parameters may also be used to obtain the common-base and commo 


collector h parameters from the appropriate input and output characte 
curves. 


in Fig. 11-5a is for a constant junction temperature of 25°C and a frequency 
of 1 kHz. Manufacturers usually also provide curves of h parameters versus 
Vex, although this variation with Vcg is often not significant. Specifically, 
hy. is more sensitive to Ic than to Vez. Most transistors exhibit a well-defined 
Maximum in the value of hy. as a function of collector or emitter current. 
Such a maximum in the variation of h,. with emitter current and temperature 
is shown in Fig. 11-6 for an n-p-n double-diffused silicon mesa transistor. 


Hybrid-parameter Variations From the discussion in this section 
have seen that once a quiescent point Q is specified, the A parameters 
obtained from the slopes and spacing between curves at this point. 
the characteristic curves are not in general straight lines, equally spaced | 
equal changes in J» (Fig. 11-4) or Vcg (Fig. 11-46), it is clear that the valu 
of the h parameters depend upon the position of the quiescent point on 
curves. Moreover, from our discussion in Chap. 9, we know that the shape 
actual numerical values of the characteristic curves depend on the junction te? 
perature. Hence the h parameters also will depend on temperature. Mé 
transistor specification sheets include curves of the variation of the h paran 
with the quiescent point and temperature. Such curves are shown for a typ ‘ 
silicon p-n-p transistor in Fig. 11-5a and b. These curves are plotted Wi 
respect to the values of a specific operating point, say —5 V collector-to-emit 
voltage and —1 mA collector current. The variation in h parameters as sh 


Fig. 11-6 Variation of hy. 

With emitter current for the 

type 2N1573 silicon mesa Me 
transistor. (Courtesy of 

Texas Instruments, Inc.) 
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The value of Aj, is given by Eq. (11-14): 


TABLE 11-2 Typical h-parameter values for a 
transistor (at Jz = 1.3 mA) 


Ve nial 11-16 
hie = T, |v.-0 v. ( ) 


he Hence the input resistance hi may be calculated from the two measured 
21.69 yoltages V, and V». 
Ass: male 2.9 x 10 For the parameter hy. we have from Eq. (11-12) 
ha = hy —0.98 
has = he 0.49 wA/V 


etait Ses, aby 11-17) 
Me = Tylvm0 ~ Vaz . 


2.04 M 
since J. = Vo/Rz. Thus hy is obtained from the two measured voltages Vv. 
and V.. , 
The circuit of Fig. 11-8 may be used to measure h,, and hoe. The signal 
is now applied to the collector circuit using a transformer. Because the 
impedance of the tank circuit is large compared with Ri, the base circuit 
may be considered effectively open-circuited as far as the signal is concerned. 
We then obtain from Eq. (11-15) 


Table 11-2 shows values of h parameters for the three different tran 
configurations of a typical junction transistor. 


11-4 MEASUREMENT OF h PARAMETERS® 


Based on the definitions given in Secs. 11-1 and 11-2, simple exp 
may be carried out for the direct measurement of the hybrid paran 
Consider the circuit of Fig. 11-7. The desired quiescent condition 
obtained from adjustable supplies Vcc, Vzx, and the resistor Ro. The im 
ance of the tank circuit (~500 K) at the audio frequency (1 kHz) at 
the measurements are made is large compared with the transistor inpl 
resistance R;, The value of R: (1 M) is large compared with R,, and 1 
reactances of C,, C2, and Cs are negligible at the frequency of the sinusoid 
generator V,. 

Note that we now use capital letters to represent phasor rms voltage 
currents, Hence, Avg, Ais, Ave, and Aig of the preceding section are repli 
by Vi, Zs, Ve, and J, respectively. We may consider the signal-input ¢ 
to be Jy = V./Ry. Since Rx is generally 50 2, we may consider the i 
output port as short-circuited to the signal. 


Vo 


1 aa (11-18) 
- ae 


In=o Va 


hr 


The output conductance is defined by Eq. (11-13): 


bl 


Ve (11-19) 
Ve 


iets 6 Rtv. 


Te = 


Hence h., is obtained from the measured voltages V. and V-. 

In measuring V>, Vs, and V; it is necessary to ground one side of the volt- 
meter to avoid stray pickup. This can be done by using a high input resistance 
voltmeter with one side connected, through a capacitor, to point A, or to the base 
or to the collector, and with the other side of the meter grounded. 


Fig. 11-8 Circuit for meas- 
Uring hi. and hoc 


Fig. 11-7 Circuit for measuring hi. and hy. 


— =. * + = eee !mhLUCU Ole ee ee 
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TABLE 11-3. Approximate conversion formulas for transistor parameters 
(numerical values are for a typical transistor Q) 


Common Common 
Bynitiot emitter collector 
Nee 1,100 & Kiet 
Nre 2.5 X 10-4 1 = eet 
hy 50 —A + hy) t 


Ire 1 = he = It 


hye —(L + hy)t 

Nee 

a 

Te 

% 

re Lhe = PE + Wythe + 


hye 
ae (1 = Are) t 


2.9 X 10-* 


0.49 wA/V 


ha — M+ hat 
ob 


hep 
rea 
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11-5 CONVERSION FORMULAS FOR THE PARAMETERS 
OF THE THREE TRANSISTOR CONFIGURATIONS‘ 


Very often it is necessary to convert from one set of transistor parameters 
to another set. Some transistor manufacturers specify all four common- 
emitter h parameters; others specify hye, hy, hes, and hw». In Table 11-3 we 
give approximate conversion formulas between the CE, CC, and CB h parame- 
ters. For completeness, we also include the T-model parameters, although 
we postpone until See. 11-9 the discussion of the T model. Exact formulas 
are given in Ref. 4, but are seldom required. Those conversions marked with 
a dagger in Table 11-3 are exact. 

The conversion formulas can be obtained using the definitions of the 
parameters involved and Kirchhoff’s laws. The general procedure is illustrated 
in the following examples. 


EXAMPLE Find, in terms of the CB A parameters, (a) hye and (6) hie. 


Solution a. The CB h-parameter circuit of Fig. 11-9a is redrawn in Fig. 11-9b 
as a CE configuration. The latter corresponds in every detail to the former, 
except that the emitter terminal # is made common to the input and output ports. 
By definition, 


=e — Vie+ Vow Vee 
Aha hae (8) 


Veolo=0 Veg 


If J, = 0, then 7, = —J,, and the current J in hy in Fig. 11-9b is J = (1 + hy)I.. 
Since h» represents a conductance, 


I = hoVee = (1 + hp)le 
Applying KVL to the output mesh of Fig. 11-9), 
hile + leVeo + Vee + Vee = 0 


(6) 


a 11-9 (a) The CB hybrid model. (b) The circuit in (a) redrawn in a CE configu- 
Stion, 
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Combining the last two equations yields Applying KCL to node B, we obtain 


led: dat Walid = 10 
ahah Yi, — haVie + Vee + Vou = 0 ‘ alia ad ‘a 


1+ ithe or 
1—he 
or Ty = (1 + hp) Vie + horVie 
ib 
Ll 5 Hence 
Vee hithon + (1 — ha) (1 + hp) 
hie = 1 en a 

Hence “Th hiahes + (1 — hes) + har) 


Vee _ __ hinhon — (1 + hp)hw 
Veo —hivhion + (1 — hn) (L + ha) 


- This is an exact expression. The simpler approximate formula is obtained y 
4 noting that, for the typical values given in Table 11-2, lt 


This is the exact expression. If we make use of the same inequalities as in part 
a, namely, hy» <1 and hehw «1 + hy, the above equation reduces to 


Ire = 1+ 


hy <1 and hohe K1 + hyp which is the formula given in Table 11-3. 


. Hence 
Biya hithos _ 
l+hp 11-6 ANALYSIS OF A TRANSISTOR AMPLIFIER 
which is the formula given in Table 11-3. CIRCUIT USING h PARAMETERS 

b. By definition, To form a transistor amplifier it is only necessary to connect an external load 
and signal source as indicated in Fig. 11-11 and to bias the transistor properly. 

icles ie any The two-port active network of Fig. 11-11 represents a transistor in any one 

Sal nc 


of the three possible configurations. In Fig. 11-12 we treat the general case 
(connection not specified) by replacing the transistor with its small-signal 
hybrid model. The circuit used in Fig. 11-12 is valid for any type of load 
whether it be a pure resistance, an impedance, or another transistor. This 
is true because the transistor hybrid model was derived without any regard 
to the external circuit in which the transistor is incorporated. The only 
Testriction is the requirement that the h parameters remain substantially 
constant over the operating range. 
Assuming sinusoidally varying voltages and currents, we can proceed 
With the analysis of the circuit of Fig. 11-12, using the phasor (sinor) notation 
Tepresent the sinusoidally varying quantities. The quantities of interest 
re the current gain, the input impedance, the voltage gain, and the output impedance. 


If we connect terminals C and E together in Fig. 11-9), we obtain Fig. Ll 
From the latter figure we see that 


Va = —Vo0 

Applying KVL to the left-hand mesh, we have 
Vie + hale + hnVa = 0 

Combining these two equations yields 


1- he 


= - Vie 


hiv 


Fig. 11-10 Relating to the 
tions of hj in terms of the CB 


ee 1-11 A basic amplifier 
parameters. 


revit, 


‘wr 4 awe Z 
a ‘ Paste 


= .. ee em ha 
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From Eq. (11-26) we have 


Aye ArZ, _ Ardy 


Fig. 11-12 The transistor jn Vi Zi (11-29) 


Fig. 11-11 is replaced by its 
h-parameter model, 


The Output Admittance Y, For the transistor in Figs, 11-11 and 11-12, 
Y, is defined as 


Y= a with V, = 0 (11-30) 
The Current Gain, or Current Amplification, Ar For the transis 2 
amplifier stage, A; is defined as the ratio of output to input currents, or From Eq. (11-21), 

(11-20) Y, = hy + he (11-31) 


From the circuit of Fig. 11-12, we have From Fig. 11-12, with V, = 0, 


Tn = hy + hoVe Ri + hil + hyVe = 0 (11-32) 
Substituting V2 = —IoZr in Eq. (11-21), we obtain or I he 
1 
fe hy Tp wim PE Re (11-33) 
fe =F" LiFe Allee 
; Xk Substituting the expression for :/V2 from Eq. (11-33) in Eq. (11-31), we 
The Input Impedance Z; The resistance FR, in Figs. 11-11 and obtain 
represents the signal-source resistance. The impedance we see looking Wiehe hsh, (11-84) 
the amplifier input terminals (1, 1’) is the amplifier input impedance Z;, or " h+R, 


Note that the output admittance is a function of the source resistance. If the 
source impedanceis resistive, as we have assumed, then Y, is real (a conductance). 
In the above definition of Y, = 1/Z,, we have considered the load Zz, 
external to the amplifier. If the output impedance of the amplifier stage 
with Z, included is desired, this loaded impedance can be calculated as the 


From the input circuit of Fig. 11-12, we have 
Vi = Adi + hpVo 


Hence Parallel combination of Zz, and Z,. 
oy = ET ot net 
1 qi The Voltage Amplification Ay,, Taking into Account the Resistance R, 
Substituting f the Source This overall voltage gain Ay, is defined by 
Va= Liz = Als2r Ane papp rag (11-35) 
pe cach ja hyhy a 9 From the equivalent input circuit of the amplifier, shown in Fig. 11-13a, 
Z=h +h Ar n=h—- pre, 7 Mt Viz: 
* r 17° oS 
where use has been made of Eq. (11-22) and the fact that the load admittat Then 4+, 
is ¥, = 1/Zz. Note that the input impedance is a function of the load impeda i 
A eee (11-36) 


"OT DR for Re 


Where use has been made of Eq. (11-29). Note that, if R, = 0, then Ay, = Ay. 
nee Ay is the voltage gain for an ideal voltage source (one with zero internal 
nce), In practice, the quantity Ay, is more meaningful than Ay since, 


The Voltage Gain, or Voltage Amplification, Ay The ratio of outp 
voltage V» to input voltage Vi gives the voltage gain of the transistor, ©) 


rere (iL 


2 : ot A i \, . a " 
es = - 
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h TABLE 11-4 — Small-signal analysis of 
bad a transistor amplifier 
hy 
+) vs Sige ear 
des a tt pst 
°. Zi = hit hrAiZ, = hi R+Y¥ 
() Ay = 4 
Fig. 11-13 Input circuit of a transistor amplifier using Y,=h hyhe 1 
(a) a Thévenin’s equivalent for the source and (b) a a tow RRP AS Bes 
Norton's equivalent for the source. AyZs Athy _ Andy, 
Ay, = 
. f DERG Bea Re 2 R, 
usually, the source resistance has an appreciable effect on the overall volt ate oa 
amplification, For example, if Z; is resistive and equal in magnitude to R,, sis A,R, 
then Ay, = 0.5Ay. "+R, 


The Current Amplification A;., Taking into Account the Source Resistance 
R, If the input source is a current generator J, in parallel with a re 


R,, as indicated in Fig. 11-13b, then this overall current gain Az. is delved Summary The important formulas derived above are summarized for 


Fe ie lL ready reference in Table 11-4. Note that the expressions for Ay, Av., and 
An = dca imi a Ar 7 A;, do not contain the hybrid parameters, and hence are valid regardless of 
te what equivalent circuit we use for the transistor. In particular, these expres- 

From Fig. 11-13b, sions are valid at high frequencies, where the h parameters are functions of 
be LR, frequency or where we may prefer to use another model for the transistor (for 

4+ #, example, the hybrid-II model of Sec. 13-5). 

and hence 
y Abe AiR, 

eS T+R, 


EXAMPLE The transistor of Fig. 11-11 is connected as a common-emitter 
amplifier, and the h parameters are those given in Table 11-2. If R, = R, = 
1,000 Q, find the various gains and the input and output impedances. 


Note that if R, = ©, then Ar, = A;. Hence Ay is the current gain fo a 
ideal current source (one with infinite source resistance). te 
Independent of the transistor characteristics, the voltage and 2 
gains, taking source impedance into account, are related by od Solution In making the small-signal analysis of this circuit it is convenient, first, 
Z a to calculate Al, then obtain R; from A,, and Ay from both these quantities. 
Using the expressions in Table 11-4 and the h parameters from Table 11-2, 

This relationship is obtained by dividing Eq. (11-36) by Eq. (11-38), a 
is valid provided that the current and voltage generators have the same 80 
resistance R,, 


hye 50 
ee Ee eg a Cie 
! 1+ hake ie xixie “88 


Ri = hie + hreArRt = 1,100 — 2.5 K 10-* X 48.8 X 10° = 1,088 2 


The Operating Power Gain A, The average power delivered t0 AR,  —48.8 X 108 


load Z, in Fig. 11-11 is Pp = |Vo| |Zz| cos 0, where 6 is the phase angle be Ay = = = a 448 

V: and Jy. Assume that Zz is resistive. Then, since the h parameters: Ry 1.088 x 10 

real at low frequencies, the power delivered to the Teed isP. = Vil. = —V8 Ay, = Avki aa Be 1,088 _ at 
Since the input power is Pi: = V 111, the operating power gain A, of the tran sis! eT pea 2,088 


is defined as f re AiR, _ —48.8 X 108 23.3 
A,=> = —77 = AvAr = AP? Gis a al : 
1 1 
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Note that, since R, = Rx, then Ay, = Aj, 


Finally, the power gain is given by 


Ay = AvA; = 44.8 X 48.8 = 2,190 


11-7 


From Table 11-4 the values of current gain, voltage gain, input imped 
and output impedance are calculated as a function of load and source imped 
ances. These are plotted in Figs. 11-14 to 11-17 for each of the three config 
tions. A study of the shapes and relative amplitudes of these curves is instru 
The asymptotic end points of these plots (for Rz or R, equal to ze 


tive. 
or infinity) are indicated in Table 11-5. 


10° 


10* 


10° 


Fig. 11-14 The current gain A, of the typical transistor of Table 
u 11-2 as a function of its load resistance. 


hychye 50 X 2.5 x 107* 
Ys = he ee OP De 180 10S 
2 hie + Re 2,100 mtg 
= 19.0 zA/V 
or 
6 
a = 1 = eh hoex 
Y, 19.0 


COMPARISON OF TRANSISTOR AMPLIFIER CONFIGURATIONS 
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The CE Configuration From the curves and Table 11-5, it is observed 
that only the common-emitter stage is capable of both a voltage gain and a 
current gain greater than unity. This configuration is the most versatile and 
useful of the three connections, 

Note that R; and R, vary least with R, and R,, respectively, for the CE 
circuit. Also observe that the magnitudes of R; and R, lie between those for 
the CB and CC configurations. 

To realize a gain nominally equal to (Ay.)mex would require not only that 
a zero-impedance voltage source be used, but also that R, be many times 
larger than the output impedance. Normally, however, so large a value of 
R is not feasible. Suppose, for example, that a manufacturer specifies a 
maximum collector voltage of, say, 30 V. Then we should not be inclined 
to use a collector supply voltage in excess of this maximum voltage, since in 
such a case the collector voltage would be exceeded if the transistor were 
driven to cutoff. Suppose, further, that the transistor is designed to carry a 
collector current of, say, 5 mA when biased in the middle of its active region. 
Then the load resistor should be selected to have a resistance of about3 = 3 K. 
We compute for the CE configuration a voltage gain under load of Ay = —129 
(for R. = 0). Of course, the load resistance may be smaller than 3 K, as, 


Ay(CC) 


08 


06 


0.2 


10? 


Ra 


Fig. 11-15 The voltage gain of the typical transistor of Table 
11-2 as a function of its load resistance. 
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for example, when a transistor is used to drive another transistor. Or in 
some applications a higher value of Rz may be acceptable, although load 
resistances in excess of 10 K are unusual. 


R,, 2 


10° 


The CB Configuration Tor the common-base stage, Ar is less than unity, 
Ay is high (approximately equal to that of the CE stage), 2; is the lowest, and 
R, is the highest of the three configurations. The CB stage has few applica- 
tions. It is sometimes used to match a very low impedance source, to drive 
a high-impedance load, or as a noninverting amplifier with a voltage gain 
greater than unity. It is also used as a constant-current source (for example, 
as a sweep circuit to charge a capacitor linearly’). 


10° 


10° 


The CC Configuration For the common-collector stage, Ar is high 
(approximately equal to that of the CE stage), Ay is less than unity, 2, is 
the highest, and R, is the lowest of the three configurations. This circuit 
finds wide application as a buffer stage between a high-impedance source and 
a low-impedance load. This use is analogous to that of the cathode follower, 
and this transistor circuit is called an emitter follower. 


Summary The foregoing characteristics are summarized in Table 11-6, 
where the various quantities are calculated for R, = 3 K and for the h parame- 
ters in Table 11-2. 


10 10 10° 10 10° 10° 10” Ra 


Fig. 11-16 The input resistance of the typical transistor 
of Table 11-2 as a function of its load resistance. 


TABLE 11-5 Asymptotic values of transistor gains and resistances 
(for numerical values of h parameters see Table 11-2) 


h-parameter 10° 
Quantity expression CE cc CB 
(An) max (Ru = 0, R, = )| hy —50 51 0.98 10° 
5 R; (Rx = 0) hk 21.69 
10¢ 
A 
R; (Ri = ~) = 600 2 
ho 
k 10° 
(Av.)max (Rt = %) Ry = 0)! == —3,330 1 3,330 
k 10° 
Re (Ry = 0) * 73.3 K 21.6 2 73.5 K 
10 
R(R, = ©) x 40K 40K 2.04 M eC i, nT ie, in ie Cae eT 
fei Fig. 11-17 The output resistance of the typical transistor of 
A hho — hrhy 15 X 10 51.0 2.94 X 10° Table 11-2 as a function of its source resistance. 
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TABLE 11-6 Comparison of transistor configurations 
Quantity CE cco CB 

Ar High (—46.5) High (47.5) | Low (0.98) 

Ay High (—131) Low (0.99) High (131) 

R; (Rr = 3 K) | Medium (1,065 2) High (144 K) | Low (22.5 9) 

Ry (R, = 3K) | Medium high (45.5 K) | Low (80.5.9) | High (1.72 M) 
11-8 LINEAR ANALYSIS OF A TRANSISTOR CIRCUIT 


There are many transistor circuits which do not consist simply of the CE, CB, 
or CC configurations discussed above. For example, a CE amplifier may have 
a feedback resistor from collector to base, as in Fig. 10-5, or it may have an 
emitter resistor, as in Fig. 10-6. Furthermore, a circuit may consist of several 
transistors which are interconnected in some manner. An analytic determina- 
tion of the small-signal behavior of even relatively complicated amplifier ci 
cuits may be made by following these simple rules: 


1. Draw the actual wiring diagram of the cireuit neatly. sh 

2. Mark the points B (base), C (collector), and E (emitter) on this circuit 
diagram. Locate these points as the start of the equivalent circuit, Maintain 
the same relative positions as in the original circuit. 

3. Replace each transistor by its h-parameter model (‘Table 11-1). 

4. Transfer all circuit elements from the actual circuit to the equivalent 
circuit of the amplifier. Keep the relative positions of these elements intact. 

5. Replace each independent de source by its internal resistance. The 
ideal voltage source is replaced by a short circuit, and the ideal current source 
by an open circuit. 

6. Solve the resultant linear circuit for mesh or branch currents and node 
voltages by applying Kirchhoff’s current and voltage laws (KCL and 


It should be emphasized that it is not necessary to use the foregoing 
general approach for a circuit consisting of a cascade of CE, CB, and/or 
stages. Such configurations are analyzed very simply in Chap. 12 by di 
applications of the formulas in Table 11-4. 


11-9 THE PHYSICAL MODEL OF A CB TRANSISTOR 


The circuit designer finds the small-signal model of the transistor deseri 
by the hybrid parameters very convenient for circuit analysis. As indi 
in Sec. 11-1, these h parameters characterize a general two-port network 
When this model is applied to a specific transistor, the values of the hybr 
parameters are measured experimentally (Sec. 11-4) by the user or by 
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manufacturer. The device designer, on the other hand, prefers to use a model 
containing circuit parameters whose values can be determined directly from 
the physical properties of the transistor. We now attempt to obtain such a 
small-signal equivalent circuit which brings into evidence the physical mecha- 
nisms taking place within the device. ‘ dive 

To be specific, consider the grounded-base configuration. Looking into 
the emitter, we see a forward-biased diode. Hence, between input terminals 
Band B’, there is a dynamic resistance r,, obtained as the slope of the (forward- 
piased) emitter-junction volt-ampere characteristic. Looking back into the 
output terminals C and B’, we see a back-| biased diode. Hence, between 
these terminals, there is a dycamis resistance r’, obtained as the slope of the 
(reverse-biased) collector-junction volt-ampere characteristic. From the 
physical behavior of a transistor as discussed in Chap. 9, we know that the 
collector current is proportional to the emitter current. Hence a current 
generator ai, is added across r, resulting in the equivalent circuit of Fig. 
11-18. 


The Early Feedback Generator The equivalent circuit of Fig. 11-18 is 
unrealistic because it indicates a lack of dependence of emitter current on 
collector voltage. Actually, there is some such small dependence, and the 
physical reason for this relationship is not hard to find. As indicated in 
Sec. 9-7, an increase in the magnitude of the collector voltage effectively 
narrows the base width W, a phenomenon known as the Early effect.’ The 
minority-carrier current in the base in the active region is proportional to 
the slope of the injected minority-carrier density curve. From Fig. 9-23 we 
see that this slope increases as W decreases. Hence the emitter current injected 
into the base increases with reverse collector voltage. This effect of collector 
voltage va on emitter current may be taken into account by including a 
voltage source pow in series with rj, as indicated in Fig. 11-19. A little 
thought should convince the reader that the polarity shown for generator 
vy is consistent with the physical explanation just given. 


The Base-spreading Resistance To complete the equivalent circuit of 
Fig. 11-18, we must take into account the ohmic resistances of the three 
transistor regions. Since the base section is very thin, the base current passes 
through a region of extremely small cross section. Hence this resistance 7», 
called the base-spreading resistance, is large, and may be of the order of several 


Collector C 


Fig. 11-18 A simplified physical 
Model of a CB transistor. 


Base B’ 


Sec. 11. Sec. 11-10 


¥ 
Fig. 11-19 Amore com 


plete physical model 


ig. 11-20 The T model of a CB tran- 
of a CB transistor than (RUS i sali 


sistor. 


that indicated in Fig. 
11-18. 


hundred ohms. On the other hand, the collector and emitter ohmic resistane 


coincided, the circuit of Fig. 11-19 would be identical with the hybrid mods 
of Fig. 11-2, with 


Tahoe wah 


a= —hy and n= 


The T Model = The circuit of Fig. 11-19 contains elements each of whi 


which includes a dependent voltage generator, a dependent current generat 
and three resistors, is fairly complicated to use in circuit analysis. By mea 
of network transformations it is possible to eliminate the voltage gene 


considered in conjunction with Table 11-7. This tables gives the transfor 
tion equations and, in addition, specifies typical values of the paramete 
each of the circuits. The derivation of the equations of transformatio 
an entirely straightforward matter. It is necessary only to find ve as | 
function of 7, and 4, (and also to determine v~ as a function of i, and 4,) fi 
both circuits and to require that the corresponding equations be ident 


TABLE 11-7 Typical parameter values and the equations of 
transformation between the circuits of Figs. 11-19 and 11-20 


rm = 200 


tr, =r, — (1 — @)ur, 
i mn=1K 


T= ur, 


are only a few ohms, and may usually be neglected. If the external connectio \ 

to the base is designated by B, then between the fictitious internal base node B 

and B we must place a resistance my, as indicated in Fig, 11-19. B | 
If the base-spreading resistance could be neglected so that B and BY 


has been identified with the physics of the transistor. However, this circuit, 


and obtain the simpler T model of Fig. 11-20. This new circuit should b 


The transformed circuit, we observe, accounts for the effect of the collector 
circuit on the emitter circuit essentially through the resistor % rather than 
through the generator yvw. Note from Table 11-7 that r. FST 0 Oy and 
r. = 1/2. The resistor r in the base leg is given by m =r, + rw, where 
r, and my are resistances of comparable magnitudes. 


The circuit components in the T model cannot be interpreted directly 


in terms of the physical mechanisms in the transistor. Values for these 
elements are difficult to obtain experimentally. And, finally, the analysis of 
a circuit is somewhat simpler in terms of the h parameters than through the 
use of the T equivalent circuit. For these three reasons the T model is not 
used in this text. It is included here because of its historical significance and 
because we refer to this circuit when we discuss the transistor at high fre- 
quencies (Sec. 13-1). The relationships between the hybrid parameters and 


those in the T equivalent circuit are given in Table 11-3. 


11-10 A VACUUM-TUBE—TRANSISTOR ANALOGY? 


It is possible to draw a very rough analogy between a transistor and a vacuum 
tube. In this analogy the base, emitter, and collector of a transistor are 
identified, respectively, with the grid, cathode, and plate of a vacuum tube. 
Correspondingly, the grounded-base, grounded-emitter, and grounded-collector 
configurations are identified, respectively, with the grounded-grid, grounded- 
cathode, and grounded-plate (cathode-follower) vacuum-tube circuits, as in 
Vig. 11-21. , 

Consider, for example, the circuits of Fig. 11-21a. For the tube circuit, 
We find that, in the normal amplifier region, |J,| = |Z,|. In the transistor 
Circuit, in the active region, we find that |J,| ~ |J.|, the difference between 
ZT. and I, being of the order of 2 percent. In both the transistor and tube 
Cireuits of Fig, 11-2l1a, we find that the input impedance is low because of the 
‘arge current at low voltage which must be furnished by the driving generator. 
Also, both circuits are capable of considerable voltage gain without inverting 
the input signal. ; } 

The transistor configuration of Fig. 11-21b has a higher input imped- 
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The saturation region of the transistor corresponds to the tube region where 
the grid is so positive and the plate voltage is so low that the plate current is 
almost independent of grid voltage (Fig. D-3). The transistor base takes cur- 


R, ‘ee rent at all points in its active region, whereas in the tube the grid draws 
, appreciable current only when it is positive. The analogy may be improved 
Voc ah Ry by assuming that cutoff occurs in the tube at zero grid bias; i-e., the grid base 


js zero. Also, the volt-ampere transistor characteristics are shaped more like 
pentode curves than like triode characteristics. 

It need hardly be emphasized that the analogies drawn above are far from 
exact. On several occasions we have already noted that a transistor is a more 
complicated device than a vacuum tube, In the former the current is due to 
charge carriers of both signs moving in a solid, whereas in the latter the cur- 
rent is carried by electrons in a vacuum. There is nothing in a vacuum tube 
corresponding to minority-carrier storage in a transistor. The low-frequency 
input impedance of a grounded-cathode or cathode-follower circuit is infinite, 
whereas a transistor has a relatively low input impedance in all three con- 
figurations. The low-frequency equivalent circuit of a tube contains only two 
parameters, » and r, (or gm and ry), whereas four parameters, fay, hia, has, and 
hy, are required in the corresponding transistor small-signal equivalent circuit. 
The analogies are principally useful as mnemonic aids. For example, we 
may note that the most generally useful tube circuit is the grounded-cathode 
circuit. We may then expect from our analogy that the grounded-emitter 
configuration will occupy the same preferred position in the transistor con- 
figurations. This anticipated result is borne out in practice. 


Ry R, 


Vor af Vor 


(a) (6) (c) 


Fig. 11-21 Analogous transistor and vacuum-tube circuits. (a) Grounded base j 
and grounded grid. (b) Common emitter and common cathode. (c) Emitter fol- a 
lower and cathode follower. 


ance than the CB circuit. As a voltage amplifier, a large gain with polari 
inversion is possible. In all these respects the grounded-emitter configura 
is analogous to the grounded-cathode vacuum-tube amplifier stage. 

In Fig. 11-21c, the grounded-collector (emitter-follower) configuration is- 
compared with the grounded-plate (cathode-follower) circuit. In the emit! 
follower circuit the input current is relatively small, and the voltage difference 
between base and emitter is essentially the small voltage drop across the fo 
ward-biased emitter junction when operating in the active region. Hence we 
may expect the input voltage and the output voltage, as in a cathode follow 
to be nominally the same. The emitter follower, as the cathode folloy 
provides a voltage gain slightly less than unity without polarity invers 
The emitter follower may also be expected to handle an input signal compa 
in size with the collector supply voltage. The input-current swing from cute 
to saturation is the same for grounded-emitter and grounded-collector ope 
tion, but in the grounded-collector operation the input-voltage swing is la 

The cutoff region of the transistor corresponds to the region in the vacul 
tube where the grid voltage is larger than the cutoff bias. The active 
of the transistor corresponds to the region in which the tube operates as 
linear amplifier. This region covers not only the region within the grid ba 
but also the region of positive grid voltages, where the tube operates linea 


Tubes versus Transistors The semiconductor device has replaced the 
vacuum tube in many applications because the bipolar transistor possesses the 
following advantages over the tube: 


1. The transistor has no filament, and hence requires no standby power 
or heating time. 
2. It is smaller and lighter than a tube. 
8. It has longer life and hence greater reliability. 
4. It may operate with low voltages and power dissipation. 
5. It is mechanically more rugged and cannot be microphonic. 
6. It is a more ideal switch. : 
. _ 7. The transistor is readily adapted to microminiaturization, as described 
Mm Chap. 15 on Integrated Circuits. : 
8. Because there are two types of transistors (n-p-n and p-n-p), some cir- 
cuit designs are possible which have no tube counterparts. 


Wherever space, weight, or power is at a premium, the circuits are tran- 
torized, Digital computers (large-scale or special-purpose), hearing aids, 
Cctronie circuits for space vehicles, and portable equipment fall into this 
tegory. The future of extremely complex systems lies in the direction of 
™*tominiaturization, using transistor technology. However, there are appli- 
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cations where the tube will continue to be used because of the following 
advantages of the semiconductor triode: 


1. The transistor characteristics are very temperature-sensitive. 

2. The transistor is damaged by nuclear radiation. 

3. It is easily damaged by transient overloads. 

4. The maximum output power (100 W) is lower than from a tub, 
(300 kW). 

5. The upper frequency response (1 GHz) is lower than from a tub 
(10 GHz). 

6. It is difficult to obtain voltage swings in excess of about 100 V. 

7. Under some operating conditions transistors are noisier than tubes. 

8. The spread in the characteristics of a given type of transistor is ofte: 
very great. 

Systems involving high voltage, high power, or high frequencies (and 
ticularly those requiring several of these characteristics simultaneously) use 
tubes. Such applications include communications transmitters, radar indi 
cators, oscilloscopes, and test equipment. Systems which must operate 
unusual environments of temperature or nuclear radiation use tubes. A 
systems designed some time ago, and still operative, use tubes. Such eq! 
ment is often in production today because it is not economically feasil 
redesign the system using semiconductor devices. 
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12 LOW-FREQUENCY TRANSISTOR 
AMPLIFIER CIRCUITS 


In the preceding chapter we consider the small-signal analysis of a 
single stage of amplification. Very often, in practice, a number of 
stages are used in cascade to amplify a signal from a source, such as a 
phonograph pickup, to a level which is suitable for the operation of 
another transducer, such as a loudspeaker. In this chapter we con- 
sider the problem of cascading a number of transistor amplifier stages. 
In addition, various special transistor circuits of practical importance 
are examined in detail. Also, simplified approximate methods of solu- 
tion are presented. All transistor circuits in this chapter are examined 
at low frequencies, where the transistor internal capacitances may be 
neglected. 


12-1 CASCADING TRANSISTOR AMPLIFIERS! 


When the amplification of a single transistor is not sufficient for a 
particular purpose, or when the input or output impedance is not of 
the correct magnitude for the intended application, two or more stages 
may be connected in cascade; i.e., the output of a given stage is con- 
nected to the input of the next stage, as shown in Fig. 12-1. In the 
cireuit of Fig. 12-2a the first stage is connected common-emitter, and 
the second is a common-collector stage. Figure 12-2b shows the small- 
signal circuit of the two-stage amplifier, with the biasing arrangements 
omitted for simplicity. 

In order to analyze a circuit such as the one of Fig. 12-2, we make 
use of the general expressions for A;, Z;, Ay, and Y, from Table 11-4. 
Tt is necessary that we have available the h parameters for the specific 
transistors used in the circuit. The h-parameter values for a specific 
transistor are usually obtained from the manufacturer’s data sheet. 
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Fig. 12-1 Two cascaded stages. 


Since most vendors specify the common-emitter h parameters, it may 
necessary (depending on whether a certain stage is CE, CC, or CB) to 
vert them with the aid of Table 11-3 to the appropriate CC or CB valu 
In addition, the h parameters must be corrected for the operating bias co 
ditions (Fig. 11-5). 


EXAMPLE Shown in Fig. 12-2 is a two-stage amplifier circuit in a CE-CC eo 
figuration. The transistor parameters at the corresponding quiescent points § 


he = 2K hire = 6 X 1074 hoe = 25 wA/V 
hi = 2K Ie = 1 foe = 25 wA/V 


Find the input and output impedances and individual, as well as overall, voltag 
and current gains. 


hye = 50 
hye = —51 


Solution We note that, in a cascade of stages, the collector resistance of one 
is shunted by the input impedance of the next stage. Hence it is advant: 

start the analysis with the last stage. In addition, it is convenient (as 
noted in Sec. 11-6) to compute, first, the current gain, then the input imp 
and the voltage gain. Finally, the output impedance may be calculated if d 
by starting this analysis with the first stage and proceeding toward the ol 
stage. 


The second stage. From Table 11-4, with Ri = Rw, the current gain 
last stage is 


Toa hy 51 
Aspe aren i = 453 
Teg LA Tian 1 25 X 10-5 X 108 
The input impedance Rj: is 


Rit = hic + hreAnRe = 2 + 45.3 X 5 = 228.5 K 


Note the high input impedance of the CC stage. The voltage gain of the se on 
stage is 
Ra 4535 


Ay: = W2 = 4,, Be 2 3X5 _ 9, 
ve Vv; Anz. 0.99 


12-1 


Ra Ror 


Fig. 12-2 (a) Common-emitter—common-collector amplifier. (b) 
Small-signal circuit of the CE-CC amplifier. (The component values 
refer to the example in Sec. 12-1.) 


The first stage. We observe that the net load resistance Rx, of this stage is 
the parallel combination of R., and Ris (written in symbolic form, Ri: = Rea|| Riz), 
or 


Ray _ 5 X 2285 _ 


Ri, = = ———_ =49K 
Ra Ra 233.5 
Hence 
a panei hh —50 mh 4B 


In 1 hyn 1 +25 X 10° X49X 10° 


The input impedance of the first stage, which is also the input impedance of the 
cascaded amplifier, is given by 


Ra = hie + hyeAnRiy = 2 — 6 X 1074 X 44.5 X 4.9 = 1.87 K 
The voltage gain of the first stage is 
Ve 2 AnRiuy ut 


An = 


Vv Ra 


~H5 x49 


= —116.6 
1.87 
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Cc, 


The output admittance of the first transistor is, from Eq. (11-39) or Table lL For the voltage gain of the amplifier, we have 


% hiydire 50 x 6 x 10-4 ve. WY. 
a = ee = 25 <r © he o . Ve Wan 12-4 
1s- Sate. 2x 10+ 1x10° ~~ 10% mh Ar = 7 y,y, , Ann em 
= 15 nA/V re 
Hence Ay = 0.99 X (—116.6) = —115 
6 
Ra =p =o = 067K ‘The voltage gain can also be obtained from 
ol 


Re 
Ay = Ae 


The output impedance of the first stage, taking Re. into account, is ReillRe, « 
/ RaRo _ 5 X 66.7 


ay 


RatRn 5+ 66.7 


The output resistance of the last stage. The effective source resistance 
for the second transistor Q2 is R.i|Ra. Thus Ri, = Ri, = 4.65 K, and 


hychre (-51)(1) 
= 25 10-6 — 
hie Ria 2X 103 + 4.65 X 103 
= 7.70 X 103, 


Hence Roz = 1/¥o2 = 130 Q, where R.» is the output impedance of transistor 
under open-circuit conditions. The output impedance Rj, of the amplifier, 
Ra into account, is R.2\|R,, or 


5 
= —43,2 X — = —115 
43.2 X 87 


gas The overall voltage gain, taking the source impedance into account, is given by 


Yor = hoe — 


Table 12-1 summarizes the results obtained in the solution of this problem. 


TABLE 12-1 Results of the example on page 324 


Roaker _ 130 X 5,000 _ 


oi easeeet a sn iera-nitgeninoens 
° Re+ Rez 130 + 5,000 


1272 


The overall current and voltage gains. ‘The total current gain of both s 


Tea Tea Toa Len Toa 
Apa te wt = -AntA 
Vi Woes AtGipntridin dander ry Bye 
From Fig. 12-3, we have 12-2 n-STAGE CASCADED AMPLIFIER 
Iva Ra The function of a low-level amplifier is to raise a weak signal toa usable level, 
Tinie Ria + Rar haps from the range of microvolts to several volts. This is usually done 


cascading several transistors in the common-emitter connection. A typi- 


ie: fal two-stage cascaded CE audio amplifier with biasing arrangements and 
ee hee 8} | Coupling capacitors included is shown in Fig. 12-4. : 
pam Bist Bas pees ry 285+ 5 /~ 1 ____ We now examine in detail the small-signal operation of an amplifier con- 
Sisting of n cascaded common-emitter stages, as show) in Fig. 12-5. _ The 
biasing arrangements and coupling capacitors have been omitted for simplicity. 
Je Isa 
pe) 


73 Fig. 12-3. Relating to the calculation of _ The Voltage Gain We observe from Fig. 12-5 that the eo iacaetar 
4 i + i ivi eac. . 
Rex Ry overall current gain. r Ris given by the product of the individual voltage gains 0 
is statement is verified as follows: 
bn 7 eso V2 _ output voltage of first stage Ai/6s 


V, input voltage of first stage 
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Fig. 12-4 Practical two-stage CE audio amplifier. (Courtesy of 
Texas Instruments, Inc.) 


where A; is the magnitude of the voltage gain of the first stage, and 6; is 
phase angle between output and input voltage of this stage. Similarly, 


Views _ output voltage of kth stage 
Vi input voltage of kth stage 


The resultant voltage gain is defined as 


Y, _ output voltage of nth stage Af 
Vi ‘input voltage of first stage = 


Av. = — Ar/O 


Ay= 


Since 
Ve V2VaVe Va Ve 
Vi ViVaVs Vilas 


it follows from these expressions that 
Ay = AyiAy2 + + + Ava 


= Aide An/Oi ++ + +O = A/0 
or 


A=AiA;:-- An O=A+Oet-- > + On 


The magnitude of the voltage gain equals the product of the magnitudes ‘ 


voltage gains of each stage. Also, the resultant phase shift of a multistage 


Sier equals the sum of the phase shifts introduced by each stage. . 


The voltage gain of the kth stage is, from Table 11-4, 


_ AnRi 
a ae 


where Rix is the effective load at the collector of the kth transistor. — 
quantities in Eq. (12-8) are evaluated by starting with the last stage and 
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ing to the first. Thus the current gain and the input impedance of the 
jth stage are given in Table 11-4, respectively, as 


ated 1 oping Reig tee) (12-9) 
Am = TTR, Ra Rin = hie + mR, 
where Rin = Ren. The effective load Rz,-1 on the (n — 1)st stage is 
Ran—a||Rin, OF 
= Ren—Rin (12-10) 
Tie Reni + Rin 


amplification Ay,»-1 of the next to the last stage is obtained from 
( on wy Haylie Rin by Rin—1. The input impedance of the (n = 1)st 
stage is obtained by replacing n by n — 1 in Eq. (12-9). Proceeding in this 
manner, we can calculate the base-to-collector current gains of every stage, 
including the first. From Eq. (12-8) we then obtain the voltage gain of each 


stage. 


The Current Gain Without first finding the voltage amplification of each 
stage as indicated above, we can obtain the resultant voltage gain from 


9 Ay = Ar Be (2-11) 


) OE, 


) bis 


Fig. 12.5 (c) n transistor CE stages in cascade. (b) The kth stage. (c) The 
Nsistor input stage driven from a current source. 
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where Ar is the current gain of the n-stage amplifier. Since Ar is defined 
the ratio of the output current J, of the last stage to the input (base) curre 
Iv, of the first stage, 


is calculated starting with the first stage and using Eq. (11-34). The output 
impedance Rj, of the kth stage is the parallel combination of the output 
jmpedance Rox of transistor QK and Ru. The effective source impedance of 
the (k + 1)st stage is also Ri,. 


where I., = I, is the collector current of the nth stage. We now obtai Power Gain The total power gain of the n-stage amplifier is 


expressions from which to calculate A, in teri ireui : 

SF 1 ms of the circuit parameters Wt output power _ _ we ing ah (12-18) 
We eit ts Ie input power oi 
Te In Ti Tho2 Tana a 

then Wad (ane (12-19) 
Ar= AnAp +> * Atnadin " 

where 


Choice of the Transistor Configuration in a Cascade It is important 
to note that the previous calculations of input and output impedances and 
yoltage and current, gains are applicable for any connection of the cascaded 
stages. The discussion has assumed that all stages are CE. However, they 
could be CC, CB, or combinations of all three possible connections. 

Consider the following question: Which of the three possible connections 
must be used in cascade if maximum voltage gain is to be realized? For the 
intermediate stages, the common-collector connection is not used because the 
voltage gain of such a stage is less than unity. Hence it is not possible (without 
a transformer) to increase the overall voltage amplification by cascading com- 
mon-collector stages. 

Grounded- base RC-coupled stages also are seldom cascaded because the 
voltage gain of such an arrangement is approximately the same as that of the out- 
put stage alone. This statement may be verified as follows: The voltage gain 
of a stage equals its current gain times the effective load resistance Ry divided 
by the input resistance R; The effective load resistance Rx is the parallel 
Combination of the actual collector resistance R, and (except for the last 
Stage) the input resistance R; of the following stage. This parallel combination 
is certainly less than Rj, and hence, for identical stages, the effective load 
Tesistance is less than R,;. The maximum current gain is hy, which is less 
than unity (but approximately equal to unity). Hence the voltage gain of 
any stage (except the last, or output, stage) is less than unity. (This analysis 
is not strictly correct because the R; is a function of the effective load resistance 
nd hence will vary somewhat from stage to stage.) 

Since the short-circuit current gain hy. of a common-emitter stage is 
Thuch greater than unity, it is possible to increase the voltage amplification by 
‘ading such stages. We may now state that in a cascade the intermediate 
transistors should be connected in a common-emitter configuration. 

; The choice of the input stage may be decided by criteria other than the 
Maximization of voltage gain. For example, the amplitude or the frequency 
Tesponse of the transducer V, may depend upon the impedance into which 
Operates, Some transducers require essentially open-circuit or short-circuit 


Note that Ar is the base-to-collector current gain of the first stage, and A} 
the collector-to-collector current gain of the kth stage (k = 2,3,..., n). a 

' We now obtain the relationship between the collector-to-collector c 
gain A;, = I,/I,1 and the base-to-collector current amplification 


where J.4 = J; is the collector current and J, is the base current of the kt 
stage. From Fig. 12-5), 


3 Reka 
Rok + Ru 


Tue = —Tn- 


hime Te Lk Te _ _ AtRek-1 
Ler Toe Ie-1 Reva + Riz 


The base-to-collector current gain A; is found by starting with the outp 
stage and proceeding to the kth stage, as indicated above in connection 
Eqs. (12-9) and (12-10). The collector-to-collector gains are then found [roi 
Eq. (12-16), and the current gain of the n-stage amplifier, from Eq. (12- 
y If the input stage of Vig. 12-5a is driven from a current source, as indi 
in Fig. 12-5c, the overall current gain is given by 


An = Ar 


R, 
Re+ Ra 


Input and Output Impedances The input resistance of the amplified i 
obtained, as indicated above, by starting with the last stage and proceed! 
toward the first stage. 


The output impedance of each transistor stage and of the overall amp 
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operation. In many cases the common-collector or common-base stage 
pil itersniete. Noun sts io roetnncicote oa 4 i in Sec. 12-1, we carried out detailed calcula- 
voltage or current gain. Noise is another important consideration which m In the preceding chapter, and also in Sec. . ; - Ne ee 
determine the selection of a particular configuration of the input stage. tions of current gain, voltage gain, input, and outp Dp! y 

transistor amplifier circuits. fe b . ee 9 
In most practical cases it is appropriate to obtain salen : 
of Ar, Av, Ap, Ri, and R, rather than to carry out the more lengthy ng 

calculations. We are justified in making such approximations because the 
h parameters themselves usually vary widely for the same type of transistor. 
Also, a better “physical feeling” for the behavior of a transistor circuit ean 
be obtained from a simple approximate solution than from a more mcnge 
exact calculation. Since the common-emitter connection is in general ‘ 4 
most useful, we first concentrate our attention on the CE A-parameter La e 
shown in Fig. 12-6a. How can we modify this model so as to make ie an 4 
simple without greatly sacrificing accuracy? Since 1/ho. in paralle rom po Lb 
is approximately equal to Rz if 1/ho. > Rx, then hoe may be pope : ig. 
12-6a provided that ho: <1. Moreover, if we omit hoe from this sa 
the collector current J, is given by I. = hyel». Under these circumstances e 
magnitude of the voltage of the generator in the emitter circuit is 


IyelVel = Rrel Ret = hecigeRiTn 


i i i ith the hiely 
Since h,chye ~ 0.01, this voltage may be neglected in comparison wi 
drop aera hie, provided that Rz is not too large. We therefore conclude 
that if the load resistance Ry is small, it is possible to neglect the parameters 
Iye and hy. in the circuit of Fig. 12-6a and to obtain the approximate equivalent 


SIMPLIFIED COMMON -EMITTER HYBRID MODEL? 


12-3 THE DECIBEL 


In many problems it is found very convenient to compare two powers on 
logarithmic rather than on a linear scale. The unit of this logarithmic 
is called the decibel (abbreviated dB). The number N of decibels by wl 
the power P» exceeds the power P; is defined by 


It should be noted that the specification of a certain power in decibels 
meaningless unless a standard reference level is implied or is stated speci 
A negative value of N means that the power P, is less than the referet 
power P. 
Tf the input and output impedances of an amplifier are equal resista: 
then P, = V2*/R and P; = V,*/R, where V2 and V; are the output and in| 
voltage drops. Under this condition, Eq. (12-20) reduces to 
N= 20 log ¥! = 20 log Ay 
where Ay is the magnitude of the voltage gain of the unit. The input 
output resistances are not equal, in general. However, this expr 
adopted as a convenient definition of the decibel voltage gain of an am} 
regardless of the magnitudes of the input and output resistances. T! 
if the voltage amplification is 10, its decibel voltage gain is 20; if the 
amplification is 100, the decibel voltage gain is 40; etc. If there is the po 
bility of confusion between voltage and power gain, the designation dBV 
be used for decibel voltage gain. 
The logarithm of the magnitude of the expression for voltage g ; 
Eq. (12-7) is given by 


Fig. 12-6 (a) Exact CE 
hybrid model; (b) ap- 
Proximate CE model. 
log Ay = log Ai + log Ap +--+ + log A, 
By comparing this result with Eq. (12-21), which defines the decibel 
gain, it is seen that the overall decibel voltage gain of a multistage am; 
the sum of the decibel voltage gains of the individual stages. 

The foregoing considerations are independent of the type of inte 
coupling and are valid for both transistor and vacuum-tube amplifiers. 
ever, it must be emphasized that, in calculating the gain of one stag 
loading effect of the next stage must be taken into account. 
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which may be put in the form 
— hredhye Ar ) (12-26) 
Ri = hie (1 ie th, holt 
i i -2, we find hretse/Nichoe ~ 0.5. 
ing the typical h-parameter values in Table 11-2, v viel 
- Eq. (12-23), we see that |Ar| < hy. Hence, if hooks < 0.1; it tolls 
a Eq. (12-26) that the approximation obtained from Fig. 12-6), namely, 


12-27 
By = 4 & Iie ( ) 
f 


Fig. 12-7 Approximate hybrid mode 
which may be used for all three con. 
figurations, CE, CC, or CB. 


: i i by less than 5 percent. 
cireuit of Fig. 12-6b. We are essentially making the assumption here overestimates the input resistance by 


the transistor operates under short-circuit conditions. In subsequent d 


; Voltage Gain From Table 11-4 the voltage gain is given by 
sion we investigate the error introduced in our calculations because of 


nonzero load resistance. Specifically, we show that if Noel, < 0.1, the em Ay = A, Bt = felt z (12-28) 
in calculating Az, R,, Av, and Ri for the CE connection is less than 10 perce ' - ; ee 
Tf we take the logarithm of this equation and then the differential, we obtai 
Generalized Approximate Model The simplified hybrid circuit of F aA aA dR; (12-29) 
12-7 which we used in Fig, 12-6b for the CE circuit may also be used for tl ot = Ste 
. i : ; Ay Ar . Ri 
CC (or the CB) connection by simply grounding the appropriate termin ‘ Rup shes09 Jaws 
The signal is connected between the input terminal and ground, and t From the preceding discussion the maximum errors for hoz . 
load is placed between the output terminal and ground. We examine | dA; dR; _ 4.0.05 
detail in the following sections the errors introduced in our calculations: ngs +0.1 and ie. 


using the simplified model of Fig. 12-7 for the analysis of the CC and ¢ 
connections. In summary, we claim that two of the four h parame 
and hy., are sufficient for the approximate analysis of low-frequency transist 
circuits, provided the load resistance Ry, is no larger than 0.1/hoe. For 

value of ho, given in Table 11-2, R, must be less than 4 K. The approxi 
circuit is always valid when CE transistors are operated in cascade 
the low input impedance of a CE stage shunts the output of the pre 0 
stage so that the effective load resistance R‘ satisfies the condition hooR, SO 


We now justify the validity of the proposed simplification for the 
configuration. 


Hence, the maximum error in voltage gain is 5 percent, and the magnitude 
of Ay is overestimated by this amount. 


Output Impedance The simplified circuit of Fig. 12-6b has infinite oie 
put resistance because, with V, = 0 and an external voltage source app! 
at the output, we find J, = 0, and hence J, a 0. However, the ga ee ‘4 
depends upon the source resistance R, and lies between 40 and 8 a = 
11-17). For a maximum load resistance of Ry =4 K, the output a oe 
of the stage, taking Rr into account, is 4 K, if the simplified model is ie 
4nd the parallel combination of 4 K with 40 K (under the worst case), i t ie 
xact solution is used. Hence, using the approximate model leads to a value 


Current Gain From Table 11-4 the CE current gain is given by Of output resistance under load which is too large, but by no more than 10 


ft hy Percent. $3.4 . $ 
is T+ hk The approximate solution for the CE configuration is summarized in the 
Hence we immediately see that the approximation (Fig. 12-6b) fret column of Table 12-2, 
Ar = —hy 


12.5 SIMPLIFIED CALCULATIONS FOR THE 
COMMON-COLLECTOR CONFIGURATION 


Figure 12-8 shows the simplified circuit of Fig, 12-7 with the collector iva 
oe respect to the signal) and a load Rz connected between emitter ani 
round. 


overestimates the magnitude of the current gain by less than 10 pe 
er < 0.1. 


6 
Input Impedance From Table 11-4 the input resistance is given by 


Ri = hic + hpeArRy 
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Fig. 12-8 Simplified hybrid 
model for the CC circuit. 


Current Gain From Fig. 12-8 we sce that 


I 
Ar= Fal thy 


From Tables 11-4 and 11-3, the exact expression for Ar is 


pes ed ee eC a 
L+hoRt 1+ hook 


Comparing these two equations, we conclude that when the simp 
equivalent circuit of Fig. 12-8 is used, the current gain is overestima' 
less than 10 percent if hy, < 0.1. 


Ar 


Input Resistance I’rom Fig. 12-8, we obtain 


Ri = z = hie + (1 + hy) Re (12 
Note that Ri >> hy ~ 1 K even if Rz is as small as 0.5 K, because he ® 
The expression for R; is, from Tables 11-4 and 11-3, 


Ri = hic + hyeArRy = hue + ArRt 


where we have neglected hy. (~2.5 X 10-‘) compared with unity, and hi 
have written hy. = 1 — Aye = 1. If we substitute from Eq. (12-30) in ( 
we obtain Eq. (12-32). However, we have just concluded that Eq. ( 
gives too high a value of Ar by at most 10 percent. Hence it follows that. 
as calculated from Eq. (12-32) or Fig. 12-8, is also overestimated by less # 
10 percent. 


Voltage Gain If Hq. (12-29) is used for the voltage gain, it follows fr 
the same arguments as used in the CE case that there will be very little e1 
in the value of Ay. An alternative proof is now given. The voltage ga 
the emitter-follower is close to unity, and we obtain an expression for its de¥ 
ation from unity. Using Eq. (12-33), 


Art, _ Ri — AiR, 


pa R Re 


hie 
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TABLE 12-2 


Summary of approximate equations for hy.(R. + Rr) <0.1¢ 


CE with R, 


—hye 


hie + (1 + Irye)Re | Mie + (1 + hye) Ra 


_ Anke 
R 


t (Rice is an underestimation by less than 10 percent. All other quan- 
tities except 2, are too large in magnitude by less than 10 percent. 


This expression is nearly exact since the only approximation made is that 
hye = 1 — Iyeis replaced by unity. If, for example, 2; = 10hi, then Ay = 0.9. 
If, however, we use an approximate value of R; which is 10 percent too high, 
then h;/R: = ¢y = 0.09 and Ay = 0.91. Hence the approximate calculation 
for Ay gives a value which is only 1 percent too high. 


Output Impedance In Fig. 12-8 the open-circuit output voltage is V, 
and the short-circuit output current is 


T= (1+ hh = ae 
Hence the output admittance of the transistor alone is, from Eq. (8-22), 
Y¥. pelinyedithds (12-35) 
an) Aad ce 
From Tables 11-4 and 11-3, the expression for Y, is 
Vy = ag — Gee hee + pt (12-36) 


Even if we choose an abnormally large value of source resistance, say 


«= 100 K, then (using the typical h-parameter values in Table 11-2) we 
‘find that the no pine in Eq. (12-36) is large (500 »A/V) compared with 
first term (25 wA/V). Hence the value of the approximate output admit- 

Mee given by Eq. (12-35) is smaller than the value given by Eq. (12-36) 
less than 5 percent. The output resistance R, of the transistor, calculated 


a —< 
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from the simplified model, namely, 


_ MSR, 
Sei (12-37 


Finally, the overall voltage and current gains of the cascade are 
Ay = AviAv2 = (—123)(0.992) = —122 


R, 


Ra 5 
Ar = AnAn=—"— = (—50)(51 = —48! 
j iG Ra + Ri Sng) 5+ a) sh 


opie 4 , 
is an overestimation by less than 5 percent. The output resistance Ri of t) Alternatively, Ay may be computed from 


stage, taking the load into account, is R, in parallel with Rr. 
The approximate solution for the CC configuration is summarized in th 
third column of Table 12-2. 


Ria 48.7 X5 
Ay =Ar— = — 
4 Bt 2 
eee 


= —122 


Table 12-3 summarizes this solution, and should be compared with the 
exact values in Table 12-1. We find that the maximum errors are just slightly 


above 10 percent, as anticipated. It should also be noted that all the approxi- 
mate values are numerically too large, as predicted. 


EXAMPLE Carry out the calculations for the two-stage amplifier of Fig. 12 
using the simplified model of Fig. 12-7. 


Solution First note that, since hy, = 25 X 10-* X 5 X 108 = 0.125, which 
slightly larger than 0.1, we may expect errors in our approximation somewh 
larger than 10 percent. 


For the CC output stage we have, from Table 12-2, 
An=1+hp = 51 

Rin = hie + (1 + hye)Re = 2+ (51)(5) = 257 K 
dna = Ani, _ (61)(6) 


TABLE 12-3 Approximate results of the 
example on page 338 


= 0.992 
Re 257 a 
or alternatively, 
Nie 2 
=l——=«j1—-— =9, 
Ayz=1 Ra 357 0.992 


12-6 SIMPLIFIED CALCULATIONS FOR THE 
COMMON-BASE CONFIGURATION 


Figure 12-9 shows the simplified circuit of Fig. 12-7 with the base grounded 
And a load resistor Rz connected between collector and ground. Following 
Procedures exactly analogous to those explained in Secs. 12-4 and 12-5 for the 

and CC configurations, respectively, the approximate formulas given in 


For the CE input stage, we find, from Table 12-2, 
An=—hp=-50  Ra=h.e=2K 

The effective load on the first stage, its voltage gain, and output impedance | 
Ree ReaRia  _ (5)(257) 


rs = 4.9K pe fourth column of Table 12-2 may be obtained. Note that R; is too small 
o 4 bY less than 10 percent, whereas Ay, Ay, and R/ are too large by no more than 
Ay, = Anbu _ = (6049) _ 154 Percent, 
Ce ee ee 
Ra 2 
Ry = Ra = 5K 4 


Since Rj, is the effective source impedance for Q2, then, from Table 12-2, 


Roy = bet Re — 2,000 + 5,000 _ 1379 
l+hpe 51 
’ Rooks (137) (5,000) 


Pye pL ary ai 
ORT) Ria 5,187 


2129 Simplified hybrid model 
or the cB circuit, 
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THE COMMON-EMITTER AMPLIFIER 
WITH AN EMITTER RESISTANCE 


Very often a transistor amplifier consists of a number of CE stages in cascade 
Since the voltage gain of the amplifier is equal to the product of the voltage 
gains of each stage, it becomes important to stabilize the voltage amplification 
of each stage. By stabilization of voltage or current gain, we mean that the 
amplification becomes essentially independent of the h parameters of the tran- 
sistor. From our discussion in Sec. 11-3, we know that the transistor param- 
eters depend on temperature, aging, and the operating point. Moreover, these 
parameters vary widely from device to device even for the same type of 
transistor. 

The necessity for voltage stabilization is seen from the following exa 
Two commercially built six-stage amplifiers are to be compared. If each stag 
of the first has a gain which is only 10 percent below that of the second, he 
overall amplification of the latter is (0.9)® = 0.53 (or about one-half that o 
the former). And this value may be below the required specification. A 
simple and effective way to obtain voltage-gain stabilization is to add an 
emitter resistor R, to a CE stage, as indicated in the circuit of Fig. 12-10 
This stabilization is a result of the feedback provided by the emitter resistor. 
The general concept of feedback is discussed in Chap. 17. : 

We show in this section that the presence of R, has the following effects 
on the amplifier performance, in addition to the beneficial effect on bias 
stability discussed in Sec. 10-4: It leaves the current gain Ary essentially} 
unchanged; it increases the input impedance by (1 + hy.)R.; it increases the 
output impedance; and under the condition (1 + hy.)R. > hie, it stabilizes the 


12-7 


(6) 


Fig. 12-10 (a) Common-emitter amplifier with an emitter resistor. 
The base biasing network (2iR2 of Fig. 12-13a) is not indicated. 
(b) Approximate small-signal equivalent circuit. 
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yoltage gain, which becomes essentially equal to —Rz/R, (and thus is inde- 
pendent of the transistor). 


The Approximate Solution An approximate analysis of the circuit of 
Fig. 12-10a can be made using the simplified model of Fig. 12-7 as shown in 


Fig. 12-100. 
The current gain is, from Fig. 12-10b, 
a ale Lahde _ 
A; = i pa 04 ae hye (12-38) 


The current gain equals the short-circuit value, and is unaffected by the 
addition of R.. 
The input resistance, as obtained from inspection of Fig. 12-10b, is 


C= TS hie t (Lt hae (12-39) 
The input resistance is augmented by (1 + Ay.)R., and may be very much 
larger than hy. For example, if R, = 1K and hy, = 50, then 


(L+hy)Re = 51K > hy ~ 1K 


Hence an emitter resistance greatly increases the input resistance. 
The voltage gain is 


Arky _ —hy Ry 
Ri Nie + + hy) Re 


Clearly, the addition of an emitter resistance greatly reduces the voltage 
amplification. This reduction in gain is often a reasonable price to pay for the 
improvement in stability. We note that, if (1+ hy.)R.>> he, and since 
hye > 1, then 


Ay= (12-40) 


hy Ru —Ry 


l+h,R. Ry 


Subject to the above approximations, Ay is completely stable (if stable 
Tesistances are used for Rz, and R,), since it is independent of all transistor 
Parameters. 

The output resistance of the transistor alone (with Ry considered exter- 
hal) is infinite for the approximate circuit of Fig. 12-10b, just as it was for the 
CE amplifier of Sec. 12-4 with R, = 0. Hence the output impedance of the 
Stage, including the load, is Rx. 


Ay = 


(12-41) 


_ looking into the Base, Collector, and Emitter of a Transistor On the 

1s of Eq. (12-39), we draw the equivalent circuit of Fig. 12-11a from 
Which to calculate the base current with the signal source applied. This net- 
Work is the equivalent circuit “looking into the base.”’ From it we obtain 


= Vv, 
~ Re hie + (1+ hip) Re 


I, 


(12-42) 


heVs 
+(1+ hy Re 


Fig. 12-11 (a) Equivalent circuit “looking into the base"’ of 
Fig. 12-10. This circuit gives (approximately) the correct base 
current. (b) Equivalent circuit ‘looking into the collector’’ of 
Fig. 12-10. This circuit gives (approximately) the correct collec- 
tor current. (c) Equivalent circuit “looking into the emitter’’ 

of Fig. 12-10. This circuit gives (approximately) the correct 
emitter voltage V, and the correct emitter and base currents. 


Since the output voltage at the collector is 


—hyV Ri 


V. = —L.Rp = —hyliR, = R.+het+Q+h,)R. 4 


and since the output impedance is infinite, the Norton’s equivalent outpu 


circuit is as given in Fig. 12-11b. This network “looking into the collec 
gives the correct collector voltage. This equivalent circuit emphasizes 
(subject to our approximations) the transistor behaves like an ideal cu 
source and that the collector current is h,. times the base current. 
From Fig. 12-10b and Eq. (12-42) we find the emitter-to-ground voll 
to be ; 
VR. a 
(Ra + hie)/( + hye) + Re 


This same expression may be obtained from Fig. 12-11c, which thet f 
represents the equivalent circuit “looking into the emitter.” 


Vn = Ve = (1+ hy) IR. = 


Validity of the Approximations For the CE case, with R, = 0, 
approximate equivalent circuit of Fig. 12-7 is valid if hu, < 0.1. Whal 


Sec. 12. 


—— ie i i i TN  ———— =e Lem 
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the corresponding restriction for the circuit with R. #0? We can answer 
this question and, at the same time, obtain an exact solution, if desired, by 
proceeding as indicated in Fig. 12-12. The exact value of the current gain 
of Fig. 12-12a (which is the same as that of Fig. 12-10a) is Ar = —I./Iy. The 
two amplifiers of Fig. 12-12a and b are equivalent in the sense that the base and 
collector currents are the same in the two circuits. This fact can be verified 
by writing the KVL equations for the two loops of each of the amplifiers. 
The effective load impedance R’, is, from Fig. 12-12b, 


A; —1 
Ar 


RL = Rit R (12-45) 
We know from the above approximate solution that Ar ~ —hy., and since 
hy >> 1, then Ri, ~ Rp +R. Since in Fig. 12-12b the emitter is grounded 
and the collector resistance is R',, the approximate two-parameter (hi and hy.) 
circuit is valid, provided that 


hook’, = hoe(Rr + R.) < 0.1 (12-46) 


This condition means that the sum of R; and R, is no more than a few thousand 
ohms, say 4 K for 1/hoe = 40 K. Furthermore, 2, is usually several times 
smaller than Rz in order to have an appreciable voltage gain (Eq. (12-41)]. 

The approximate solution for the CE amplifier with an emitter resistor 
R, is summarized in the second column of Table 12-2. 


Fig. 12-12 (a) Transistor ampli- 
fier stage with unbypassed 
emitter resistor R.. (b) Small- 
Signal equivalent circuit. 


(6) 
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The Exact Solution If the above inequality (12-46) is not satisfied for a 
particular amplifier, an exact solution can readily be obtained by referring 
to Fig. 12-12b and to Table 11-4. For example, the current gain is 


12-8 THE EMITTER FOLLOWER 


Figure 12-13a is the circuit diagram of a common-collector transistor amplifier. 
h h This configuration is called the emitter follower, and is similar to the cathode 
—hye hye 


Ar = TF RR, = patie pe . (12-47) follower in its operation, although there are a number of important differences 
1+ w( L+ :) ’ 


worth noting. First, this amplifier has a voltage gain which is very close to 
unity (much closer to unity for typical loads than the cathode follower). 
7 3 Ak i: Second, the voltage drop across the emitter resistor (from emitter to ground) 
From this equation we can solve explicitly for A;, and we obtain may be either positive or negative, depending on whether an.n-p-n or a p-n-p 
hooke hye transistor is used. In the case of the cathode follower, the drop across the 
~ T¥ ho(Rr + R,) (12-88 cathode resistor is always positive. Third, the input resistance of the emitter 
follower, although high (tens or hundreds of kilohms), is low compared with 
that of a cathode follower. Fourth, the output resistance of the emitter 
follower is much lower (perhaps by a factor of 10) than that of a cathode 
follower. 
In the discussion on cascading transistor stages in Sec. 12-2, we note that 
Vv: the common-collector stage is not used as an intermediate stage, but rather 
R= man (1 — Ar)Re + hie + hreArRy (12-49) the most common use for the emitter follower is as a circuit which performs 
4 the function of impedance transformation over a wide range of frequencies 
with voltage gain close to unity. In addition, the emitter follower increases 
the power level of the signal. 
The input circuit of Fig. 12-13a includes the biasing resistors Ri, Ro, and 
the blocking capacitor C. This circuit may be simplified by the use of Théve- 
et AYR, (12-50) nin’s theorem, Let R’ = R,|\Rs. If, at the lowest frequency under considera- 
Ri ‘ tion, the reactance of C' is small compared with R, + R’, we may neglect the 
effect of this capacitor. The equivalent input circuit is then indicated in 
Fig. 12-130, where 


Ar 


If the inequality (12-46) is satisfied, then ho. K hye, and the exact expression 
(12-48) reduces to Ar ~ —hy, in agreement with Eq. (12-38). 1d 

The exact expression for the input resistance is, from Fig. 12-12b and 
Table 12-2, 


where R’, is given by Eq. (12-45). Usually, the third term on the right-hand 
side can be neglected, compared with the other two terms. The exact expres- 
sion for the voltage amplification is 


where the exact values for Ay and R; from Eqs. (12-48) and (12-49) must be 
used. ; 

The exact expression for the output impedance (with R, considered 
external to the amplifier) is found, as outlined in Prob. 12-14, to be 


A (L$ hy )Re + (Rs + hid) (1 + Ieee) 
Tos Ba + Ba ¥ Wie = Iredhza] Paw 


Note that, if R. >> R, + hie and hol. K 1, then 


L+hy _ 1 
sles “alia 3 


where the conversion formula (Table 11-3) from the CE to the CB h para 
is used. Since 1/h, ~ 2 M, we see that the addition of an emitter 
greatly increases the output resistance of a CE stage. This statement is t 
even if R, is of the same order of magnitude as R, and hy. For examp 
for R, = R, = 1 K, and using the h-parameter values in Table 11-3, we fix 
from Eq. (12-51) that R. = 817 K, which is at least ten times the outp¥® 
resistance for an amplifier with R, = 0 (I'ig. 11-17). 


VR! 


Ry= RR’ R= Rly and Vye= BE 


(12-53) 
; If the input resistance of the amplifier is R; = V,/J,, the input resistance 
Ri, taking the bleeder into account, is Ri = R'\|R;. The impedance which the 
Source V, sees is Ri’ = R, + Ri. 

The voltage V; at the input terminals of the amplifier is 


__VAR 
Ke Tapa 


R, = 


(12-54) 


The circuit of Fig. 12-13b is examined in some detail in Sec. 12-5, where 
We obtain approximate, as well as exact, expressions for Ar, R;, Ay, and Ro. 
he approximate formulas are given in the third column of Table 12-2, with 
‘x replaced by R., and R, replaced by Ry. The approximate equivalent 
“ireuits looking into the base and emitter are given in Fig. 12-11a and c, respec- 
tively, where V; is replaced by V,. For exact expressions for Ar, Ri, Av, and Yo, 
reader is referred to Eqs. (12-31), (12-83), (12-34), and (12-36), respectively. 


. 
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(0) 


Fig. 12-13 (a) The circuit of an emitter follower, in- 


cluding the biasing resistors Ri and R:. (b) The 
input circuit is replaced by its Thévenin's equivalent. 


Extreme Values of R; and Ay It is interesting to calculate Ay for the 
largest load for which the approximate equivalent circuit is valid, namely, 
Ri = 4K (for 1/ho. = 40K), From Eqs. (12-32) and (12-34) and Table 11-2, 


R; = 1.1 + (51)(4) = 205 K un 


Ay=1-— = 1 — 0.0054 = 0.9946 


If a triode is used in a cathode-follower configuration, the maximum 
obtained for infinite load resistance is u/(u + 1). A value of » = 200 

be required to obtain Ay = 0.995. Since such a large value of u is diffier 
to obtain with a triode, we see that an emitter follower can give a 
Ay much closer to unity than can be obtained with a cathode follower [provi 
that the emitter follower is driven from a very low impedance; Eq. ( 

Let us now calculate R; and Ay for an infinite load resistance. Of col 
we must now use the exact formulas, Eqs. (12-31) and (12-33), rather than thé 
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approximations, Eqs. (12-30) and (12-32). With Ry, = R.— , 


L+hy lth, 


AL~ TERR” ToRe 


0 (12-55) 


L+ hye thy _ 1 

Noe hoe Rob 
where use has been made of the transformation from the CE to the CB h 
parameters in Table 11-3. We have proved that, even if the emitter resistance 
is infinite, the input resistance of an emitter follower is finite and equals 
1/h» ~ 2M. This result is evident from an inspection of Fig. 12-13b, where 
we see that, with R,— ©, the input resistance is the resistance between base 
and collector. However, by definition, h» is the admittance between collector 
and base, with zero emitter current (R, > ©), and therefore R; = 1/ho. 

The input resistance Rj, taking the bleeder RiR2 into account, will be 
much smaller than a megohm. Methods for increasing the input resistance 
of a transistor circuit are given in Sec. 12-10. 

For R,— , Eq. (12-34) becomes 


ie, _Didhoe 
Ry + hye 


Ri = hie + ArR. ~ hie + 


(12-56) 


1-—Ay= (12-57) 


If we use the h-parameter values in Table 11-2, we find 
Ay = 1-54 X 10-4 = 0.99946 


This value is probably somewhat optimistic (too close to unity) because, for 
a large value of R., and hence a small value of transistor current, hi. will be 
larger and hy. smaller than the nominal values in Table 11-4. 

The voltage gain Ay = V./V; gives the amplification between the output 
and the input to the base. The overall gain Ay,, taking the signal-source 
impedance into account, gives the amplification between the output and the 
signal source V,. Thus 


Vo. Seviena 


Ve, Sas Ri 
Vi. Vive 


ee 


Ri + Ri 


Ay, = 


(12-58) 


Where use has been made of Eq. (12-54). Hence, in order for Ay, to be very 
close to unity, it is required that Ay be very nearly unity and, in addition, 
that R, be extremely small compared with R!. This latter condition may be 
difficult to satisfy in practice (Sec. 12-10). 


The Effect of a Collector-circuit Resistor It is important to investigate 

the effect of the presence in the collector circuit of a resistance R. in Fig. 12-13. 

ich a resistance is frequently added in the circuit to protect the transistor 
®gainst an accidental short circuit across R, or a large input-voltage swing. 

From Fig. 12-12a we see that the relationship between the CE current 
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and N is the reference or ground node. Nodes 1 and 2 (referred to as Ni and 


ain A;, (designated simply Ar in the figure) and the CC current gain Arc is _ 
. anne ide ag ae enory N:) are interconnected with an impedance Z’. We postulate that we know 


Are = 1— Ate (12-59) the ratio V2|Vi. Designate the ratio V2/Vi by K, which in the sinusoidal 

where steady state will be a complex number and, more generally, will be a function 
Ar = — Ie and An = — I. of the Laplace transform variable s. We shall now show that the current J; 

q, Te drawn from N, through Z’ can be obtained by disconnecting terminal 1 from 


7’ and by bridging an impedance Z’/(1 — K) from N, to ground, as indicated 
in Fig. 12-140. 
The current J; is given by 


iS MES ee 
Ty = pirate renga ee ey ag 12-62) 


Substituting Eq. (12-48) in Eq. (12-59) with Rx replaced by R., we obtain 
the exact expression 


1 + hoekee + hye 
An THAR. + Ro) et 


The value of R; is obtained from Eq. (12-49), with Ar replaced by Az, and 
Rx by R.. The voltage gain of the emitter follower with R, present in the 
collector circuit is obtained as follows: 


Therefore, if Z, = Z’/(1 — K) were shunted across terminals N;-N, the cur- 
rent J; drawn from N, would be the same as that from the original circuit. 
Hence, KCL applied at N; leads to the same expression in terms of the node 
voltages for the two configurations (Fig. 12-14 and b). 

In a similar way, it may be established that the correct current J, drawn 
from N» may be calculated by removing Z’ and by connecting between Nz and 
ground an impedance Z», given by 

Z ZK 
I-1/K” K-1 


Ay = ¢ = Ares R (12-61) 


Subject to the restriction Acc(R.e + Re) <1, the approximate formulas 
given in the third column of Table 12-2 are valid, and the protection resistor 


R, has no effect on the small-signal operation of the emitter follower. Tila 


(12-63) 
Since identical nodal equations (KCL) are obtained from the configurations of 
Fig. 12-14a and b, then these two networks are equivalent, It must be 
emphasized that this theorem will be useful in making calculations only if it is 
possible to find the value of K by some independent means. 

Let us apply the above theorem to the grounded-cathode stage, taking 
interelectrode capacitances into account. Terminal N is the cathode (Fig 
8-19), whereas nodes 1 and 2 are the grid and plate, respectively. Then Z’ 
represents the capacitive reactance between grid and plate, or Z’ = —j/wCgp, 
and K represents the voltage gain between input and output. If R, = plate- 
Circuit resistance, rp = plate resistance, and Ri, = R,||r,, then, in the mid- 
band region, K ~ —gnit,, Shunting the input terminals of the amplifier is 
4n effective impedance Z;, as in Fig. 12-14, given by 


le —, apie 
T=K oC ge Onl) 


Clearly, Z; is the reactance of a capacitance whose value is C’ = C,,(1 + Qmi,). 
The total input capacitance C, of the stage is C’ augmented by the direct 
apacitance C, between grid and cathode, or 


C1 = Con + Cop(1 + onl) (12-65) 


This result agrees with Eq. (8-44), first derived by Miller.* Hence the trans- 
formation indicated in Fig. 12-14 is referred to as Miller’s theorem. 


12-9 MILLER'’S THEOREM 


We digress briefly to discuss a theorem which is used in the next section and 
also in connection with several other topics in this book. Consider an arbitrary 
circuit configuration with N distinct nodes, 1, 2, 3, ..., N, as indicated in 
Fig. 12-14a. Let the node voltages be Vi, Vs, Vs, .. . , Vw, where Vw = 0 


cn Zz Ty 


“= (12-64) 


(a) (b) 


Fig. 12-14 Pertaining to Miller's theorem. By definition, K = V./V.. The 
networks in (a) and (b) have identical node voltages. Note that J; = —I.. 
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(a) 


Fig. 12-15 (a) Darlington pair. Some vendors package this 
device as a single composite transistor with only three external 
leads. (b) The Darlington circuit drawn as two cascaded CC 
stages, 


12-10 HIGH-INPUT-RESISTANCE TRANSISTOR CIRCUITS‘ 


In some applications the need arises for an amplifier with a high input imped- 


ance. For input resistances smaller than about 500 K, the emitter follo 


discussed in Sec. 12-8 is satisfactory. In order to achieve larger input imped- 


ances, the circuit shown in Fig. 12-15a, called the Darlington connection, 
used.+ Note that two transistors form a composite pair, the input resista 
of the second transistor constituting the emitter load for the first. 
specifically, the Darlington circuit consists of two cascaded emitter follo: v 
with infinite emitter resistance in the first stage, as shown in Fig. 12-15b. 


The Darlington composite emitter follower will be analyzed by referring 


to Fig. 12-16. Assuming that hud. < 0.1 and hye. >> hie, we have, fr 
Table 12-2, for the current gain and the input impedance of the second s| 


Ar, = z z=1lthp Ri = (1 + hy) Re (124 


Since the effective load for transistor Q1 is Riz, which usually does 
meet the requirement holi2 < 0.1, we must use the exact expression of 
(12-31) for the current gain of the first transistor: 


ies 1 hp ig: 1+ hye a 
Te ~ 1 heRa ~ TF hell + hy) Re 


and since hoe. < 0.1, we have 


Saar, 
te Te at 


t For many applications the field-effect transistor (Chap. 14) with its extremely e 
input impedance would be preferred to the Darlington pair. 
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The overall current gain for Fig. 12-16 is 


en ae 
A; = t = ir = ApAn 
or 
A (1 + hye)? (12-69) 


TTF hachselee 
Similarly, for the input resistance of Q1, we must use Eq. (12-33): 


2 
Ri = hie + AnRia ~ ee (12-70) 
This equation for the input resistance of the Darlington circuit is valid for 
hool’e < 0.1, and should be compared with the input resistance of the single- 
stage emitter follower given by Eq. (12-32). If R. = 4 K, and using the h 
parameters of Table 11-2, we obtain Rig = 205 K for the emitter follower and 
Ry = 1.73 M for the Darlington circuit. We also find A; = 427, which is 
much higher than the current gain of the emitter follower fo 51). : ; 
The voltage gain of the Darlington circuit is close to unity, but its devi- 
ation from unity is slightly greater than that of the emitter follower. This 
result should be obvious because Fig. 12-16 represents two emitter followers 
in caseade (and the product of two numbers, each less than unity, is smaller 
than either number). If we make use of Eq. (12-34), we obtain 


ys Ai pees tate Ss ag it TE aed ee (12471) 
i2 
where Ave = Vo/V2and Avy: = V2/Vi. Finally, we have, for Ay = V./Vi, 
hie a hie sae Abad hie _ hie 
Ay = AyiAy, = (1 —- Ras ha Arr Ris 
(12-72) 


and since A7:Rj2 >> Ry, expression (12-72) becomes 


Ay #1 — Pe (12-73) 


Fig. 12-16 Darlington emitter 
follower. 
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This result indicates that the voltage gain of the Darlington circuit used ag 

an emitter follower is essentially the same as the voltage gain of the emit 

follower consisting of transistor Q2 alone, but very slightly smaller. 
The output resistance R.. of Q1 is, from Eq. (12-35), 


R, + hie 
fa" Tek, 
and hence the output resistance of the second transistor Q2 is, approximately, 
R, + hie , 
Raw ithe t  Rethe ha 
. 1L+ hy I+hyp)? | TFhyp 


We can now conclude from the foregoing discussion, and specifically from 
Kgs. (12-69), (12-70), (12-73), and (12-74), that the Darlington emitter follow: : 
has a higher current gain, a higher input resistance, a voltage gain less close o 
unity, and a lower output resistance than does a single-stage emitter follo: 


Practical Considerations We have assumed in the above computations 
that the A parameters of Q1 and Q2 are identical. In reality, this is usuall; 
not the case, because the h parameters depend on the quiescent conditions of 
Ql and Q2. Since the emitter current of Q1 is the base current of Q2. 
quiescent current of the first stage is much smaller than that of the seco! 
Hence hy. may be much smaller for Q1 than for Q2, and hie may be much 
for Q1 than for Q2 (Fig. 11-5). In order to have reasonable operating cur 
in the first transistor, the second may have to be a power stage. 

A second major drawback of the Darlington transistor pair is that 
leakage current of the first transistor is amplified by the second, and hi 
the overall leakage current may be high. 

For these two reasons, a Darlington connection of three or more 
tors is usually impractical. 

The composite transistor pair of Fig. 12-15a can, of course, be used 
common-emitter amplifier. The advantage of this pair would be a very 
overall hy., nominally equal to the product of the CE short-circuit eurre 
gains of the two transistors. In fact, Darlington integrated transistor p 
are commercially available with h,. as high as 30,000. 

If the condition ho. < 1 is not satisfied, an exact analysis of the D: 
ton circuit must be made. We may proceed as in Sec. 12-1, using the © 
h parameters of each stage, or we may derive the h parameters of the ¢ 
posite pair in.terms of the parameters h’ and h’’ of Q1 and Q2, respectiv 

The Biasing Problem In discussing the Darlington transistor pair, 
have emphasized its value in providing high-input impedance. 
have oversimplified the problem by disregarding the effect of the bi 
arrangement used in the circuit. Figure 12-13a shows a typical biasing 
work (resistors R; and R2). The input resistance R; of the stage of 


Sec. 12-10 


ith C" 
Rieaned to R; + R,||R2. However, since R; is usually much greater than R’, 
it is seen that R; ~ R’, which may be a few hundred kilohms at most. 
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emitter follower of Fig. 12-13a consists of Rj|R', where R’ = R,||R2. Assume 


t the input circuit is modified as in Fig. 12-17 by the addition of R; but 
0 (that is, for the moment, ignore the presence of C’). Now R’ is 


To overcome the decrease in the input resistance due to the biasing net- 


work, the input cireuit of Fig. 12-17 is modified by the addition of C’ between 
the emitter and the junction of Ri and R2. The capacitance C’ is chosen large 
enough to act as a short circuit at the lowest frequency under consideration. 
Hence the bottom of R; is effectively bers to the output (the emitter), 

eas the top of R; is at the input (the base). 4 
“aa the tate voltage is V. = AyVj, the circuit of Fig. 12-14 and Miller’s 
theorem can be used to calculate the current drawn by R; from the input signal. 
We can then see that the biasing arrangement R:, Ro, and R; represents an 
effective input resistance of 


Since the input voltage is 


Rs 


iia, ae 2 (12-75) 
1—Ay 


Rat 


Since, for an emitter follower, Ay approaches unity, then Re becomes 
extremely large. For example, with Ay = 0.995 and R; = 100 K, we find 
Ru = 20 M. Note that the quiescent base current passes through Rs, and 
hence that a few hundred kilohms is probably an upper limit for Rs. 


The above effect, when Ay— +1, is called bootstrapping. The term 


arises from the fact that, if one end of the resistor Rs changes in voltage, the 
other end of R; moves through the same potential difference; it is as if Rs were 
“pulling itself up by its bootstraps.” . The input resistance of the CC amplifier 
as given by Eq. (12-34) is Ry = hie/(1 — Av). D 
form of Eq. (12-75), here is an example of bootstrapping of the resistance hi. 
which appears between base and emitter. 


Since this expression is of the 


In making calculations of Ay, Rj, and Ay, we should, in principle, take 


into account that the emitter follower is loaded, not only by R. and Ril|Ro, 
but also by R3. The extent to which R; loads the emitter follower is caleu- 


Fig. 12-17. The boot- 
Strap principle increases 
effective value of Rs. 
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lated as follows: The emitter end of R; is at a voltage Ay times as large ag 
the base end of Rs. From Fig. 12-14, illustrating Miller’s theorem, the effeg. 
tive resistance seen looking from the emitter to ground is not Rs but, exagger. 
ated by the Miller effect, is 


AvRs 
Riau = apait 


can be greatly increased by bootstrapping the Darlington circuit through the 
addition of C, between the first collector C, and the second emitter 2, as indi- 
cated in Fig. 12-18a. Note that the collector resistor R.1 is essential because, 
without it, Res would be shorted to ground. If the input signal changes by 
Vi, then E, changes by AyV; and (assuming that the reactance of C, is 
negligible) the collector changes by the same amount. Hence 1/h» is now 
effectively increased to 1/(h»)(1 — Ay) ~ 400 M, for a voltage gain of 0.995. 
An expression for the input resistance R, of the bootstrapped Darlington 
pair can be obtained using the equivalent circuit of Fig. 12-18. The effective 
resistance R, between EH, and ground is R, = Ral|Re. If hoe < 0.1, then 
Q2 may be represented by the approximate h-parameter model. However, 
the exact hybrid model as indicated in Fig, 12-18b must be used for Q2. Since 
hoor >> hier, then hoot may be omitted from this figure. Solving for V;i/Iv:, 
we obtain (Prob. 12-21) 


Ri = hyethseoRe (12-77) 


This equation shows that the input resistance of the bootstrapped Darlington 
emitter follower is essentially equal to the product of the short-circuit current 
gains and the effective emitter resistance. If hye: = Ayes = 50 and R, = 4 K, 
then R; + 10 M. If transistors with current gains of the order of magnitude 
of 100 instead of 50 were used, an input resistance of 40 M would be obtained. 
The biasing arrangement of Fig. 12-17 would also be used in the circuit 
of Fig. 12-18. Hence, the input resistance taking into account the bootstrap- 
ping both at the base and at the collector of Q1 would be Retl|Aserhsexe, Where 
Ru: is given in Eq. (12-75). 


Since Ay is positive and slightly less than unity, then Rsy is a (negative) resist, 
ance of large magnitude. Since Ray is paralleled with the appreciably sma 
resistors R, and R||Re, the effect of Rs will usually be quite negligible. 


Bootstrapped Darlington Circuit We find in the preceding section th 
even neglecting the effect of the resistors Ri, R2, and Rs and assuming infinit 
emitter resistance, the maximum input resistance is limited to 1/hy + 2 N 
Since 1/h» is the resistance between base and collector, the input resis 


12-11 THE CASCODE TRANSISTOR CONFIGURATIONS 


The cascode transistor configuration shown in Fig. 12-19 consists of a CE 
Stage in series with a CB stage (the collector current of Q1 equals the emitter 
Current of Q2). This circuit should be compared with the vacuum-tube triode 
Cascode amplifier discussed in Sec. 8-10. In the case of the tube cascode 
Connection, two triodes are used in a series circuit and the combination behaves 
Ke a pentode. In the circuit shown in Fig, 12-19 transistors Q1 and Q2 in 
‘*tscode act like a single CE transistor with negligible internal feedback (negli- 
‘Bible h,.) and very small output conductance for an open-circuited input. 


Fig. 12-18 (a) The boot 
strapped Darlington 
cuit. (b) The equival 
circuit. 


___ Derivation of Parameter Values ‘To verify the above statement let us 
““ompute the h parameters of the Q1-Q2 combination. From our discussion 
Sec. 11-1 and Fig. 12-19, 


4 Vi 


ha T, lv:=0 


“*Wever, if V. = 0, then the load of Q1 consists of hiv, which, from Table 11-3, 


(6) 
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‘Note that the input resistance and current gain (with the output short- 
circ ited) are nominally equal to the corresponding parameter values for a 
single CE stage. The output resistance (with the input open-circuited) is 
approximately equal to the CB value of 2 M, which is much higher than the 
CE value of 40 K. The reverse open-circuit amplification parameter h, is 
much smaller for the cascode connection than for a single CE stage. 
In view of the foregoing discussion, it should be clear that the simplified model 
given in Fig. 12-7 is a better approximation for the cascode circuit than for a 
single transistor. As a matter of fact, calculations based upon this hybrid 
model will result in less than 10 percent error if the load resistance FR, satisfies 
the inequality haz < 0.1 or for Rz less than about 200 K. 

The small value of h, for the cascode transistor pair makes this circuit 
icularly useful in tuned-amplifier design. The reduction in the “internal 
feedback” of the compound device reduces the probability of oscillation and 
results in improved stability of the circuit. 


Fig. 12-19 The cascode configurg 
tion. (Supply voltages are not — 
indicated.) 


is about 209, Hence transistor Q1 is effectively short-circuited, and 
hi ~ hie (12-78 


Similarly, we have for the short-circuit current gain 
e In I'I, 12-12 DIFFERENCE AMPLIFIERS® 
ha = = ny = —hyhp ~ hye (12-7 i 3 y pili ¢ : 
Fyjrare atid’ Irene The function of a difference, or differential, amplifier is, in general, to amplify 


the difference between two signals. The need for differential amplifiers arises 
in many physical measurements, in medical electronics, and in direct-coupled 
amplifier applications. 

Figure 12-20 represents a linear active device with two input signals 
%, v and one output signal v,, each measured with respect to ground. In 
an ideal differential amplifier the output signal vy, should be given by 

% = Aa(vi — v2) (12-88) 
where A, is the gain of the differential amplifier. Thus it is seen that any 
signal which is common to both inputs will have no effect on the output 
Voltage. However, a practical differential amplifier cannot be described by 
Eq. (12-83) since, in general, the output depends not only upon the difference 
Signal vz of the two signals, but also upon the average level, called the common- 
mode signal v., where 


Ug = 01 — ve and Ve = $(v1 + v2) (12-84) 


For example, if one signal is +50 uV and the second is —50 pV, the output 
Will not be exactly the same as if 1, = 1,050 .V and v2. = 950 »V, even though 
the difference va = 100 pV is the same in the two cases. 


since —hy = a = 1. 
The output conductance with input open-circuited is given by 


=O 


If J; = 0, the output resistance of Q1 is equal to 1/h. ~ 40 K. en 
the equivalent source resistance for transistor Q2 is 40 K. From Fig, ll- 
we see that, for the CB connection, the output resistance R, with R, = 
K is essentially the same as that for R, = ~, so that R, = 1/h». Therefor 


ha = k = he ¢ 
Finally, for the reverse open-circuit voltage amplification, we have 


Vi Vas 0. 
Wis Fo WY, eo ~ Prelis a 


Equation (12-81) is valid under the assumption that the output resistame! 
of Q1 (which is 1/h,. ~ 40 K) represents an open-circuited emitter for Qa. 


Summary Using the h parameters of the typical transistor of Table 1 
and Eqs. (12-78) to (12-81), we find 
hi = hu = 1,1002 = hie 
hy = hor = 0.98 X 50 = 49 = hy 
ho = hee = 0.49 pA/V = he 
hy = haz = 7.25 X 10-8 = Iychrs 


The Common-mode Rejection Ratio The foregoing statements are now 
ied, and a figure of merit for a difference amplifier is introduced. The 


Fig. 12-20 The output is a linear functionof 1 

"Land v. For an ideal differential ampli- % 

M0, = Aa(v: — 03). 2 % 
Ug 


(12-82) 
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In the second case, vg = 100 »V, the same value as in part a, but now v, = 


output of Fig. 12-20 can be expressed as a linear combination of the }(1,050 + 950) = 1,000 V, so that, from Eq. (12-90), 


input voltages 


Petites ots (12. ve = 1004y (1 + 2) = 100441 +e) AV 


where A; (A2) is the voltage amplification from input 1 (2) to the output uni 
the condition that input 2 (1) is grounded. From Eqs. (12-84), 


t=%+iv and = % — dy 
Tf these equations are substituted in Eq. (12-85), we obtain 
0, = Aava + Acte 


‘These two measurements differ by 10 percent. 
b. For p = 10,000, the second set of signals results in an output 
vy = 100Aq(1 +10 X 10-4) wV 
whereas the first set of signals gives an output », = 100Ag uV. Hence the two 


measurements now differ by only 0.1 percent. 
where 


Ag = 3(Ai — A) and A, =Ai+ As 


The voltage gain for the difference signal is Au, and that for the common 
signal is A.. We can measure A, directly by setting u. = —v = 0.5 V, 
that v= 1 V and »,=0. Under these conditions the measured out} 
voltage v. gives the gain Ag for the difference signal [Eq. (12-87)].  Similai 
if we set v1 = v2 = 1 V, then vg = 0,», = 1, andy, = A,. The output volt 
now is a direct measurement of the common-mode gain A,. 
Clearly, we should like to have Ag large, whereas, ideally, A, sho 
equal zero. A quantity called the common-mode rejection ratio, which er 
as a figure of merit for a difference amplifier, is 


The Emitter-coupled Difference Amplifier The circuit of Fig. 12-21 is 
an excellent difference amplifier if the emitter resistance R, is large. This 
statement can be justified as follows: If Va = Vaz = Va, then from Eq. 
(12-87), we have Va = Via — Ve = Oand V. = A.V. However, if R. Ce 
then because of the symmetry of Fig. 12-21, we obtain J. = Ie = 0. Since 
Ty K Ico, then Ip ~ Tex, and it follows that V. = 0. Hence the common- 
mode gain A, becomes zero, and the common-mode rejection ratio is infinite 
for R, = © anda symmetrical circuit. 

We now analyze the emitter-coupled circuit for a finite value of R. Ac 
tan be evaluated by setting Vs = V.2 = V. and making use of the symmetry 


Aa : of Fig. 12-21. This circuit can be bisected as in Fig. 12-22a. An analysis of 
i vlads , this circuit (Prob. 12-28), using Eqs. (12-48) to (12-50) and neglecting the 

i i . (12+ ield: 

From Eqs. (12-87) and (12-89) we obtain an expression for the output in| = Maha dn Beas (280) viele 
following form: ee (hooks ~ hye) Re (12-91) 


~V~ ORAL + hy.) + (Ra + Iie) QhoeRee + 1) 


Provided that Ao. <K1. Similarly, the difference mode gain Aa can be 
Obtained by setting Var = —Vae = V,/2. From the symmetry of Fig. 12-21, 
We see that, if Vii = — Veo, then the emitter of each transistor is grounded for 


% = Au (1 +4) 
p Va 


From this equation we see that the amplifier should be designed so 
large compared with the ratio of the common-mode signal to the di 
signal. For example, if p = 1,000, ». = 1 mV, and y= 1 nV, the seco 
term in Eq. (12-90) is equal to the first term, Hence, for an amplifier Wil 
a common-mode rejection ratio of 1,000, a 1-nV difference of potential 
the two inputs gives the same output as a 1-mV signal applied with 
polarity to both inputs. 


t 


} 


Fig. 12.21 Symmetrical emitter- 


EXAMPLE (a) Consider the situation referred to above where the first Supled difference amplifier: 


signals is ») = +50 uV and v, = —50 wV and the second set is v, = 1,05 
and v» = 950 ¢V. If the common-mode rejection ratio is 100, calculate the F 
centage difference in output voltage obtained for the two sets of input sig® 
(6) Repeat part a if p = 10,000. 


Solution a. In the first case, vz = 100 nV and », = 0, so that, from Eq. (12-00 
Vo = 100Ag wV. 


360 / ELECTRONIC DEVICES AND CIRCUITS 


ve 


(6) 


small-signal operation. Under these conditions the circuit of Fig. a 


be used to obtain Ay. Hence 


me Ty 
sot Oaks 


provided hol. K 1. 


The common-mode rejection ratio can now be obtained using Eqs. (12 


and (12-92), 


From Eq. (12-91) it is seen that the common-mode rejection ratio incre ag 
with R, as predicted above. There are, however, practical limitations on 
magnitude of R, because of the quiescent de voltage drop across it; the emitt 
supply Vzz must become larger as R, is increased in order to maintain 
quiescent current at its proper value. If the operating currents of the ti 
sistors are allowed to decrease, this will lead to higher Ai. values and lo 
values of hye. This can be seen from Fig, 11-5. Both of these effects will te 


to decrease the common-mode rejection ratio. 


Difference Amplifier Supplied with a Constant Current Frequentl 
practice, R, is replaced by a transistor circuit, as in Fig. 12-23, in whit 
Rs, and Rs can be adjusted to give the same quiescent conditions p 
and @Q2 as the original circuit of Fig. 12-21. This modified circuit of B 
12-23 presents a very high effective emitter resistance R, for the two transis 
Q1 and Q2. Since R, is also the effective resistance looking into th 
lector of transistor Q3, it is given by Eq. (12-51). 
that 2, will be hundreds of kilohms even if Rs is as small as 1 K. : 

We now verify that transistor Q3 acts as an approximately consté 
current source, subject to the conditions that the base current and the 
to-emitter voltage of Q3 are negligible. The voltage across R2 (and hence & 
across &s) is VegRs/(R; + R2). Hence the emitter current Iz = Ig1 + 


in Fig. 12-23 is given by 


ot = Vazk2 
is ae RR + Re) 
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«nce this current is independent of the signal voltages V.1 and Vio, then 
Q3 acts to supply the difference amplifier consisting of Q1 and Q2 with the 
tant current Iz. 

Consider that Q1 and Q2 are identical and that Q3 is a true constant- 
nt source. Under these circumstances we can demonstrate that the 
common-mode gain is zero, Assume that Vi. = Vs = V., so that from the 
etry of the circuit, the collector current J,; (the increase over the quiescent 
yalue for V, = 0) in Q1 equals the current I: in Q2. However, since the total 
nt increase I. +Je2 = 0 if Ig = constant, then Ie. = J.2=0 and 
Ae = Voo/Vs = —IeaR-/V. = 0. 


Fig. 12-22 Equivalent 
circuit for a symmetrica| 
difference amplifier use 
to determine (a) the com. 
mon-mode gain A, and 
the difference gain Ay, 


Practical Considerations Since the’ parameters vary with the quiescent 
current, the common-mode rejection ratio depends upon the Q point. The 
values of hy. and 1/hoe should be as large as possible, and A,. as small as possible. 
‘A reasonable set of values might be hy. = 100, Ais = 2 K, 1/hoe = 100 K, and 
Ie = 2.5 X 10-4", For Rs = 27 K, R, = 1K, and RiR2/(Ri+ R2) = 1 K, 
we find from Eqs. (12-51), (12-91), and (12-92) that R, = 9.95 M and 
p = 338,000. More elaborate transistor configurations giving higher values 
of p are found in the literature.* For the analysis of nonsymmetrical differ- 
ential circuits the reader is referred to Ref. 6. 

In some applications the choice of V.; and V2 as the input voltages is not 
realistic because the resistances R.: and R,2 represent the output impedances 
of the voltage generators V,, and Viz. In such a case we use as input voltages 
the base-to-ground voltages Vs: and Vy. of Q1 and Q2, respectively. 

__ The differential amplifier i is often used in de applications. It is difficult 
to design de amplifiers using transistors because of drift due to variations of 
hy, Ver, and Icao with temperature. A shift in any of these quantities changes 
the output voltage and cannot be distinguished from a change in input-signal 
Voltage. Using the techniques of integrated circuits (Chap. 15), it is possible 


Fig. 12-23 Differential 
Smplifier with constant- 
‘Svrrent stage in the emit- 


circuit, Nominally, 
= 


In See. 12-7 it is Vv 


ade 
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to construct a difference amplifier with Q1 and Q2 having almost id 


ture will cancel and will not vary the output. A number of manufa 
sell devices designed specifically for difference-amplifier applications. 
consist of two high-gain n-p-n silicon planar transistors in the same het 
cally sealed enclosure. The manufacturer guarantees that for equa 


collector currents the maximum difference in base voltages is 5 mV, that 
base-voltage differential at fixed collector current will not exceed 10 uV/ 
and that h,. of one transistor will not differ from hy. of the other by more th 
10 percent. It has been found’ that a substantial reduction in thermal 


is obtained if the two transistors are operated with equal Vzz instead of 
collector current. 

Difference amplifiers may be cascaded in order to obtain larger a 
cations for the difference signal and also better common-mode rejection. 


puts V1 and Vo» are taken from each collector (Fig. 12-23) and are couph 


directly to the two bases, respectively, of the next stage. 
Finally, the differential amplifier may be used as an emitter-coupled 
inverter. For this application the signal is applied to one base, where 


second base is not excited (but is, of course, properly biased). The outp 
voltages taken from the collectors are equal in magnitude and 180° out of ph 
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13 THE HIGH-FREQUENCY 
TRANSISTOR 


At low frequencies it is assumed that the transistor responds instantly 
to changes of input voltage or current. Actually, such is not the case 
because the mechanism of the transport of charge carriers from emitter 
to collector is essentially one of diffusion. Hence, in order to find out 
how the transistor behaves at high frequencies, it is necessary to 
examine this diffusion mechanism in more detail. Such an analysis! 
is complicated, and the resulting equations are suggestive of those 
encountered in connection with a lossy transmission line. This result 
could have been anticipated in view of the fact that some time delay 
must be involved in the transport of charge across the base region 
by the diffusion process. A model based upon the transmission-line 
equations would be quite accurate, but unfortunately, the resulting 
equivalent circuit is too complicated to be of practical use. Hence 
it is necessary to make approximations. Of course, the cruder the 
approximation, the simpler the circuit becomes. It is therefore a 
matter of engineering judgment to decide when we have a reasonable 
compromise between accuracy and simplicity. 


13-1 THE HIGH-FREQUENCY T MODEL 


Experience shows that, as a first reasonable approximation, the dif- 
fusion phenomenon can be taken into account by modifying the basic 
common-base T model of Fig. 11-19 as follows: The collector resis- 
tor ris shunted by a capacitor C., and the emitter resistor r, is shunted 
by a capacitor C., as indicated in Fig. 13-1. Also, the dependent cur- 
rent generator is made proportional to the current %; in r, and not to 
the emitter current 7,. The low-frequency alpha is designated by Go. 
If an input current step is applied, then initially this current is 
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then, from Eq. (13-1), 


QX 
“T+ ite 
itude of the complex or high-frequency alpha a is a at zero fre- 
am — falls to 0.707. at f = fa. This frequency Je is called the alpha 
cutoff frequency. The diffusion equation leads toa solution for a equal to the 
hyperbolic secant of a complex quantity. If this expression is expanded into 
a power series in the variable f/f. and only the first two terms are retained, 
Eq. (13-4) is obtained (Prob. 18-1), Hence Eq. (13-4) and the equivalent 
circuit of Fig. 13-1 are valid at frequencies which are appreciably less than Tu 
(up to perhaps f./2). General-purpose transistors have values of f. in the 
range of hundreds of kilohertz. High-frequency transistors may have alpha 
cutoff frequencies in the tens, hundreds, or even thousands of megahertz. 
Since a = —hy, the symbol fry is sometimes used for fa. 


(18-4) 


Fig. 13-1 Transistor 
model at high fre- 
quencies. 


bypassed by C, and 7% remains zero. Hence the output current starts 
zero and rises slowly with time. Such a response is roughly what we expe 
because of the diffusion process. A better approximation is to replace Cua 
r, by a lumped transmission line consisting of resistance-capacitance sectios 
but as already emphasized, such an equivalent circuit is too complicated 
be useful. 

The physical significance of C, is not difficult to find. It represents 
sum of the diffusion capacitance Cp, and the transition capacitance Cr, 
the emitter junction, C. = Cp. + Cr. The diffusion capacitance is 
proportional to the quiescent emitter current. Usually, Cp. >> Cre (exe ) 
for very small values of emitter current), and hence C, is approximately eq 
to the diffusion capacitance Cp... Since the collector junction is reverse-bi 
the collector diffusion capacitance C'p, is negligible, so that (. is essent ial 
equal to the collector transition capacitance Cr.. Usually, C, is at le 
times as large as C.. 


The Approximate CB T Model If the load resistance Ry is small, the 
output voltage ve, and hence vy, will be small. Since » ~ 10-4, we can neg- 
lect the Early generator yve. Under these circumstances the network of Fig. 
re 18-1 reduces to the circuit of Fig. 13-2, which is known as the approximate 
CB high-frequency model. The order of magnitudes of the parameters in Fig. 
13-2 are 


r= 209 tw +1002 n=1M 
C. =~ 1-50 pF and C. ~ 30-10,000 pF 


13-2 THE COMMON-BASE SHORT-CIRCUIT-CURRENT 
FREQUENCY RESPONSE 


Consider a transistor in the common-base configuration excited by a sinusoidal 
current J, of frequency f. What is the frequency dependence of the load cur- 


The High-frequency Alpha We shall assume that the input excitatic 
is sinusoidal of frequency f = w/2r. Then, using capital letters for phast 
currents, we have, from Fig. 13-1, 


I. ireui iti inals C and B are connected 
iy = Tent J; under short-circuited conditions? If termini ¥ 
UH jel, together in Fig. 13-2, then rw, 4, and C, are placed in parallel. Since r, >> rw, 
or 
I I, 
Lai /fa ve 
where 
fe = oar, Li Ri 
“Qari. ; > 
rr, Fig. 13-2. The approximate high- pre] 
Tt is possible to consider the current generator to be proportional to th 


$ y E i frequency T model. i 
emitter current (rather than the current through r,) provided that we allo 


the proportionality factor a to be a complex function of frequency. Thus 
we write 


ols: = aly (13-4 
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we may omit r,. Usually, rw. <«r{C., and under these circumstances, tj 
response is determined by the larger time constant r,C.. Hence we shall 
omit C, from Fig. 13-2. With these simplifications, J; = aJ1, or from Bg 
(13-3) and (13-4), the common-base short-circuit current gain is given by — 


Jength Lz of the minority carriers. Since the collector is reverse-biased, the 
injected charge concentration P at the collector junction is essentially zero 
(Fig. 9-24). If W<Lz, then P varies almost linearly from the value P(0) 
at the emitter to zero at the collector, as indicated in Fig. 13-3. The stored 
pase charge Qz is the average concentration P(0)/2 times the volume of the 
base WA (where A is the base cross-sectional area) times the electronic 
charge ¢; that is, 


Qn = 3P(0)AWe (18-8) 
The diffusion current is [from Eq. (5-32)] 


= —AeDzp = = AeDs ee 


OR OM, HHT I 


a mete 
1+ f/fa 
The magnitude of « and its phase angle @ are given by 


Oo f 
T+ Go? @ arctan i 
If f = fa, a = a//2, and 20 log |a/a.| = —20log./2 = —3dB. Hene 
the alpha cutoff frequency fa is called the 3-dB frequency of the CB short-ci 
current gain. Equation (13-6) also predicts that a has undergone a 45° 
shift in comparison with its low-frequency value. This calculated amp) 
response is in close agreement with experiment, but the phase-shift call 
may well be far off. . 
The reason for the discrepancy is that our lumped-circuit equi 
representation of the transistor is simply not accurate enough. It is fow 
empirically, that the discrepancy between calculation and experiment 
very substantially reduced by introducing an “excess-phase” factor* in 
expression for a, so that Eq. (13-5) becomes . 


(13-9) 


where Dz is the diffusion constant for minority carriers in the base. Com- 
bining Eqs. (13-8) and (13-9), 


Iw? 

nl gees 18-10 

Qn = 5 (18-10) 

The emitter diffusion capacitance Cp. is given by the rate of change of Qe 
with respect to emitter voltage V, or 


Sa iss! arth preg 

pe QV ~ 2DedV~ 2Dsri 
where r, = dV/dI is the emitter-junction incremental resistance. From Eq. 
(6-41) and neglecting junction recombination, r, = Vr/Iz, where Vr = kT/e, 
& = Boltzmann’s constant in J/°K, T = absolute temperature, and e = elec- 
tronic charge [Eq. (3-34)]. Hence 


(13-11) 


a eam lfa 


ge 
1+ 9(/fa) 


In this equation m is an adjustable parameter that ranges from about 0: 
for a diffusion transistor to about unity for a drift transistor. Diffusion ire 
sistors are transistors in which the base doping is uniform, so that, minom 
carriers cross the base entirely through diffusion. In drift transistors 
doping is nonuniform, and an electric field exists in the base that causes 
drift of minority carriers which adds to the diffusion current. 


(13-12) 


which indicates that the diffusion capacitance is proportional to the emitter bias 
current Iz. Since Dp varies approximately inversely with 7, and Vr is pro- 
Portional to 7, then Cp. is almost independent of temperature. Except for 
Very small values of Jz, the diffusion capacitance is much greater than the 


13-3 THE ALPHA CUTOFF FREQUENCY cE 
transition capacitance C'r, and hence C, = Cp. + Cro Co. 


Obviously, for high-frequency applications we want f. to be very large. 
order to construct a transistor with a definite value of fa, it is necessary ' 
know all the parameters upon which f, depends. As a first step towal 
obtaining the desired equation for f., an expression for the emitter cap 

tance will be obtained. 


Emitter Collector 


Fig. 13.3 Minority-carrier charge distribution in the P(0) 
J base region. 

The Diffusion Capacitance Refer to Fig. 13-3, which represents 
injected hole concentration vs. distance in the base region of a p-n-p er 
tor. The base width W is assumed to be small compared with the diffu 


7S. es ) ee eS Fs 7 i (os 
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Dependence of f, upon Base Width or Transit Time From Eqs. (13- 
and (13-11), and since C. ~ Cp, then 


1 2D. 
efe = Oe = en = pF ( 


This equation indicates that the alpha cutoff frequency varies inversely 


Ty = 10 + I, 80 that I.(1 — «) = —Iy. Finally, 


_ le _ ah ~als) 
4ef Wel ae T= ale) = 


me Using Eq. (13-4), Ay may be put in the form 


square of the base thickness W. For a p-n-p germanium transistor with —B, 
4u = TET (13-17) 
W = 1 mil = 2.54 X 10-* em = 25.4 microns q Bis 
where 
Eq. (13-13) predicts an f, = 2.3 MHz. j= 13-18 
An interesting interpretation of w. is now obtained. By combining E ee at) ( ) 
(13-10) and (18-13), and 
Ja = fa(l — a) (13-19) 


I = Qaw. 


If ts is the base transit time (the number of seconds it takes a carrier to ¢ r 
the base), then in time ¢; an amount of charge equal to the base charge 
reaches the collector. The resulting current is 


At zero frequency the CE short-circuit current amplification is 8, ~ hy. and 
the corresponding CB parameter is a = —hy. Hence Eq. (13-18) is con- 
sistent with the conversion in Table 11-3. 

The CE 3-dB frequency, or the beta cutoff frequency, is fs (also designated 
Sige OF fae). From Eqs. (13-18) and (13-19) 


Bofa = hyefs = afa (13-20) 


Since a, is close to unity, the high-frequency response for the CE configuration 
is much worse than that for the CB cireuit. However, the amplification for 
the CE configuration is much greater than that for the CB circuit. Note 
that the so-called short-circuit-current gain-bandwidth product (amplification 
times 3-dB frequency) is the same for both configurations, 


From Eqs. (13-14) and (18-15) we have that w. = 1/tz, or that the alpl 
culoff (angular) frequency is the reciprocal of the base transit time. 


13-4 THE COMMON-EMITTER SHORT-CIRCUIT-CURRENT 
FREQUENCY RESPONSE 


The T model of Fig. 13-2 is applicable in the CE configuration if Z is gro’ 
the signal is applied to B, and the load is placed between C and E. 
CE short-circuit current gain A; is obtained by shorting the collector 
C to £ as indicated in Fig. 13-4. Since r{ >> r, and C.>>C., we may 0 
the parallel elements r, and C., and then J; = «J, = al, But from K€ 


13-5 THE HYBRID-P| (II) COMMON-EMITTER TRANSISTOR MODEL‘ 


Tn Chap. 11 it is emphasized that the common-emitter circuit is the most 
Mportant practical configuration. Hence we now seek a CE model which 
Will be valid at high frequencies. The circuit of Fig, 13-1 can be used in 
the CE configuration, but it is too complicated to be useful for analysis, On 
the other hand, the model of Fig, 13-4 (with a load Rz between C and E 
Mstead of the short circuit) is fairly simple but inaccurate (except for small 
Values of R,) because it neglects the Early generator. 

A circuit, called the hybrid-Il, or Giacoletto, model, which does not have the 
above defects, is indicated in Fig, 13-5. Analyses of circuits using this model 
re not too difficult and give results which are in excellent agreement with 
®xperiment at all frequencies for which the transistor gives reasonable amplifica- 

n. Furthermore, the resistive components in this circuit can be obtained 
Bec, 13-6) from the low-frequency h parameters. All parameters (resistances 
capacitances) in the model are assumed to be independent of frequency. 


al, = al, 


Fig. 13-4 The T circuit in the CE confi 
tion under short-circuit conditions. 
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13-6 HYBRID-P! CONDUCTANCES IN TERMS OF 
LOW-FREQUENCY A PARAMETERS 
Fig. 13-5 The hybrid. 


We now demonstrate that all the resistive components in the hybrid-pi model 
model for a transi: 


2 . ean be obtained from the A parameters in the CE configuration. These h 
in the CE configuratio parameters are supplied by the manufacturers or can be easily measured 
(Chap. 11). 


Transistor Transconductance gm Figure 13-6 shows a p-n-p transistor in 
the CE configuration with the collector shorted to the emitter for time-varying 
signals. In the active region the collector current is given by Eq. (9-7), 
repeated here for convenience, with ay = a: 


° 
E E 


They may vary with the quiescent operating point, but under given bil 
conditions are reasonably constant for small-signal swings. 


Discussion of Circuit Components The internal node B’ is not physi Hasrpal ge crcl 
accessible. The ohmic base-spreading resistance ry, is represented as at ! The transconductance g,, is defined by 
parameter between the external base terminal and B’. ar. ar ai 
For small changes in the voltage V»-. across the emitter junction, the = c = _ Ez 13.6 
Bi ge Voy 5) 9m = 57a lvoe © 5Vgg = OV a (13-21) 


minority-carrier concentration injected into the base is proportional to Vj ts 
and therefore the resulting small-signal collector current, with the coll 
shorted to the emitter, is proportional to Vy. This effect accounts for | 
current generator g,,V-e in Fig. 13-5. 

The increase in minority carriers in the base results in increased 


Tn the above we have assumed that ay is independent of Vg. For a p-n-p 
transistor Vg = — Vag as shown in Fig. 13-6. If the emitter diode resistance 
is r’ (Fig. 13-2), then r, = Vs/A/z, and hence 

f 


bination base current, and this effect is taken into account by inserting yeast 3-22) 
conductance gs. between B’ and EF. The excess-minority-carrier sto es 
i 4 iffusi i . sted betwel 
BPuea ane sey Jct. by, the Wdiftuston Capacitance Cs cond sceed iy ~ To evaluate r’, note from Eq. (9-19), with Ve ~ —Veo, that 
The Early effect (Sec. 9-7) indicates that the varying voltage acro Tp = aye¥al¥r — ayy — Gin (13-23) 
collector-to-emitter junction results in base-width modulation. A cha a y 
the effective base width causes the emitter (and hence collector) At cutoff, Vs is very negative andIz = —a;: — ay) Since the cutoff current 


change because the slope of the minority-carrier distribution in the | 18 very small, we neglect it in Eq. (13-23). Hence 
changes. This feedback effect between output and input is taken into aceo I 
by connecting g,. between B’ and C. The conductance between C and ina 
Finally, the collector-junction barrier capacitance is included in Cz. 
times it is necessary to split the collector-barrier capacitance in two 
and connect one capacitance between C and B’ and another between 
B. The last component is known as the overlap-diode capacitance. Fr 


= ayelsVr 
2060s © Was Te (13-24) 


Hybrid-pi Parameter Values Typical magnitudes for the eleme 
the hybrid-pi model for a germanium transistor at room temperature & 
Te = 1.3 mA are 


=50mA/V omy = 1002 mye = 1K it 
Tw, = 4M Te = 80 K C.=3pF  C. = 100 pF 


Fig. 13.6 Pertaining to the derivation of 
Om. 


That these values are reasonable is justified in the following section. 
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Substituting Eq. (13-24) in Eq. (13-22), we obtain The short-circuit current gain hy. is defined by 


I. 
_ @lz _ Ico —Ic 4 hp = = Jmiv’e 
a= Se pe (13-2 Ly |¥on 
or hy. V. 
For a p-n-p transistor ¢ is negative. For an n-p-n transistor I¢ is positiyg tye = =f 17 r or dfs = ed (13-28) 
/m A 7 


but the foregoing analysis (with Ve = +Varz) leads to gm = (Ie — Ieo)/ V; 
Hence, for either type of transistor gm is positive. Since |J¢| > |Jeol, 
9m is given by 


Note that, over the range of currents for which hy. remains fairly constant, 
tye 18 directly proportional to temperature and inversely proportional to current. 
Observe in Fig. 11-5a that at both very low and very high currents, hy. decreases. 


Im © Mel (13-2 Since gm = ao/r, and hye ~ a/(1 — a), then re may be expressed in 
Vr terms of the T-model emitter resistor ri, as 
where, from Eq. (3-34), Vr = T/11,600. Note that gm is directly proportio re hye = 6 (13-29) 
to current and inversely proportional to temperature. At room temperature — Ye L'a, 


The Feedback Conductance gx, With the input open-circuited, hy. is 


— lcl(mA) 32 ‘ 
ie 26 , defined as the reverse voltage gain, or from Fig. 13-7a with I, = 0, 


Vore Tote 
et Wen neon ain 


For Ic = 1.3 mA, gm = 0.05 mho = 50 mA/V. For Ic = 10 mA, gm = 4 
mA/V. These values are much larger than the transconductances obtain 


with: tubes. a 


Tore(L — Ire) = hyetore 


The Input Conductance gy, In Fig. 13-7a we show the hybrid-pi mod Since he << 1, then to a good approximation 
valid at low frequencies, where all capacitances are negligible. Figure 13-7 
represents the same transistor, using the h-parameter equivalent circuit. 

From the component values given in Sec. 13-5, we see that ro. > Ty 
Hence J; flows into ry. and Vy. ~ Ipry. The short-circuit collector 
is given by 


Tee = hyetore OF ote = Nnelfore (18-31) 


Since h,, ~ 10-4, Eq. (13-31) verifies that ry. > roe. 
It is found that h,. is quite insensitive to current and temperature. There- 
fore ry, has the same dependence upon |Ic| and 7’ as does ry. 


The Base-spreading Resistance rx, The input resistance with the out- 
put shorted is hj. Under these conditions ry. is in parallel with 7. Using 
Eq. (13-31), we have rvellrve * Te, and hence 


hie = Teor + Tore (13-32) 


Te = gmVore ~ Gmlstore 


or 
Te = hie — Tre (13-33) 


Thcidentally, note from Eqs. (13-28) and (13-32) that the short-circuit input 


ee eee Mpedance hy varies with current and temperature in the following manner: 


at low frequencies; (b) the h-param= 
Bd hie ~/e ¢ eter model at low frequencies. 


hgeVn (13-34) 


atest os aes 


Noe The Output Conductance ge, With the input open-circuited, this con- 
ductance is defined ash... For J, = 0, we have 
SBS _ Veo Vw - 
a (b) E 4. Foe + Toe + tvs + gmVore (13-35) 


374 / ELECTRONIC DEVICES AND CIRCUITS Sec. Sec. 13-7 THE HIGH-FREQUENCY TRANSISTOR / 375 


With J, = 0, we have, from Eq: (13-30), Vire = AveVee, and from 
(13-35), we find 


hoe = P= Lt + onl (134 


where we made use of the fact that rv. >>r».. If we substitute Eqs. (18-2 
and (13-31) in Eq. (13-36), we have 


Roe = Gee + geet gurahy. 
3} Gore 


Fig. 13-8 The hybrid-II circuit for a single transistor with a 
resistive load Ry. 


or 


Gee = hoe — (1 + hye) gore ( 


If hye >> 1, this equation may be put in the form (using Eqs. (13-29) an current gain drops to unity. We verify in Sec. 13-7 that 
(13-81)] C, = im (13-40) 
so 
*” Die 
Reasonable values for these capacitances are 


Ce=3pF  C.= 100 pF 


Gee = Roe — Gmiltre 


Summary If the CE h parameters at low frequencies are known at 
given collector current Ic, the conductances or resistances in the hybrid 
circuit are calculable from the following five equations in the order given: 


Gm ia 13-7 THE CE SHORT-CIRCUIT CURRENT GAIN OBTAINED 
bi WITH THE HYBRID-P| MODEL 
Tre = ie or Gore = ai Consider a single-stage CE transistor amplifier, or the last stage of a cascade, 


The load Rz, on this stage is the collector-circuit resistor, so that Re = Ru. 
Th this section we assume that Ry = 0, whereas the circuit with Rp + 0 is 
analyzed in the next section. To obtain the frequency response of the tran- 
sistor amplifier, we use the hybrid-II model of Fig. 13-5, which is repeated for 
Convenience in Fig. 13-8. Representative values of the circuit components 
4re specified on page 370 for a transistor intended for use at high frequencies. 
We use these values as a guide in making simplifying assumptions. 

The approximate equivalent cireuit from which to calculate the short- 
Gireuit current gain is shown in Fig. 13-9. A current source furnishes a 
Sinusoidal input current of magnitude J;, and the load current is Jz. We have 
heglected gy, which should appear across terminals B’C, because gyre K go's. 

nd of course gee disappears, because it is in shunt with a short circuit. An 
Additional approximation is involved, in that we have neglected the current 


1 

Goo = Poe — (1 + hye) gure = — 

Tee 

For the typical 4 parameters in Table 11-2, at Jc = 1.3 mA and room temper 
ture, we obtain the component values listed on page 370. 


The Hybrid-pi Capacitances The collector-junction capacité 
C, = Cy. is the measured CB output capacitance with the input open (Js = 
and is usually specified by manufacturers as C». Since in the active 
the collector junction is reverse-biased, then C. is a transition capacital 
and hence. varies as Veg7", where n is } or } for an abrupt or gradual june 
respectively (Sec, 6-9). F 

Since C, = Cy, represents, principally, the diffusion capacitance | 
the emitter junction, it is directly proportional to the current and is app! 
mately independent of temperature (Sec. 13-3). Experimentally, C, is 
mined from a measurement of the frequency fr at which the CE short-eiré 


it 
Fig. 13.9 Approximate equivalent 
Sitcuit for the calculation of the 
rt-circuit CE current gain. 


Pe a ee ee ee ee eee ee, ee ee Vv ee eS ee ee 7s ee ——=-— 
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delivered directly to the output through g,, and C.. We see shortly that thi fr, MHz 
approximation is justified. ra Ves = 5V 
The load current is J, = —gmVv, where T='25°C 
Van 300 
ve Ge + Jo(Ce + Ce) fig. 13-10 Variation of fr with 
The current amplification under short-circuited conditions is Eollector current. 200 
ee pe tee 
As 1,” Gv FIC. +O) pe 
Using the results given in Eqs. (13-39), we have \ a = 
Aj = retin Tc (log scale), mA 


where the frequency at which the CE short-circuit current gain falls by 
dB is given by 
b= tts = bao 
2r(Co+ Ce) — hye Ie(Ce + Ce) 
The frequency range up to fg is referred to as the bandwidth of the cireui 
Note that the value of A; at w = 0 is —hy., in agreement with the definitio: 
of —hy. as the low-frequency short-circuit CE current gain, The expressio 
for fs obtained in Sec. 13-4 from the high-frequency T model is essentiall 
the same as that given in Eq. (13-44). (See also Prob. 13-12.) 
Since, for a single-time-constant circuit, the 3-dB frequency fz is 
by fz = 1/2nRC, where R is the resistance in parallel with the capaci 
we could have written fs by inspection as 


hae 1 
6 Drry(C. + Co) 


in agreement with Eq. (13-44). 


Since fr ~ hyefs, this parameter may be given a second interpretation. 
It represents the short-circuit current-gain-bandwidth product; that is, for the 
CE configuration with the output shorted, fr is the product of the low-frequency 
current gain and the upper 3-dB frequency. For our typical transistor (page 
870), fr = 80 MHz and fs = 1.6 MHz. It is to be noted from Eq. (13-45) 
that there is a sense in which gain may be sacrificed for bandwidth, and vice 
versa. Thus, if two transistors are available with equal fr, the transistor 
with lower hy, will have a correspondingly larger bandwidth. 

In Fig. 13-11, A; expressed in decibels (i.e., 20 log |A;|) is plotted against 
frequency on a logarithmic frequency scale. When f < fg, Ay ~ —hys, and Ay 
(dB) approaches asymptotically the horizontal line A; (dB) = 20 log hye 
When f > fa, |Ai| ~ hyefo/f = fr/f, so that A; (4B) = 20 log fr — 20 log f. 
Accordingly, A; (dB) = 0 dB at f = fr. And for f > f, the plot approaches 


(18+ 


A; (4B) = 20log|A;| 


20 log hye 
The Parameter fy We introduce now fr, which is defined as the fr 


at which the short-circuit common-emitter current gain attains unit magnitu 
Since hy. >> 1, we have, from Eqs. (13-43) and (13-44), that fr is given 


Ym Ym eo) 
fr = hacds = 3500, EG) ~ Das a 


since C,>>C.. Hence, from Eq. (13-43), 


6dB/octave = 20dB/decade 


—h 
A; = fe 
* T+ jhyS/I0) 
The parameter fr is an important high-frequency characteristic of a tra 
Like other transistor parameters, its value depends on the operating co! ‘ 
of the device. Typically, the dependence of fr on collector current 18 
shown in Fig. 13-10. 


log f, log fr log f 


Fig. 13-11 The short-circuit CE current gain vs. frequency (plotted 
on a log-log scale). 
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as an asymptote a straight line passing through the point (fr, 0) and havin 


a slope which causes a decrease in A; (dB) of 6 dB per octave, or 20 dB 


decade. The intersection of the two asymptotes occurs at the “cot 
frequency f = fa, where A; is down by 3 dB. 


Earlier, we neglected the current delivered directly to the output throug 


gxre and C.. Now we may see that this approximation is justified. Co 
say, the current through C.. The magnitude of this current is #0) 


whereas the current due to the controlled generator is gmVye. The ratio 


currents is wC/gm. At the highest frequency of interest fr, we have, 
Eq. (13-45), using the typical values of Fig. 13-8, 


In asimilar way the current delivered to the output through g,. may be sho 


to be negligible. ne 


The frequency fr is often inconveniently high to allow a direct experi! 
determination of fr. However, a procedure is available which 


measurement of fr at an appreciably lower frequency. We note from 


(13-43) that, for f >> fy, we may neglect the unity in the denominator and wr 
|Alf = hyfs = fr from Eq. (13-45). Accordingly, at some particular 1 
quency f; (say f: is five or ten times fs), we measure the gain \Aal. 


parameter fr may be calculated now from fr = filAa|. In the case of | 
typical transistor, for which fr = 80 MHz and fs = 1.6 MHz, the frequen 
fi may be fy = 5 X 1,6 = 8.0 MHz, a much more convenient frequency th 
80 MHz. 

The experimentally determined value of fr is used to calculate the 
of C, in the hybrid-II circuit. From Eq. (13-45), 


aa 


From Eqs. (13-20) and (13-45), fr ~ hyefa = ofa. Hence it is expect 
that f. and fr should be almost equal. Experimentally, it is found th 
diffusion transistors fz * 1.2fr, whereas in drift transistors f. ~ 2fr. 


values may be accounted for if the excess-phase factor for in Eq. (13-7) 


taken into consideration. 


13-8 CURRENT GAIN WITH RESISTIVE LOAD 


To minimize the complications which result when the load resistor ;, in } 
13-8 is not zero, we find it convenient to deal with the parallel combin 
of gwre and @., using Miller’s theorem of Sec. 12-9. We identify Vive wi 
in Fig. 12-14 and Vee with V2. On this basis the circuit of Fig. 13-8 m 
replaced by the circuit of Fig. 13-12a. Here K = Vee/Vo. This ci 


still rather complicated because it has two independent time constants, 
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Cc 
© 


mo Gel 


p. 


E (6) Ez 


& 


oo 


Co (1+ Bm Re) 


Bore 


Fig. 13-12 (a) Approximate equivalent circuit for calculation of response of a 
transistor amplifier stage with a resistive load; (b) further simplification of the 
equivalent circuit. 


associated with the input circuit and one associated with the output. We 
now show that in a practical situation the output time constant is negligible 
in comparison with the input time constant, and may be ignored. Let us 
therefore delete the output capacitance C.(K — 1)/K, consider the resultant 
circuit, and then show that the reintroduction of the output capacitance 
makes no significant change in the performance of the circuit. 

Since K = V../Vw is (approximately) the voltage gain, we normally have 
|Kj> 1. Henee gy(K — 1)/K = gve. Since goreKgee (roe = 4 M and 
Te ~ 80 K), we may omit gw. from Fig, 13-12. In a wideband amplifier, 
Rx seldom exceeds 2 K, The conductance gee may be neglected compared with 
Rx, and the output circuit consists of the current generator gmV». feeding 
the load Rz, as indicated in Fig. 13-12b. Hven if the above approximations 
Were not valid for some particular transistor or load, the analysis to follow 
is still valid provided that Ry is interpreted as the parallel combination of 
the collector-circuit resistor, Tee and Tore 

By inspection of Fig. 13-12b, K = Vee/Vore = —gmltz- For gm = 50mA/V 
and R, = 2,000 2, K = —100. For this maximum vaiue of K, conduct- 
ance gy.(1 — K) ~ 0.025 mA/V is negligible compared with gy, = 1 mA/V. 
Hence the circuit of Fig. 13-12a is reduced to that shown in Fig. 13-12b. 
The load resistance R, has been restricted to a maximum value of 2 K 
‘ause, at values of Rz much above 2,000 Q, the capacitance C.(1 + gnltz) 
omes excessively large and the bandpass correspondingly small. 

Now let us return to the capacitance C.(K — 1)/K ~ C., which we 
Neglected above. For Rr = 2,000 2, 


RiC. = 2 X 108 X 3 X 10-"* = 6 X 10 sec = 6 nsec 
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The input time constant is 
Te Ce + C-(1 + gmiz)] = 107(100 + 3 X 101)10-" sec = 403 nseg 


It is therefore apparent that the bandpass of the amplifier will be dete 
by the time constant of the input circuit and that, in the useful freque 
range of the stage, the capacitance C, will not make itself felt in the outp, 
circuit. Of course, if the transistor works into a highly capacitive load 
this capacitance will have to be taken into account, and it then might happ 
that the output time constant will predominate. 4 
The circuit of Fig. 13-12b is different from the circuit of Fig. 13-9 o 
in that a load Rz has been included and that C. has been augmented by gnf 
To the accuracy of our approximations, the low-frequency current gain 
under load is the same as the low-frequency gain Aw with output s 
Therefore 


Ar = —hy 
However, the 3-dB frequency is now f2 (rather than f,), where 


and source impedances into account, is 

x qu aan R _ ahr. 
toe Lier Ret tw + te Rat Nie 

since hie = Tw + te Note that Aro is independent of Rz. The 3-dB fre- 


quency is determined by the time constant consisting of C and the equivalent 
resistance R shunted across C. Accordingly, 


(13-50) 


if; — (13-51) 


where C is given by Eq. (13-49), and 2 is the parallel combination of R, + row 
and rvs, namely, 


(R. + Tw) tv 13-52 

ihe co wari 

From Eq. (11-39) we have that the voltage gain Ay, . at low frequency, 
taking load and source impedances into account, is 


Ri _ —hyRr 
RR, Re + he 


Note that Ay, increases linearly with Ry. The 3-dB frequency for voltage 
gain Ay, is also given by Eq. (13-51). Note that fe increases as the load 
resistance is decreased because C is a linear function of Rz. At Rz = 0, the 
3-dB frequency is finite (unlike the vacuum-tube amplifier, which has infinite 
bandpass for zero plate-circuit resistance; Sec. 16-6) and from Eq. (13-47) is 
given by 


Avi = Atw 


ee Se | (13-53) 
f= Qa aC 
where 
C=C.+CA(1 + gultz) 


13-9 TRANSISTOR AMPLIFIER RESPONSE, TAKING 
SOURCE RESISTANCE INTO ACCOUNT 


In the preceding discussions we assumed that the transistor stage was driv 
from an ideal current source, that is, a source of infinite resistance. Wen 
remove that restriction and consider that the source has a resistive impe 
R,. We may represent the source by its Norton’s equivalent, as in 
13-13a, or by its Thévenin’s equivalent, as in Fig. 13-13b. At low frequ 
(and with R, = ©) the current gain is Ar, = I,/I; = —gmnVore/gvieVore = hig 
from Eq. (13-28). Therefore the low-frequency current gain, taking the 


1 fr _ fs = 

1 ERC. FC) ~ aul ~ awe ° a 
For R, = 0, this quantity is of the order of fr/5 ~ 10fs, and for R, = 1 K 
(and Rz = 0), fo = fr/25 ~ 2fg. Of course, for R, = 0, the voltage gain is 
zero. In practice, when R, # 0, much lower 3-dB frequencies than those 
indicated above will be obtained. 

The equality in 3-dB frequencies for current and voltage gains applies 
only in the case of a fixed source resistance. The voltage gain Ay (for the 
Case of an ideal voltage source) and the current gain A; (for the case of an 
ideal current source) do not have the same value of fs, In the former case, 
R, = 0, and in the latter ease, R, = ©. Equation (13-51) applies in both 
provided that, for Ay, we use R = Ry, where, from Eq. (13-52) with 

= 0, 


Gate. he ¢ R, 


3 me LW ee 13-55, 
TS techie erin ia 
z (a) = () nd for Ar we use R = Rr, where, from Eq. (13-52) with R, = ~, 
{ = ty 13-56, 
Fig. 13-13 (a) A transistor is driven by a generator of resistance R, which is Rr = tw ( ) 


Since Ry «Rr, the 3-dB frequency fy for an ideal voltage source is higher 


represented by its Norton's equivalent circuit. (b) The generator is repre: 
fsx for an ideal current source. 


by its Thévenin's equivalent. 
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jng of a single stage, however, the gain-bandwidth product is ordinarily not a 


Th a P 7 ¥ ‘ ; A ; 
.Gain-Bandwidth Product This product is foundin Prob. 13-188 useful parameter; it is not independent of R, and Rz and varies widely with 


Aves = Gm. Rr Sr _ oe. poth. The current-gain-bandwidth product decreases with increasing Ry and 

Vel?! OnC R, + tw 1+ Infekt, R, + tw gncreases with increasing #,. The voltage-gain-bandwidth product inereases 
| Sr R, with increasing R; and decreases with increasing R,. Even if we know the 
Arofs| = “ 


1 + 2nfrO Rr Rs + rey! goin-bandwidth product at a particular R, and Ri, we cannot use the product 
4 to determine the improvement, say, in bandwidth corresponding to a sacrifice 
The quantities fe, Ar.., and Avs, which characterize the transistor stay in gain. For if we change the gain by changing R, or Rz or both, generally, 
depend on both R; and R,. The form of this dependence, as well as the ord the gain-bandwidth product will no longer be the same as it had been. 
of magnitude of these quantities, may be seen in Fig. 13-14. Here fs has bee 
plotted as a function of Rx, up to Ry = 2,000 2, for several values of R,. 7 Summary The high-frequency response of a transistor amplifier is 
topmost f; curve in Fig. 13-14 for R, = 0 corresponds to ideal-voltage-sot obtained by applying Eqs. (13-49) to (13-53). We now show that only four 
drive. The current gain is zero, and the voltage gain ranges from zero ¢ independent transistor device parameters appear in these equations. Hence 
Ri = 0 to 90.9 at R, = 2,000. Note that a source impedance of only 100! these four (hye, fr, hie, and Ce = Gs) are usually specified by manufacturers of 
reduces the bandwidth by a factor of about 1.8. The bottom curve h high-frequency transistors. 
R, = @ and corresponds to the ideal current; source. The voltage gain i From the operating current J¢ and the temperature 7’, the transconduct- 
zero for all Ry, if R, = ©. For any R, the bandwidth is highest for lowest ance is obtained [Eqs. (13-39)] as gm = |Zc|/Vr and is independent of the par- 


Tn the case of a vacuum-tube stage of amplification, the gain-bandwidt ticular device under consideration. Knowing gm, we can find, from Eqs. 
product is a useful number (Sec. 16-6). For a transistor amplifier consist (13-39) and (13-40), 


a Im 


hy, MHz hve = us ty = hie Te Ce one 


If R, and Rz are given, then all quantities in Eqs. (13-49) to (13-53) are known. 
16 We have therefore verified that the frequency response may be determined 
from the four parameters hyo, fr, Mie, and Ce. 
[Avie fal, MHz 
300 12 
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141 THE JUNCTION FIELD-EFFECT TRANSISTOR 


The structure of an n-channel field-effect transistor is shown in Fig. 14-1, 
Ohmic contacts are made to the two ends of a semiconductor bar of n-type 
material (if p-type silicon is used, the device is referred to as a p-channel FET). 
Current is caused to flow along the length of the bar because of the voltage 
supply connected between the ends. This current consists of majority carriers 
which in this case are electrons. The following FET notation is standard. 


Source The source S is the terminal through which the maj ority carriers 
enter the bar. Conventional current entering the bar at S is designated by Js. 


14 FIELD-EFFECT 
TRANSISTORS 


Drain The drain D is the terminal through which the majority carriers 
leave the bar. Conventional current entering the bar at D is designated by I D. 
The drain-to-source voltage is called Vps, and is positive if D is more positive 
than S. 


Gate On both sides of the n-type bar of Fig. 14-1, heavily doped (p*) 
regions of acceptor impurities have been formed by alloying, by diffusion, or 
by any other procedure available for creating p-n junctions, These impurity 
regions are called the gate G. Between the gate and source a voltage Vas is 
applied in the direction to reverse-bias the p-n junction. Conventional cur- 
rent entering the bar at G is designated Jo. 


The field-effect transistor! is a semiconductor device which depe 
for its operation on the control of current by an electric field. 
are two types of field-effect transistors, the junction field-effect tra 
lor (abbreviated JFET, or simply FET) and the insulated-gate field 
effect transistor (IGFET), more commonly called the metal-oxide-semi- 
conductor (MOS) transistor (MOST or MOSFET). 

The principles on which these devices operate, as well as th 
differences in their characteristics, are examined in this chapter, 
Representative circuits making use of FET transistors are 
presented. 


The FET enjoys several advantages over the conventional 
transistor: 


Channel The region in Fig. 14-1 of n-type material between the two 
gate regions is the channel through which the majority carriers move from 
source to drain. 


FET Operation It is necessary to recall that on the two sides of the 
transition region of a reverse-biased p-n junction there are space-charge regions 
(Sec. 6-9), The current carriers have diffused across the junction, leaving only 
Uncovered positive ions on the n side and negative ions on the Pp side. The 
electric lines of field intensity which now originate on the positive ions and 
terminate on the negative ions are precisely the source of the voltage drop 
Across the junction. As the reverse bias across the junction increases, so also 
does the thickness of the region of immobile uncovered charges. _The con- 
ductivity of this region is nominally zero because of the unavailability of cur- 
Tent carriers. Hence we see that the effective width of the channel in Fig. 14-1 
Will become progressively decreased with increasing reverse bias. Accordingly, 
for a fixed drain-to-source voltage, the drain current will be a function: of oe 
5. It exhibits no offset voltage at zero drain current, and hene@ Teverse-biasing voltage across the gate junction. The term field — rey 
makes an excellent signal chopper.? s to describe this device because the mechanism of current name 4 wh ne 

6. It has thermal stability (Sec. 14-4), ; of the extension, with increasing reverse bias, of the field associated w 
Tegion of uncovered charges. 


1, Its operation depends upon the flow of majority carriers onl 
It is therefore a unipolar (one type of carrier) device. _The vac 
tube is another example of a unipolar device. The conventional 
sistor is a bipolar device. 

2, It is relatively immune to radiation. 
8. It exhibits a high input resistance, typically many meg- 
ohms, 

4. It is less noisy than a tube or a bipolar transistor. ‘ 


The main disadvantage of the FET is its relatively small gain- 
bandwidth product in comparison with that which can be obtained 
with a conventional transistor. 


384 


FET Static Characteristics The circuit, symbol, and polarity conventions 
for a FET are indicated in Fig. 14-2. The direction of the arrow at the gate 
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y Depletion region 


Drain current I,, mA 


Drain-source voltage Vps , V 


Fig. 14-3 Common-source drain characteristics of an 
n-channel field-effect transistor, (Courtesy Texas 
" Instruments, Inc.) 


Fig. 14-1. The basic structure of an n-channel field-effect tran- 
sistor. The normal polarities of the drain-to-source and gate-to- 
source supply voltages are shown. In a p-channel FET the volt- 
ages would be reversed. 


‘tonstriction is not uniform, but is more pronounced at distances farther from 
‘the source, as indicated in Fig, 14-1. Eventually, a voltage Vpg is reached 
at which the channel is ‘pinched off.” This is the voltage, not too sharply 
defined in Fig. 14-3, where the current J» begins to level off and approach a 
fonstant value. It is, of course, in principle not. possible for the channel to 
‘Close completely and thereby reduce the current J, to zero. For if such, 
leed, could be the case, the ohmic drop required to provide the necessary 
back bias would itself be lacking. Note that each characteristic curve has an 
‘ic region for small values of Vps, where Jp is proportional to Vos. Hach 
rent, the ohmie voltage drop between the source and the channel regio “also has a constant-current region for large values of Vps, where Jp responds 
biases the junction, and the conducting portion of the channel begins t Very slightly to Vos. 
strict. Because of the ohmic drop along the length of the channel itself; ~ If now a gate voltage Ves is applied in the direction to provide additional 
? ‘Teverse bias, pinch-off will occur for smaller values of |Vps|, and the maxi- 
Mum drain current will be smaller. This feature is brought out in Fig. 14-3. 
‘ote that a plot for a silicon FET is given even for Ves = +-0.5 V, which is in 
direction of forward bias. We note from Table 9-1 that, actually, the 
‘Bate current will be very small, because at this gate voltage the Si junction is 
‘arely at the cutin voltage V,. The similarity between the FET character- 
les and those of a pentode tube need hardly be belabored. 
The maximum voltage that can be applied between any two terminals of 
© FET is the lowest voltage that will cause avalanche breakdown (Sec. 6-12) 
toss the gate junction. From Fig. 14-3 it is seen that avalanche occurs at 
lower value of |Vns| when the gate is reverse-biased than for Ves = 0. This 


) 
of the junction PHT in Fig. 14-2 indicates the direction in which gate cur 
would flow if the gate junction were forward-biased. The common-s0 
drain characteristics for a typical n-channel FET shown in Fig. 14-3 gi 
against Vos, with Ves as a parameter. To see qualitatively why the ch 
teristics have the form shown, consider, say, the case for which Veg = 0. 
Ip = 0, the channel between the gate junctions is entirely open. In 0 
to a small applied voltage Vns, the n-type bar acts as a simple semicondi 
resistor, and the current Jp increases linearly with Vos. With increasin, 


Fig. 14-2 Circuit symbol fo 
n-channel FET. (For a p-chat 
FET the arrow at the gate 
tion points in the opposite dil 
tion.) For an n-channel FET, 
and Vpg are positive and V 
negative. For a p-channel 
and V ps are negative and 
Positive. 
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is caused by the fact that the reverse-bias gate voltage adds to the drain yo} 
age, and hence increases the effective voltage across the gate junction. 
We note from Fig. 14-2 that the n-channel FET requires zero or negatiy 
gate bias and positive drain voltage, and it is therefore similar to a vacuy 
tube. The p-channel FET which requires opposite voltage polarities behave, 
like a vacuum tube in which the cathode emits positive ions instead of 
trons. Either end of the channel may be used as a source. We can rem 
ber supply polarities by using the channel type, p or n, to designate t} 
polarity of the source side of the drain supply. The field-effect transisto 
existed as a laboratory device from 1952 to 1962. The reason why no |; 
scale production and use of this device took place is that semiconductor-deyig 
technology only recently reached the degree of refinement required for t] 
production of a thin, lightly doped layer between two more heavily dope 
layers of opposite type. 


A Practical FET Structure The structure shown in Fig. 14-1 is not 
tical because of the difficulties involved in diffusing impurities into both 
of a semiconductor wafer. Figure 14-4 shows a single-ended-geometry j 
tion FET where diffusion is from one side only. The substrate is of p-tyy 
material onto which an n-type channel is epitaxially grown (Sec. 15-2). _ 
p-type gate is then diffused into the n-type channel. The substrate whi 
may function as a second gate is of relatively low resistivity material. 
diffused gate is also of very low resistivity material, allowing the dep 
region to spread mostly into the n-type channel. 


14-2 THE PINCH-OFF VOLTAGE Vp 


We derive an expression for the gate reverse voltage Vp that removes 
free charge from the channel using the physical model described in the p 
ceding section. This analysis was first made by Shockley, using the sti 
of Fig. 14-1. In this device a slab of n-type semiconductor is sand 
between two layers of p-type material, forming two p-n junctions. 

Assume that the p-type region is doped with N4 acceptors per cubic 
that the n-type region is doped with Np donors per cubic meter, and that 


Drain Gate — Source 


Source 
a a 
Pp 


Fig. 14-4 Single-ended-geometry 


junction FET. 
Channel 
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junction formed is abrupt. The assumption of an abrupt junction is the same 
as that made in Sec. 6-9 and Fig. 6-12, and is chosen for simplicity. More- 
over, if Ns > No, we see from Eq. (6-44) that W, < W,, and using Eq. (6-47), 
we have, for the space-charge width, W.(z) = W(z) at a distance x along the 
channel in Fig. 14-1: 


Wee) = a— ve) = [Z-1V. ~ Vea}? (14-1) 


where ¢ = dielectric constant of channel material 


e = magnitude of electronic charge 
V, = junction contact potential at « (Fig. 6-1d) 
V(x) = applied potential across space-charge region at x and is a negative 
number for an applied reverse bias 


a— b(x) = penetration W(x) of depletion region into channel at a point x 


along channel (Fig. 14-1) 
If the drain current is zero, b(x) and V(x) are independent of x and 


b(z) = b. Ifin Eq. (14-1) we substitute b(x) = b = 0 and solve for V, on the 
assumption that |V.|<|V|, we obtain the pinch-off voltage Vp, the diode 
reverse voltage that removes all the free charge from the channel. Hence 


LN, 
[Ve] = 52a? (14-2) 
If we substitute Ves for V and a — 6 for z in Eq. (6-46), we obtain, using 
Eq. (14-2), 
2 
Vans (: = :) Ve (14-3) 


The voltage Ves in Eq. (14-3) represents the reverse bias across the gate 


junction and is independent of distance along the channel if Jp = 0. 


nan RSE RE EAS EE TSE Bes A Niel SR BRS eek ea reas 2} 
EXAMPLE For an n-channel silicon FET with a = 3 X 10-4 cm and Np = 10" 


electrons/cm, find (a) the pinch-off voltage and (b) the channel half-width for 
Ves = 4Vp and Ip = 0. 


Solution a. The relative dielectric constant of silicon is given in Table 5-1 as 
12, and hence ¢ = 12e,. Using the value of ¢ and e, from Appendixes A and B, 
we have, from Eq. (14-2), expressed in mks units, 


1.60 X 10-19 x 10% x (3 X 10-9)? 
Vie Se ee a oa 
iM 2X 12 X (36x X 10%)" 


b. Solving Eq. (14-3) for b, we obtain for Vos = 4Vp 
4 
bag [: bk ()'] = (3 X 10-4)[1 — (4)4] = 0.87 x 10-4 em 
P 


Hence the channel width has been reduced to about one-third its value for Ves = 0. 
EN SU sh et ey Ne Ls a ee ee 
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Subject to this condition of the ‘gradual’ channel, the current may be written 
by inspection of Fig. 14-] as 


Tp = 2b(x)weN punk. (14-7) 


14-3 THE JFET VOLT-AMPERE CHARACTERISTICS 


Assume, first, that a small voltage Vpg is applied between drain and 
The resulting small drain current J» will then haye no appreciable e 
the channel profile. Under these conditions we may consider the effe 
channel cross section A to be constant throughout its length, Hence A = 
where 2b is the channel width corresponding to zero drain current as giv 
Eq. (14-3) for a specified V¢s, and w is the channel dimension perpendie: 
the b direction, as indicated in Fig, 14-1, 

Since no current flows in the depletion region, then, using Ohm's | 
[Eq. (5-1)], we obtain for the drain current 


Vos 
iy 


As Vos increases, &, and Jp increase, whereas b(x) decreases because the 
channel narrows and hence the current density J = /p/2b(2)w inereases. We 
now see that complete pinch-off (b = 0) cannot take place because, if it did, 
J would become infinite, which is a physically impossible condition. If J 
were to increase without limit, then, from Eq. (14-7), so also would &,, provided 
that “. remains constant. It is found experimentally,’* however, that the 
mobility is a function of electric field intensity and remains constant only 
for &- < 108 V/cm in n-type silicon. For moderate fields, 10* to 10¢ V/em, 
the mobility is approximately inversely proportional to the square root of the 
applied field. For still higher fields, such as are encountered at pinch-off, 
w» is inversely proportional to &;. In this region the drift velocity of the 
electrons (v, = #82) remains constant, and Ohm’s law is no longer valid. 
From Eq. (14-7) we now see that both Zp and b remain constant, thus explain- 
ing the constant-current portion of the V-J characteristic of Fig, 14-3. 

What happens‘ if Vps is increased beyond pinch-off, with Veg held 
constant? As explained above, the minimum channel width din = 6 has a 
small nonzero constant yalue. This minimum width occurs at the drain end 
ofthe bar. As Vygis increased, this increment in potential causes an increase 
in & in an adjacent channel section toward the source. Referring to Fig. 
14-5, the velocity-limited region L’ increases with V ps, whereas 6 remains at 
4 fixed value. 


Ip = AeN piinS = 2bweN pun 


where L is the length of the channel. 
Substituting b from, Eq. (14-3) in Eq, (14-4), we have 


2 Vas\'] ,, 
fol, aN owe 4 (i) | Vos 


The on Resistance rg(on) Wquation (14-5) describes the volt-ampi 
characteristics of Fig. 14-3 for very small V ps, and it suggests that under #l 
conditions the FET behaves like an ohmic resistance whose value is dé 
mined by Ves: The ratio Vos/Ip at the origin is called. the on 8 
ance rg(on). For a JEET we obtain from Eq. (14-5), with Ves = 0; 


L 
2aweN pun 


ra(ON) = (uy 

The Region before Pinch-off We have verified that the FET behaves as 
For the device values given in the illustrative example in this sectio y. ohmic resistance for small Vpg and as a constant-current device for large 
with L/w = 1, we find that 7(on) = 3.3K. For the dimensions an 1s. An analysis giving the shape of the volt-ampere characteristic between 
tration used in commercially available FETs and MOSFETs (S these two extremes is complicated. It has already been mentioned that in 
values of r4(on) ranging from about 100 @ to 100 K are meas ‘this region the mobility is at first independent of electric field and then u 
parameter is important in switching applications where the FET i 
heavily on. The bipolar transistor has the advantage over the field 
device in that Res is usually only a few ohms, and hence is much sm 
than rz(on). However, a bipolar transistor has the disadvantage for ¢ 


applications? of possessing an offset voltage (Sec. 9-14), whereas 


Depletion region 


Fig. 14-5 After pinch-off, 


characteristics pass through the origin, 7p = 0 and Vps = 0. , arene Lt KV 


The Pinch-off Region We now consider the situation where an ele 
field &, appears along the x axis. If a substantial drain current Zp flo 
drain end of the gate is more reverse-biased than the source end, and b 
the boundaries of the depletion region are not parallel to the center of’ 
channel, but converge as shown in Fig. 14-1. If the convergence of the de 
tion region is gradual, the previous one-dimensional analysis is vali 
thin slice of the channel of thickness Az and at a distance x from the 


Main essentially constant. 


1and G, are tied to- 
“Sether.) 
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varies with &:+ for larger values of &, (before pinch-off). Taking this 
tionship into account, it is possible*-* to obtain an expression for Ip 
function of Vps and Ves which agrees quite well with experimentally d 
mined curves. 


drain current is given approximately by the first two terms in the Taylor’s 
series expansion of Eq. (14-9), or 


4 dip dip 
Aip = Baga lien Aves + ops |es Avps (14-10) 


The Transfer Characteristic In amplifier applications the FET is 
always used in the region beyond pinch-off (also called the constan 
pentode, or current-saturation region). Let the saturation drain © 


In the small-signal notation of Sec. 8-1, Aip = tz, Aves = U2, and Avps = Vas, 
so that Eq. (14-10) becomes 


designated by Ips, and its value with the gate shorted to the source (Vag = ta = Gndoo + + Uae (14-11) 

by Zpss. It has been found® that the transfer characteristic, giving the rel es 

tionship between Jps and Ves, can be approximated by the parabola i e = dip _ Ain. jie Be, 
Vos\* 9m = Spas lvoe Avog |V0s dg, \Vos 


yp tans (: Ve ¢ P is the mutual conductance, or transconductance. It is also often designated 
by yss.0r gre and called the (common-source) forward transadmitiance. The 
second parameter rz in Eq. (14-11) is the drain (or output) resistance, and is 
defined by 

Ops Avos = Uae 


+ dip ba i Dip \Vos tg 


This simple parabolic approximation gives an excellent fit, with the expe 
mentally determined transfer characteristics for FETs made by the diffusi 
process. R 


(14-13) 


Vos 


Cutoff Consider a FET operating at a fixed value of Vpg in the p 
region. As Voz is increased in the direction to reverse-bias the gate j 
the conducting channel will narrow. When Ves = Vp, the channel width 
reduced to zero, and from Eq. (14-7), ns = 0. With a physical device som 
leakage current J(oFF) still flows even under the cutoff condition |Vos| > 
A manufacturer usually specifies a maximum value of Jp(orr) at a gi 
value of Vas and Vps. Typically, a value of a few nanoamperes 


The reciprocal of ra is the drain conductance gz. It is also designated by yos 
and g., and called the (common-source) output conductance. 

The parameters g, and rz are completely analogous to the vacuum-tube 
parameter g» and rp. An amplification factor » for a FET may be defined, 
just as it is for a tube, by 


Av, », 
expected for [p(oFr) for a silicon FET. = et ba thes be ia tes (14-14) 
The gate reverse current, also called the gate cutoff current, designated F i i 
Toss, gives the gate-to-source current, with the drain shorted to the sow Proceeding as in Sec. 8-4, we verify that u, ra, and gm are related by 
for |Ves| > |Vr|. Typically, Joss is of the order of a few nanoampel b= Tam (14-15) 


a silicon device. 
A circuit for measuring gm is given in Fig. 14-6a. It follows from Eq. 
(14-12) that (if |Va] K Vop, so that Vos = const) 


= Je _ Vs/Ra | Va 
aia aan gas 9 


Similarly, the circuit of Fig. 14-6b allows rg to be measured. From Eq. (14-13) 
it follows that 


V2 _ _V2_ _ Vola 
Ie -Vi/Ra Vi 


An expression for gm is obtained by applying the definition of Eq. (14-12) 
to Eq. (14-8). The result is 


14-4 THE FET SMALL-SIGNAL MODEL 


The linear small-signal equivalent circuit for the FET can be obtained it 
manner analogous to that used to derive the corresponding model for a 
tube or a transistor. We employ the same notation in labeling time= 
and de currents and voltages as used in Secs. 7-9 and 9-13 for the 
tube and transistor. We can formally express the drain current ip as @ 
tion f of the gate voltage ves and drain voltage vps by i 


(14-16) 


ais (14-17) 


tp = f(ves, ¥vs) 


The Transconductance g,, and Drain Resistance rz We now proceed 
in Sec. 8-4. If both the gate and drain voltages are varied, the cha 


Snes igi (1 — Vos (14-18) 


16 
i 
to 14 EEA 
a 
~ by 
Fs e = 
12 A q 
! 
3 
> 1.0 A 
; fe Ez 
3 0.8 be 
< 
0.6 
50 100 150 -50 0 50 100 150 
Ambient temperature T,, °C Ambient temperature Z,, °C 
-~ « 
(a) (b) 


is. 14-8 (a) Normalized transconductance g,, versus ambient temperature 7'4 
‘and (b) normalized drain resistance ry versus 7’, (for the 2N3277 and the 2N3278 
“FETs with Vins = —10V, Vos = 0 V, ond f = 1 kHz). (Courtesy of Fairchild 
SSemiconductor.) 


Fig. 14-6 Test circuits for measuring (a) gm and (b) rz. The rms volt- 
ages V, and V, are measured with ac high-impedance voltmeters. 


where gmo is the value of gy», for Vos = 0, and is given by 


—2I pss oe: _ Temperature Dependence. Curves of gm and 7 versus temperature are 
Ls Sea * 32 : ‘given in Fig. 14-84 and b, The drain current Zps has the same temperature 
riation as does g,.. The principal reason for the negative temperature 
fficient of Zs is that the mobility decreases with increasing temperature." 
Since this majority-carrier current decreases with temperature (unlike the i 
dipolar transistor whose minority-carrier current increases with temperature), 
troublesome phenomenon of thermal runaway (Sec. 10-10) is not encount- 
fred with field-effect transistors. 


Since pgs and Vp are of opposite sign, gm isalways positive, This relatid % 
connecting gm, Zpss, and Vp, has been verified experimentally.’  Sineé 
ean be measured with the circuit of Fig. 14-6a for Veo = 0, and Tpss cm 
read on a de milliammeter placed in the drain lead of the same cireuit (v 
gate excitation), Eq. (14<19) gives a method for obtaining Vp. v 
The dependence of gn» upon Ves is indicated in Fig, 14-7 for the 2) 
FET (with Vp ~ 4.5 V) and the 2N3278 FET (with Vp ~ 7'V). Thell 
relationship :predictied by Bq. (14-18) is‘seen to be only approximately ¥ 
re 


| The FET Mode! We note that Eq. (1411) is identical with Hq. (8-13) 
the triode provided that k (cathode) is replaced by s (source), that p (plate) 
S replaced by d (drain), and the g is now identified as gate (instead of grid). 
Hence the small-signal tube equivalent circuit of Vig. 8-8 is valid for the FET. 
This model is repeated in Fig. 14-9, with the appropriate change of notation. 
Th this figure we have also included the capacitances which exist between pairs 
f nodes (corresponding to the high-frequency triode model of Fig. 8-19). The 
“apacitor C,, represents the barrier capacitance between gate and source, and 


we 
a 
s 


3 


Fig. 14-7 Transconductance Gm vel 
gate voltage for types 2N3277 and 
2N3278 FETs, (Courtesy of Fairchild 
Semiconductor Company.) 


a 
3S 
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"9: 14-9. Smail-signal FET 
model. 
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covering the entire channel region. Simultaneously, metal contacts are made 
to the drain and source, as shown in Fig. 14-10. The contact to the metal 
over the channel area is the gate terminal. 

The metal area of the gate, in conjunction with the insulating dielectric 
oxide layer and the semiconductor channel, forms a parallel-plate capacitor. 
‘The insulating layer of silicon dioxide is the reason why this device is called 
the insulated-gate field-effect transistor. This layer results in an extremely 
high input resistance (10*° to 10 @) for the MOSFET. 


TABLE 14-1 Range of parameter values for a FET 


MOSFETt 


0.1-10 mA/V 0.1-20 mA/V or more 

Ta 0.1-1M 1-50 K 

Cas 0.1-1 pF 0.1-1 pF 
Con Coa 1-10 pF 1-10 pF 

Te >10° 9 >10" 9 

>10°2 >10"9a 

The Enhancement MOSFET If we ground the substrate for the structure 
of Fig. 14-10 and apply a positive voltage at the gate, an electric field will be 
directed perpendicularly through the oxide. This field will end on “induced” 
negative charges on the semiconductor site, as shown in Fig. 14-10. The nega- 
tive charge of electrons which are minority carriers in the p-type substrate 
forms an “‘inversion layer.” As the positive voltage on the gate increases, the 
induced negative charge in the semiconductor increases. The region beneath 
the oxide now has n-type carriers, the conductivity increases, and current 
flows from source to drain through the induced channel. Thus the drain cur- 
rent is “enhanced” by the positive gate voltage, and such a device is called an 
enhancement-type MOS. 
The volt-ampere drain characteristics of an n-channel enhancement-mode 
MOSFET are given in Fig. 14-11a, and its transfer curve, in Fig. 14-116. The 
current Ipss at Ves < Ois very small, being of the order of a few nanoamperes. 
As Vos is made positive, the current J» increases slowly at first, and then 
much more rapidly with an increase in Ves. The manufacturer sometimes 
indicates the gate-source threshold voltage Vesr at which Ip reaches some 
defined small value, say 10 wA. A current Jp(on), corresponding approxi- 
Mately to the maximum value given on the drain characteristics, and the 
Value of Ves needed to obtain this current are also usually given on the manu- 
facturer’s specification sheets. 


t Discussed in Sec. 14-5. 


Cya is the barrier capacitance between gate and drain. The element 
represents the drain-to-source capacitance of the channel. 

The order of magnitudes of the parameters in the model for a diff 
junction FET is given in Table 14-1. Since the gate junction is r 
biased, the gate-source resistance r,, and the gate-drain resistance roe 
extremely large, and hence have not been included in the model of Fig. 1 


14-5 THE INSULATED-GATE FET (MOSFET) 


In preceding sections we developed the volt-ampere characteristics and sm 
signal properties of the junction field-effect transistor. We now turn 
attention to the insulated-gate FET, or metal-oxide-semiconductor 
which promises to be of even greater commercial importance than the j 
FET. 

The n-channel MOSFET consists of a lightly doped p-type substrate 
which two highly doped n* regions are diffused, as shown in Fig. 14-10. 
n* sections, which will act as the source and drain, are separated by 
1 mil. A thin layer of insulating silicon dioxide (SiO2) is grown over 
surface of the structure, and holes are cut into the oxide layer, allowing 
with the source and drain. Then the gate-metal area is overlaid on the 


Source Gate (+) 


Fig. 14-10 Channel enha: 
in a MOSFET. (Courtesy of 
Motorola Semiconductor Pi 
Inc.) 


(6) Vosr 


Fig, 14-11 (a) The drain characteristics, and (b) the transfer curve (for Vos = 
10-V) of an n-channel enhancement-type MOSFET. 


p(substrate) 
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Diffused 

channel 

Aluminum Source  Gate(—) 
2, Y 


Depletion ~— | > Enhancement 


Voss V 


Vos (OFF) (b) 


Fis. 14-13 (a) The drain characteristics and (b) the transfer curve (for Vinx = 10 V) 
for an n-channel MOSFET which may be used in either the enhancement or the 
depletion mode. 


Fig. 14-12 (a) A depletion-type MOSFET. (b) Channel depletion with the appl 
j cation of a negative gate voltage. (Courtesy of Motorola Semiconductor 


that oe " MOSFET. For such a device the signs of all currents and voltages in the 


) $ isti i d. 

The Depletion MOSFET A second type of MOSFET can be made i yolt-ampere characteristics of Figs. 14-11 and 14-13 must be reverse: 
the basic structure of Fig. 14-10, an n channel is diffused between the so 
and the drain, as shown in Fig. 14-12a. With this device an appreciable di 
current J pss flows for zero gate-to-source voltage, Ves = 0... If the gatev 
age is made negative, positive charges are induced in the channel throt 
SiOz of the gate capacitor. . Since the current in a FET is due to m 
carriers (electrons for an n-type material), the induced positive char; 
the channel less conductive, and the drain current drops as Vos is 
negative. The redistribution of charge in the channel causes an 
depletion of majority carriers, which accounts for the designation 
MOSFET. Note in Vig. 14-12b that, because of the voltage drop due 
drain current, the channel region nearest, the drain is more depleted tha 
the volume near the source, This phenomenon is analogous to that of ping 
occurring in a JFET at the drain end of the channel (Fig. 14-1). As a mi 
of fact, the volt-ampere characteristics of the depletion-mode MOS and” 
JFET are quite similar. \’ 
A MOSFET of the depletion type just described may also be oper 
in an enhancement mode. It is only necessary to apply a positive gate % 
age so that negative charges are induced into the n-type channel. 
manner the conductivity of the channel increases and the current rises 
Inss. The volt-ampere characteristics of this device are indicated in” 
14-13a, and the transfer curve is given in Fig. 14-13). The depletio 

enhancement regions, corresponding to Ves negative and positive, res} 
should be noted. ‘The manufacturer sometimes indicates the gate-source 
voltage Vas(orr), at which Ip is reduced to some specified negligible valut 
recommended Vpg. This gate voltage corresponds to the pinch-off vo! 
Vp of a JFEP. sf {2 


The foregoing discussion is'applicable in principle also to the p-ch Fig. 14-14 Three circuit symbols for a p-channel MOSFET. 


"Circuit Symbols It is possible to bring out the connection to the sub- 
Strate externally so as to have a tetrode device. Most MOSFETs, however, 
are triodes, with the substrate internally connected to the source. The circuit 
&ymbols used by séveral manufacturers are indicated in Fig. 14-14. Some- 
times the symbol of Fig. 14-2 for the JFET is also used for the MOSFET, 
With the understanding that @, is internally connected to S. 


Small-signal MOSFET Circuit Model'’ If the small bulk resistances of 
he source and drain are neglected, the small-signal equivalent circuit of the 
OSFET between terminals G (= G;,), 8, and D is identical with that given in 
Fig. 14-9 for the JFET, The transconductance gm and the interelectrode 
apacitances have comparable values for the two types of devices. However, 
4 noted in Table 14-1 on page 396, the drain resistance ra of the MOSFET 
is very much smaller than that of the JFET,, The magnitude of t for a 
MOSFET is comparable with the plate resistance of a triode, whereas ry for a 
JFET has a value approximating the r, of a pentode, It should also be noted 
in Table 14-1 that the input resistance rz, and the feedback resistance ra are 
Very much larger for the MOSFET than for the JFET. 


D 


FIELD 
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4 iti = = . (14 
If the substrate terminal G. is not connected to the source, the model ditions, Yas = Yor = 0, and Eq. (14-20) reduces to 


Fig. 14-9 must be generalized as follows: Between node G: and S, a diode ] 
is added to represent the p-n junction between the substrate and the so 
Similarly, a second diode D2 is included between G; and D to account fo: 
p-n junction formed by the substrate and the drain. 


= ae Ones Ts ' 
Ayes Yi+ga 1 + gaZz Indi, (14-21) 
where Z;, = ral|Zz. This equation is identical with Eq. (8-40). 
Input Admittance An inspection of Fig. 14-16b reveals that the gate cir- 
cuit is not isolated from the drain circuit. Since Figs. 14-16b and 8-19 are 
identical, the input admittance is given by Eq. (8-42), or 


¥i = You + (1 — Av) Yea (14-22) 


This expression indicates that for a field-effect transistor to possess negligible 
input admittance over a wide range of frequencies, the gate-source and gate- 
drain capacitances must be negligible. Also, as explained in Sec. 8-12, it is 
possible for the input resistance to be negative for an inductive load, and the 
circuit may oscillate. 


14-6 THE COMMON-SOURCE AMPLIFIER 


The three basic JFET or MOSFET configurations are the common-soun 
(CS), common-drain (CD), and common-gate (CG). The configurations ¥ 
shown in Fig. 14-15 for a p-channel JFET. Unless specifically stated oth 
wise, the circuits discussed throughout this chapter apply equally well 
JFETs or MOSFETs. 4 


Voltage Gain The circuit of Fig. 14-16a is the basic CS amplifier e 
figuration. If the FET is replaced by the circuit model of Fig. 14-9, we o 
the circuit of Fig. 14-16b, which is equivalent to that of Fig. 8-19b for a C 
triode amplifier with interelectrode capacitances taken into account. [In 
8-19 the voltage source V; in series with r, may be transformed into a cur 
source uV,/r = gmV%, in parallel with r, (Sec. 8-5).] Hence the voltage 
Ay = V./V; for the CS amplifier as given by Eq. (8-39), which is repe 
here, using FET notation, 


Input Capacitance (Miller Effect) Consider a FET with a drain-circuit 
resistance Rg. From the previous discussion it follows that within the audio- 
frequency range, the gain is given by the simple expression Ay = —gnRy, 
where Rj, is Rallra. In this case, Eq. (14-22) becomes 

FE wm C= Cut (1+ OnlRD)Cet (14-23) 
This increase in input capacitance C; over the capacitance from gate to source 
is caused by the familiar (See, 8-12) Miller effect. 

This input capacitance is important in the operation of cascaded ampli- 
fiers, as is discussed in Sec. 8-12 in connection with vacuum tubes. 


a —Gm + You 
Oi Vio ay ga hi 


where Y; = 1/Z, = admittance corresponding to Z, 
Ya = jwCa = admittance corresponding to Cu 
ga = 1/ra = conductance corresponding to ra 
Y,a = jwCya = admittance corresponding to Cys 
At low frequencies the FET capacitances can be neglected. Under these 


Output Resistance For the common-source amplifier of Fig. 14-16a, the 


—Voo 


D s 
G Gc 8 D 
Output Output 
Input Input Input Output 
s s D G G 
(a) (6) (c) (6) 


Fig. 14.16 (a) The common-source amplifier circuit; (b) small-signal equiva- 


Fig. 14-15 The three FET configurations: (a) CS, (b) CD, and (c) lent circuit of CS plifier 
ui amplifier. 


cG. 
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output resistance R, is given by the parallel combination of rz and Ra, or 
Re _ tata (14 


Note that the amplification is positive and has a value less than unity. If 
goR. > 1, then Ay ~ gn/(gm + ga) = u/(u + 1). 


Input Admittance The source follower offers the important advantage of 
Jower input capacitance than the CS amplifier. The input admittance Y; is 
given by Eq. (8-55), or 


Equation (14-24) is valid at low frequencies, where the effect of the capacit 
in Fig. 14-16b is negligible, and with a resistive load, Z, = Ra. ; 


r Yi = jwCoa + jwCya(1 — A e 
EXAMPLE A MOSFET has a drain-circuit resistance Ra of 100 K and operat sm aMee % Moth TAT (14-27) 
at 20kHz. Calculate the voltage gain of this device as a single stage, and th . ‘ 4 ; 
as the first transistor in a cascaded amplifier consisting of two identical ste Meee pape pata eS Y., with R, considered 
The MOSFET parameters are gn = 1.6 mA/V, ra = 44 K, Cy = 3.0 DF, Cy » is given by Eq. (8-58), or 
3.8 pF, and C,2 = 2.8 pF. ‘ Yo = gm + ga + jwCr (14-28) 
Solution The numerical values of the circuit parameters for this partiet ‘At low frequencies the output resistance R, is 
MOSFET are identical with the parameter values of the triode used in the ex 
ple of Sec. 8-12. The solution of this example is therefore the same as that gi R, = 1 - ng (14-29) 
in Sec. 8-12. Hence j Gn + ga Ym 
(Av) second stage = —48.6 since gm >> ga. For gn = 2 mA/V, then R, = 500 2. 
ah d The source follower is used for the same applications as the cathode 
(Ay) neststage = 38.8/143.3° 2 age those requiring high input impedance and low output impedance 
~ . 8-8). 
14-7 THE COMMON-DRAIN AMPLIFIER, OR SOURCE FOLLO’ /ER 14-8 A GENERALIZED FET AMPLIFIER 
The CD-amplifier connection shown in Fig, 14-17 is analogous to the cath The analysis of the CS amplifier with a source resistance R,, the OG con- 
follower discussed in Sec. 8-14. The voltage gain of this circuit is given figuration, and the cD circuit at low frequencies is made by considering the 
Eq. (8-53), or in FET notation, eneralized configuration in Fig. 14-18. This circuit contains three independ- 


eat signal sources, v; in series with the gate, v, in series with the source, and 
% in series with the drain. For the CS amplifier, », = v, = 0, and the output 
iso, taken at the drain. For the CG circuit, », = v, = 0, the signal is v, with 
source resistance R,, and the output is v1. For the source follower, Ry = 0, 


p! (Gm + jwCos)Re 
1+ Gm + ga + jwCr)R, 


where Cr = Cos + Cas + Con, and Cy, represents the capacitance from sou! 


Ay 


to ground. = = 0, the signal voltage is v;, and the output is v2 taken at the source. 
At low frequencies the gain reduces to he signal-source resistance is unimportant since it is in series with a gate 
oak Which draws negligible current.) If the effect of the ripple voltage in the 

A Power supply Vpp is to be investigated, v, will be included in the circuit to 


eae 
1+ Gm + ga)Re t these small changes in V pp. 


j 
, The Output from the Drain From the analysis given in Secs. 8-6 and 
ao. obtain the Thévenin’s equivalent circuit from drain to ground (Fig. 
a 9a) and from source to ground (Fig. 14-19b). From the former circuit 
‘i Conclude that “looking into the drain’ of the FET we see (for small-signal 
i) an equivalent circuit consisting of two generators in series, one of —u 

the gate-signal voltage v; and the second (u + 1) times the source-signal 
Ys and the resistance re + (u + 1)R,. Note that the voltage v, and 
“resistance in the source lead are both multiplied by the same factor, » + 1. 


—Voo 


Fig. 14-17 Source-follower circuit. 


by 4 0a _— —— wre’ |.” = vy -- oe eee eS 
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The common-gate amplifier with its low input resistance and high output 
resistance has few applications. The CG circuit at high frequencies is con- 
sidered in Prob. 14-11. 


The Output from the Source From Fig. 14-19b we conclude that “looking 
into the source” of the FET we see (for small-signal operation) an equivalent 
circuit consisting of two generators in series, one of value u/(u + 1) times the 
gate-signal voltage v; and the second 1/(u + 1) times the drain-signal voltage 
v, and a resistance (ra + Ra)/(u +1). Note that the voltage va and the 
resistance in the drain circuit are both divided by the same factor, w + 1. 


Fig. 14-18 A generalized FET amplifier, 


The CD Amplifier The voltage gain Ay of the source follower is obtained, 
by inspection, from Fig. 14-19), with », = v, = 0 and Ry = 0: 


ate wR tl) _ Gules 
Ane OEE HY ER OTe GF Meet) 


Note that this expression agrees with Eq. (14-26), obtained by setting w = 0 
into the high-frequency formula for Ay. If Ry # 0, then Ay in Eq. (14-34) is 
modified only by the addition of the term gaRy to the denominator. 

The output impedance R, of the source follower at low frequencies (with 
Rz = 0 and with R, considered external to the amplifier) is, from Fig. 14-19b, 


The CS Amplifier with an Unbypassed Source Resistance From ; 
14-19a, with v, = », = 0, we obtain for the voltage gain, Ay = v1/vi, 
igs ty —uRa i —9nka 
v* tat (H+ DR + Ra 1 gn, + ga(R. + Ra) 
Note that, for R, = 0, this result reduces to that given in Eq. (14-21), 
replaced by Ry. The minus sign indicates a 180° phase shift between 
and output. 
The resistance R,, looking into the drain, is increased by (u + 1)R, fi 
its value rgforR, = 0. The net output resistance Ri, taking Ru into account 


Ri, = [ra + (a + DR M|Re (14 


We observe that the addition of R, reduces the voltage gain and ine 
the output impedance. The input impedance is in excess of 100 M 
the gate junction is reverse-biased. 


(14 


res 1 
sige Pag 8g, Gea) 


which agrees with Eq. (14-29). The output impedance R/, taking R, into 
account, is R, = R,||R,. 


14-9 BIASING THE FET 


The selection of an appropriate operating point (Jp, Ves, Vos) for a FET 
amplifier stage is determined by considerations similar to those given to tubes 


The CG Amplifier From Fig. 14-19a, with v; = v. = 0, we obtain 
the voltage gain, Ay = v1/%, 


ag wb (u + 1)Ra pS (gm + ga)Ra 
0 ta+ (HF DR + Re 1+ gms + gal + Ra) 


Since Ay is a positive number, there is no phase shift, between inpu 
output. Also, since gm >> ga, the magnitude of the amplification is ap 
mately the same as for the CS amplifier with R, = 0. 

The output resistance Ri is given by Eq. (14-31), and unless R, 
small, R’, will be much larger than ry||Rz. The input impedance R; 
source and ground is obtained by inspection of Fig. 14-19b: 


y _ (tat Rel 
Rt (tt IR. 


va +DR p 


=. 
(a) (0) 


Fig, 14-19 The equivalent circuits for the generalized amplifier of Fig. 14-18 
looking into’’ (a) the drain and (b) the source. Note that p = rugm- 
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Biasing for Zero Current Drift"! Figure 14-21 shows the dependence of the 
transfer characteristics on temperature. Observe from this figure that there 
exists a value of Vgs for which Ip = Ig does not change with temperature 7. 

It is therefore possible to bias a field-effect transistor for zero drain-current 

drift. An explanation of this effect is possible if we note that two factors 

affect the variation of drain current with 7. The first factor is the decrease 

of majority-carrier mobility with temperature. As 7’ increases, the lattice 

ions vibrate more vigorously, and hence the carriers cannot move as freely 

in the crystalline structure. Thus, for a given field strength, their velocity d 
is decreased, and this reduces the current. It has been found? that the reduc- ! 
tion in Ip is 0.7 percent/°C. 

The second factor is the decrease of the width of the gate-to-channel 
barrier with increasing temperature. This allows Jp to increase, and it has 
been found that the increase in Jp is equivalent to a change of 2.2 mV/°C } 
in |Vos|. This is a similar phenomenon to that which gives a bipolar 
transistor a change of |Vzz| of 2.6 mV/°C, as discussed in Sec. 6-7. 

Since a change in gate voltage AV¢s causes a change in drain current of 


Fig. 14-20 Source self-bias circuit. 


and transistors, as discussed in Sec. 7-13 and Chap. 10. These consideratio 

are output-voltage swing, distortion, power dissipation, voltage gain, and drift 
of drain current. In most cases it is not possible to satisfy all desired spec - 
fications simultaneously. In this section we examine several biasing circuits 


for field-effect devices. 
9m AVes, then the condition for zero drift is 
Source Self-bias The configuration shown in Fig. 14-20 is the s a 
that considered in connection with the biasing of vacuum tubes. It can | 0.007|Tn| = 0.00229, (14-36) } 
used to bias junction FET devices or depletion-mode MOS transistors. F or 
a specified drain current Ip, the corresponding gate-to-source voltage Vas ¢ bl za Staten, pois 


be obtained either using Eq. (14-8) or from the plotted drain or tran 
characteristics. Since the gate current is negligible, the source resistance 


can be found as the ratio of Ves to the desired Ip. If we substitute Eqs. (14-8), (14-18), and (14-19) in Eq. (14-36), we obtain 


|Ve| — |Ves| = 0.63 V (14-38) i 


EXAMPLE The amplifier of Fig. 14-20 utilizes an n-channel FET for whi 
Ve = —2.0 V, gmo = 1.60 mA/V, and Ipss = 1.65 mA. It is desired to bi 
circuit at Ip = 0.8 mA, using Von = 24 V. Assume rg > Ru. Find (a) V 
(b) gm, (¢) Rs, (d) Re, such that the voltage gain is at least 20 dB, with R, byp $8 
with a very large capacitance C,. 


Solution a. Using Eq. (14-8), we have 0.8 = 1.65(1 + Ves/2.0)%. So 


Equation (14-38) gives the value of Ves for zero drift if Vp is known. If | 
Vr = 0.63 V, Vos =Oand Ip = Ings. From Eqs. (14-8), (14-18), and (14-38), 


In 


Vos = —0.62 V. 
b. Equation (14-18) now yields 
Fi me 
0.62 9. 14-21 Transfer characteristics 
tm = 100(1-$5 reper for on n-channel FET as a function 1<i<% 


Of temperature 7. 


Ves _ 0.62 
= -—- = — =077K =7702 
ft omeT bene F 


d. Since 20 dB corresponds to a voltage gain of 10, then Av = gnlta 2 10, 0 Io 


10 
>— = 9K 
Rez sin 
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2 
Jigen () 


0.63 

Im = Imo | (14-40) 
Equations (14-39) and (14-40) can be used to specify the drain current and 
transconductance for zero drift of Zp with 7. The parameters Vp, Iss, ang 
Qmo in Eqs. (14-38) to (14-40) are measured at 7 = 25°C. \ 


and 


EXAMPLE It is desired to bias the amplifier stage of the previous example fo 
zero drain-current drift. If Ra = 10 K, find (a) Ip for zero drift, (b) Vos, 
R,, (d) the voltage gain, with R, bypassed with a very large capacitance @, 


Solution a. From Eq. (14-39), 
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Tp |(+) 


Vp (min) Ve(max) Vas Vea (+)4-0—*(-) Vos 
(a) (6) 


Fig. 14-22 Maximum and minimum transfer curves for an n-channel FET. The 
drain current must lie between Z, and 7s, The bias line can be drawn through the 
origin for the current limits indicated in (a), but this is not possible for the currents 
specified in (b). 


Io = 1.65 (sy = 0.165 mA = 165 pA 


b. From Eq. (14-38), 


Ves = —137V 

sy Stasen si, mt TSRS Consider the physical situation indicated in Fig. 14-22, where a line 
es drawn to pass between points A and B does not pass through the origin. 

re 2 : aa K=83K This bias line satisfies the equation 


Vas = Vao — InR, (14-41) 


Such a bias relationship may be obtained by adding a fixed bias to the gate 
in addition to the source self-bias, as indicated in Fig. 14-230. A circuit 
Tequiring only one power supply and which can satisfy Eq. (14-41) is shown 


d. From Eq. (14-40), we have 


Gm = 1.60 (*#) = 0.50 mA/V 


Hence Ay ~ gmRa = 0.50 X 10 = 5.0. 
We thus see that zero drift has been obtained at the expense of g» and 
gain, which are now one-half their values in the previous example. 


Biasing against Device Variation FET manufacturers usually supp 
information on the maximum and minimum values of Ipss and Vp at 
temperature. They also supply data to correct these quantities for temp 
ture variations. The transfer characteristics for a given type of han! 
FET may appear as in Fig. 14-22a, where the top and bottom curves 
extreme values of temperature and device variation. Assume that, on 
basis of considerations previously discussed, it is necessary to bias the d 
a drain current which will not drift outside of Jp = I and Ip = Ia. 
the bias line Ves = —JpR, must intersect the transfer characteristics be 
the points A and B, as indicated in Fig. 14-22a. The slope of the bias 
is determined by the source resistance R,. For any transfer characters 
between the two extremes indicated, the current Ig is such that I4 < I¢ <! 
as desired. 


(6) 


Fig. 14-23 (a) Biasing a FET with a fixed-bias Veo in addition to 
self-bias through R,. (b) A single power-supply configuration 
which is equivalent to the circuit in (a). 
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in Fig. 14-23b. For this circuit 


es RiVop _ Bik: 
oo" Rit R ° Rit Re 


We have assumed that the gate current is negligible. It is also possible for 
Vee to fall in the reverse-biased region so that the line in Fig. 14-22b in 
the axis of abscissa to the right of the origin. Under these circun 


two separate supply voltages must be used. 


EXAMPLE FET 2N3684 is used in the circuit of Fig. 14-230. For this n-c 
nel device the manufacturer specifies Vp(min) = —2 V, Vp(max) = —5 
Tpss(min) = 1.6 mA, and Ipss(max) = 7.05 mA. The extreme transfer 
are plotted in Fig. 14-24. It is desired to bias the circuit so that J>(min) = 
0.8mA = J, and Jp(max) = 1.2mA = Isfor Vop = 24V. Find (a) Veo and R,, 
(b) the range of possible values in Ip if R, = 3.3 K and Vag = 0. 


Solution a. The bias line will lie between A and B as indicated if it is drawn: 
pass through the two points Ves = 0, Jp = 0.9 mA, and Ves = —4 V, Ip 


1.1 mA. The slope of this line determines 2,, or 


4-0 


= — =-%0K 
11-0.9 om 


R, 


Then, from the first point and Eq. (14-41), we find 
Veo = IR, = (0.9)(20) = 18 V 


Fig. 14-24 Extreme 
fer curves for the 2N36 
field-effect transistor. 

(Courtesy of Union Car- 
bide Corporation.) 
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6. If R, = 3.3 K, we see from the curves that Jp(min) = 0.4 mA and Jp(max) 
= 1.2 mA. The minimum current is far below the specified value of 0.8 mA. 


Biasing the Enhancement MOSFET The self-bias technique of Fig. 14-20 
cannot be used to establish an operating point for the enhancement-type 
MOSFET because the voltage drop across R, is in a direction to reverse-bias 
the gate, and a forward gate bias is required. The circuit of Fig. 14-25a can 
be used, and for this case we have Ves = Vos, since no current flows through 
R,. If for reasons of linearity in device operation or maximum output voltage 
it is desired that Ves # Vos, then the circuit of Fig. 14-25b is suitable. We 
note that Vos = [Ri/(Ri + R,)]Vns. Both circuits discussed here offer the 
advantages of de stabilization through the feedback introduced with R,. 
However, the input impedance is reduced because, by Miller’s theorem (Sec. 
12-9), Ry corresponds to an equivalent resistance R; = R,/(1 — Ay) shunting 
the amplifier input. 

Finally, note that the circuit of Fig. 14-23b could-also be used with the 
enhancement MOSFET, but the de stability introduced in Fig. 14-25 through 
the feedback resistor Ry would then be missing. 


14-10 UNIPOLAR-BIPOLAR CIRCUIT APPLICATIONS” 


The main advantages of the unipolar transistor, or FET, are the very high input 
impedance, no offset voltage, and low noise. For these reasons a FET is most 
useful in a low-level high-input-impedance circuit, such as a signal chopper or 
the first stage of a unipolar-bipolar cascade combination. In this section 
we consider the advantages of some representative FET-bipolar transistor 
or FET-FET combinations. 


Source Follower with Constant-current Supply Consider the source fol- 
lower of Fig. 14-17, where the gm of the FET is 1 mA/V at Ip =1mA. In 
order to have Ay > 0.98, then, by Eq. (14-26), R, > 49 K, provided gm >> ga. 


—Voo oo 


Fig. 14-25 (a) Drain- 
to-gate bias circuit for 
®nhancement-mode 
Mos transistors; (b) 
'™Proved version of (a). 


fig. 14-28 Direct-coupled cascode 
circuit. 


Fig. 14-26 A source follower with (a) a bipolar transistor and (b) a 
FET constant-current supply. 


Bootstrap FET Circuits for Very High Input Impedance The input resist- 
ance in the circuits of Fig. 14-26 is essentially Ril/R: If very high input 
impedance is desired, the bootstrap principle discussed in Sec. 12-10 must be 
invoked. The circuits of Fig. 14-27 employ a FET source follower with a 

This difficulty is circumvented in the configuration of Fig. 14-26a, which Se et ogiice's te sveuiey aa ni stein the att Vein g 
shows a source follower with the constant-current supply circuit discussed i1 emitter follower, and'a voltage gain close to unity i®) possible. In Fig, 14-276, 
Sec, 12-12. Here the effective source resistance of QI is the output impedanet the output is taken from the collector circuit of Q2, and hence this circuit is 
of Q2, whose value is given by Eq. (12-51). Since this dynamic source r 4 low-noise high-input-impedance amplifier with Ay = v/v; > 1. Expres- 
ance is very high, then Ay approaches the maximum value of p/(u + 1). sions for Ay and also for v,/v are given in Prob. 14-30 
larly, the source follower of Fig. 14-26b makes use of the high dynamic resist : e 


ance Ri = rg + (u + 1)R, in the source circuit of Q1. ( 


It is clear that the drain supply must exceed 49 V. Since most FETs have | 
breakdown voltages, it might be impractical to obtain Ay > 0.98 with 
circuit. 


The Cascode Amplifier Circuit This configuration is a version of the 
cascode circuit discussed in Secs, 8-10 and 12-11. In Fig. 14-28 a common- 
Source FET drives a common-base bipolar transistor. The FET is biased at 
high 7p, thus giving high values of gn. The advantage of this circuit is that 
the drain voltage Vpp can be high since the FET drain-to-source voltage < V’. 
A large supply Vp allows the resistance Rz to be high, thus giving a large 
Voltage gain and output swing. The cascode amplifier offers good isolation 
between output and input and is useful for high-frequency amplification. 


9-Vop 


ra 
ANE ar 
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R, 
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14-11 THE FET AS A VOLTAGE-VARIABLE RESISTOR? (VVR) 


In most linear applications of field-effect transistors the device is operated 
1n the constant-current portion of its output characteristics. We now consider 
'T transistor operation in the region before pinch-off, where Vps is small. 
this region the FET is useful as a voltage-controlled resistor; i.e., the drain- 

ree resistance is controlled by the bias voltage Ves. In such an applica- 


(a) (0) 
Fig. 14-27 Bootstrap circuits for very high input impedance. 
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Ip, pA 


—20 


0.3 0.2 01 0 
0.1 ~0.2~0.3 Vps,V 


(a) 


Fig. 14-29 (a) FET low-level drain characteristics for 2N3278. 
{b) Small-signal FET resistance variation with applied gate voltage. 
(Courtesy of Fairchild Semiconductor Company.) 


tion the FET is also referred to as a voltage-variable resistor (VVR) or volt 
dependent resistor (VDR). 

Figure 14-29a shows the low-level bidirectional characteristics of a 
The slope of these characteristics gives rg as a function of Ves. Figure 1 
has been extended into the third quadrant to give an idea of device li 
around Vos = 0, 

In our treatment of the junction FET characteristics in Sec. 14-3 
derive Eq. (14-5), which gives the drain-to-source conductance gz = Ip/ 
for small values of Vps. From this equation we have 


a 


where ga is the value of the drain conductance when the bias is zero. } 
Ref. 4 it is shown that ga. is equal to the value of the FET transcondu 


voltage Vp. Variation of ra with Vag is plotted in Fig. 14-296 for the 2 
and 2N3278 FETs. The variation of re with Veg can be closely approxi 
by the empirical expression 


= To 
~ 1—KVes 


where 7. = drain resistance at zero gate bias 
K =a constant, dependent upon FET type 
Ves = gate-to-source voltage 


va 


Applications of the VVR Since the FET operated as described 
acts like a variable passive resistor, it finds applications in many areas 


Sec. 14-12 


Fig. 14-30 AGC amplifier 
ysing the FET as a voltage- 
yariable resistor. 


a 


this property is useful. The VVR, for example, can be used to vary the voltage 
gain of a multistage amplifier A as the signal level is increased. This action 
is called AGC, or automatic gain control. A typical arrangement is shown in 
Fig. 14-30. The signal is taken at a high-level point, rectified, and filtered to 
produce a de voltage proportional to the output-signal level. This voltage 
is applied to the gate of Q2, thus causing the ac resistance between the drain 
and source to change, as shown in Fig. 14-29). We thus may cause the gain 
of transistor Q1 to decrease as the output-signal level increases. The de bias 
conditions of Q1 are not affected by Q2 since Q2 is isolated from Q1 by means 
of capacitor C2. 


14-12 THE UNIJUNCTION TRANSISTOR 


Another device whose construction is similar to that of the FET is indicated 
in Fig. 14-31. A bar of high-resistivity n-type silicon of typical dimensions 
8 X 10 X 35 mils, called the base B, has attached to it at opposite ends two 
ohmic contacts, Bl and B2. A 3-mil aluminum wire, called the emitter E, 


Base, B B2 
n-type Si bar. 
Alrod 
= Ohmic 
contacts 
p-n junction 
(a) Bi. (o) 


Fig. 14-31 Unijunction transistor. (a) Constructional details; (b) 


circuit symbol. 


—oree Oo 


Fig. 14-32 Unijunction input character- 
istics for types 2N489 to 2N494. (Cour. 
tesy of General Electric Company.) 


Emitter voltage Ve,V 
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arrow is inclined and points toward Bl whereas the ohmic contacts B1 : 
B2 are brought out at right angles to the line which represents the base, — 

The principal constructional difference between the FET and the 
is that the gate surface of the former is much larger than the emitter jun 
of the latter. The main operational difference between the two devices is 
that the FET is normally operated with the gate junction reverse-biased 
whereas the useful behavior of the UJT occurs when the emitter is forward 
biased, 

As usually employed, a fixed interbase potential Vzz is applied bety 
Bland B2. The most important characteristic of the UJT is that of the 
diode between Z and Bi. If B2 is open-circuited so that Jz. = 0, then 
input volt-ampere relationship is that of the usual p-n junction diode as gi 
by Eq. (6-31). In Fig. 14-32 the input current-voltage characteristics 4! 
plotted for Ig2 = 0 and also for fixed values of interbase voltage Vaz. ; 
of the latter curves is seen to have a negative-resistance characteristic. 4 
qualitative explanation of the physical origin of the negative resistance } 
given in Ref. 14. The principal application of the UJT is as a switch whi 
allows the rapid discharge of a capacitor (Ref. 13). 


13, 
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An integrated circuit consists of a single-crystal chip of silicon, ty 
cally 50 by 50 mils in cross section, containing both active and 
elements and their interconnections. Such circuits are produ 
the same processes used to fabricate individual transistors and d 
These processes include epitaxial growth, masked impurity diffusi 
oxide growth, and oxide etching, using photolithography for patt 
definition. A method of batch processing is used which offers e3 
lent repeatability and is adaptable to the production of large n 
of integrated circuits at low cost. The main benefits derived 
this technology are high reliability, size reduction, and low cost, 
compared with the use of discrete components interconnected by ¢ 
ventional techniques. In this chapter we describe the basic proc 
involved in fabricating an integrated circuit. ne 


(6) 


Fig. 15-1 (a) A circuit containing a resistor, two diodes, and a tran- 
sistor. (b) Cross-sectional view of the circuit in (a) when trans- 
formed into a monolithic form. (After Phillips.) 


and a transistor. These elements (and also capacitors, with small values of 

capacitances) are the components encountered in integrated circuits. The 

ethin circuit is formed by the steps indicated in Fig. 15-2 and described 
Ow, 


; Step 1. Epitaxial Growth An n-type epitaxial layer, typically 25 
Microns thick, is grown onto a p-type substrate which has a resistivity of typi- 
tally 10 Q-cm, corresponding to N4 = 1.4 X 10 atoms/cm*, The epitaxial 
Process described in Sec. 15-2 indicates that the resistivity of the n-type epi- 
taxial layer can be chosen independently of that of the substrate. Values of 
‘from 0.1 to 0.5 Q-cm are chosen for the n-type layer. In contrast to the situa- 
tion depicted in Fig. 15-2a, the epitaxial process is used with discrete transistors 
‘to obtain a thin high-resistivity layer on a low-resistivity substrate of the same 
Polarity, After polishing and cleaning, a thin layer (0.5 micron = 5,000 A) 
y Oxide, SiOz, is formed over the entire wafer, as shown in Fig. 15-22. The 

10, is grown by exposing the epitaxial layer to an oxygen atmosphere while 
“ting heated to about 1000°C. Silicon dioxide has the fundamental property 
.. Preventing the diffusion of impurities through it. Use of this property is 
ade in the following steps. 


15-1 BASIC MONOLITHIC INTEGRATED CIRCUITS? 


We now examine in some detail the various techniques and pro¢ 
required to obtain the circuit of Fig. 15-1a in an integrated form, 
shown in Fig. 15-1b. This configuration is called a monolithic im 
grated circuit because it is formed on a single silicon chip. The w0 
“monolithic” is derived from the Greek monos, meaning “single,” # 
lithos, meaning “‘stone.”” Thus a monolithic circuit is built inte 
single stone, or single crystal. 

In this section we describe qualitatively a complete epita 
diffused fabrication process for integrated circuits, In sub 
sections we examine in more detail the epitaxial, photographie, 
diffusion processes involved. The circuit of Fig. 15-la is cho 
discussion because it contains typical components: a resistor, 
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4 Step 2. Isolation Diffusion In Fig. 15-26 the wafer is shown with the 
ide removed in four different places on the surface. This removal is accom- 


(a) 


Isolation islands 
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(e) 


Fig. 15-2 The steps involved in fabricating a monolithic circuit 
(not drawn to scale). (a) Epitaxial growth; (b) isolation diffusion; 
* (c) base diffusion; (d) emitter diffusion; (e) aluminum metalization. 
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plished by means of a photolithographic etching process described in Sec. 15-3. 
The remaining SiO, serves as a mask for the diffusion of acceptor impurities 
(in this case, boron). The wafer is now subjected to the so-called isolation 
iffusion, Which takes place at the temperature and for the time interval 
required for the p-type impurities to penetrate the n-type epitaxial layer and 
reach the p-type substrate. We thus leave the shaded n-type regions in Fig. 
15-2b. These sections are called ésolation islands, or isolated regions, because 
they are separated by two back-to-back p-n junctions. Their purpose is to 
allow electrical isolation between different circuit components. For example, 
it will become apparent later in this section that a different isolation region 
must be used for the collector of each separate transistor. The p-type sub- 
strate must always be held at a negative potential with respect to the isolation 
islands in order that the p-n junctions be reverse-biased. If these diodes were 
to become forward-biased in an operating circuit, then, of course, the isolation 
would be lost. 

It should be noted that the concentration of acceptor atoms (V4 = 5 X 
10” cm-*) in the region between isolation islands will generally be much higher 
(and hence indicated as p+) than in the p-type substrate. The reason for this 
higher density is to prevent the depletion region of the reverse-biased isolation- 
to-substrate junction from extending into p+-type material (Sec. 6-9) and possi- 
bly connecting two isolation islands. 

Parasitic Capacitance It is now important to consider that these isola- 
tion regions, or junctions, are connected by a significant barrier, or transition 
¢apacitance C’7,, to the p-type substrate, which capacitance can affect the oper- 
ation of the circuit. Since Cz, is an undesirable by-product of the isolation 
Process, it is called the parasitic capacitance. 

The parasitic capacitance is the sum of two components, the capacitance 
€; from the bottom of the n-type region to the substrate (Fig. 15-2b) and C's 
from the sidewalls of the isolation islands to the pt region. The bottom com- 
Ponent, C, results from an essentially step junction due to the epitaxial growth 
Sec, 15-2) and hence varies inversely as the square root of the voltage V 
tween the isolation region and the substrate (Sec. 6-9). The sidewall capaci- 
tance (, is associated with a diffused graded junction, and it varies as V~'. 
por this component the junction area is equal to the perimeter of the isolation 
Tegion times the thickness y of the epitaxial n-type layer. The total capaci- 
ce is of the order of a few picofarads. 


Step 3. Base Diffusion During this process a new layer of oxide is 
formed over the wafer, and the photolithographic process is used again to create 
the pattern of openings shown in Fig. 15-2c. The p-type impurities (boron) are 
‘Used through these openings. In this way are formed the transistor base 
‘Ons as well as resistors, the anode of diodes, and junction capacitors (if 

It is important to control the depth of this diffusion so that it is shallow 
does not penetrate to the substrate. The resistivity of the base layer will 
tally be much higher than that of the isolation regions. 


———~ =. == 
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Step 4. Emitter Diffusion A layer of oxide is again formed over { 
entire surface, and the masking and etching processes are used again to g 
windows in the p-type regions, as shown in Fig. 15-2d. Through these 
ings are diffused n-type impurities (phosphorus) for the formation of tra 
emitters, the cathode regions for diodes, and junction capacitors. a 

Additional windows (such as W; and Wz in Fig, 15-2d) are often 
into the n regions to which a lead is to be connected, using aluminum g 
ohmic contact, or interconnecting metal. During the diffusion of phosphi 
a heavy concentration (called n+) is formed at the points where contact wi 
aluminum is to be made. Aluminum is a p-type impurity in silicon, 
a large concentration of phosphorus prevents the formation of a p-n juneti 
when the aluminum is alloyed to form an ohmic contact.‘ 


Step 5. Aluminum Metalization All p-n junctions and resistors fo 
circuit of Fig. 15-la have been formed in the previous steps. It is now m 
sary to interconnect the various components of the integrated circuit as 
tated by the desired circuit. In order to make these connections, a fourth 
of windows is opened into a newly formed SiOz layer, as shown in Fig, 15 
at the points where contact is to be made. The interconnections are 
first, using vacuum deposition of a thin even coating of aluminum o 
entire wafer. The photoresist technique is now applied to etch a 
undesired aluminum areas, leaving the desired pattern of interconnecti 
shown in Fig. 15-2e between resistors, diodes, and transistors. t 

In production a large number (several hundred) of identical circuits § 
as that of Fig. 15-la are manufactured simultaneously on a single W 
After the metalization process has been completed, the wafer is scribe 
a diamond-tipped tool and separated into individual chips. Each chij 
then mounted on a ceramic wafer and is attached to a suitable header. 
package leads are connected to the integrated circuit by stitch bonding « 
1-mil aluminum or gold wire from the terminal pad on the circuit 
package lead (Fig. 15-26). 


Summary In this section the epitaxial-diffused method of fabrics 
integrated circuits is described. We have encountered the following proce 


. Epitaxy 

Silicon dioxide growth 

. Photoetching 

. Diffusion 

Vacuum evaporation of aluminum 


Gre go ho ee 


Using these techniques, it is possible to produce the following elements 0 
same chip: transistors, diodes, resistors, capacitors, and aluminum int 
nections.. Other techniques have been used also, such as the triple 
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cess and the diffused-collector process. The method just described, how- 
ever, is in more general use because of a number of inherent advantages.' 


15-2 EPITAXIAL GROWTH! 


‘The epitaxial process produces a thin film of single-crystal silicon from the 
gas phase upon an existing crystal wafer of the same material. The epitaxial 
Jayer may be either p-type or n-type. The growth of an epitaxial film with 
impurity atoms of boron being trapped in the growing film is shown in Fig. 15-3. 
The basic chemical reaction used to describe the epitaxial growth of pure 
silicon is the hydrogen reduction of silicon tetrachloride: 
SiCl, + 2H," si + 4HC1 (15-1) 

Since it is required to produce epitaxial films of specific impurity concen- 
trations, it is necessary to introduce impurities such as phosphine for n-type 
doping or biborane for p-type doping into the silicon tetrachloride-hydrogen 
as stream. An apparatus for the production of an epitaxial layer is shown in 
Fig. 15-4. In this system a long cylindrical quartz tube is encircled by a 
radio-frequency induction coil. The silicon wafers are placed on a rectangular 
graphite rod called a boat. The boat is inserted in the reaction chamber, and 
the graphite is heated inductively to about 1200°C. At the input of the 
ction chamber a control console permits the introduction of various gases 
Beacired for the growth of appropriate epitaxial layers. Thus it is possible 


to form an almost abrupt step p-n junction similar to the junction shown in 
Fig. 6-12. 


cor “) 
Fig. 15-3 The epitaxial @® one ae*, THT 
Growth of an epitaxial film © © 
Showing impurity (boron) 2 
enc penn 
torola, Inc.) . @ © 
S) 
Substrate 
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‘The emulsion which was not removed in development is now fixed, or cured, 
0 that it becomes resistant to the corrosive etches used next. The chip is 
jmmersed in an etching solution of hydrofluoric acid, which removes the oxide 
from the areas through which dopants are to be diffused. Those portions of 
Fig. 15-4 Adi the SiOz which are protected by the photoresist are unaffected by the acid. 
in we After etching and diffusion of impurities, the resist mask is removed (stripped) 
matic representations with a chemical solvent (hot H.SO,) and by means of a mechanical abrasion 
system for producti 008s, 
growth of silicon ep te 
taxial films. (Co 
of Motorola, Inc.!) 15-4 DIFFUSION OF IMPURITIES® 


The most important process in the fabrication of integrated circuits is the 
diffusion of impurities into the silicon chip. We now examine the basic theory 
connected with this process. The solution to the diffusion equation will give 
the effect of temperature and time on the diffusion distribution. 


The Diffusion Law The continuity equation derived in Sec. 5-9 for 
charged particles is equally valid for neutral atoms. Since diffusion does not 
139 MASKING AND ETCHING! Srctve aati Bola rcicin PRBS! or generation (r, = ©) and since no 
The monolithic technique described in Sec. 15-1 requires the selective remo electric field is present (6 = 0), Eq. (5-46) now reduces to 
of the SiO: to form openings through which impurities may be diffused. oN aN 
photoetching method used for this removal is illustrated in Fig. 15-5. D: oat 
the photolithographic process the wafer is coated with a uniform film of a 


sensitive emulsion (such as the Kodak photoresist KPR). A large blac! where N is the particle concentration in atoms per unit volume as a function 
white layout of the desired pattern of openings is made and then of distance x from the surface and time ¢, and D is the diffusion constant in 


photographically. This negative, or stencil, of the fegiiied ai frea per unit time. This diffusion equation is also called Fick’s second law. 
placed as a mask over the photoresist, as shown in Fig. 15-5a. By 
ing the KPR to ultraviolet light through the mask, the photoresist beco! 
polymerized under the transparent regions of the stencil. The mask is 1 
removed, and the wafer is “developed” by using a chemical (such as 1 
chloroethylene) which dissolves the unexposed (unpolymerized) porti 

the photoresist film and leaves the surface pattern as shown in Fig. 15- 


(15-2) 


The Complementary Error Function If an intrinsic silicon wafer is 
€xposed to a volume of gas having a uniform concentration NV, atoms per unit 
Yolume of n-type impurities, such as phosphorus, these atoms will diffuse into 
the silicon crystal, and their distribution will be as shown in Fig. 15-Ga. If 

diffusion is allowed to proceed for extremely long times, the silicon will 
become uniformly doped with N. phosphorus atoms per unit volume. The 
basic assumptions made here are that the surface concentration of impurity 
‘toms remains at N, for all diffusion times and that N(x) = 0 at ¢ = 0 for 


Ultraviolet Polymerized d => 0. 
photoresist . 
Mask ig } Mi If Eq. (15-2) is solved and the above boundary conditions are applied, 
Photoresist q > m ‘iy 
‘ = 2 ef a eee 
OR 5 ead Man = W(t ats Zp) = Motes ee 
icon chip 1 
Where erfe y means the error-function complement of y, and the error function 
(a) (6) fy is defined by 
Fig. 15-5 Photoetching technique. (a) Masking and exposure to erfy = ae * oe dy (15-4) 
¥ 2 


ultraviolet radiation. (b) The photoresist after development. 
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fig. 15-7 The complemen- 
tary error function plotted 
on semilogarithmic paper. 


erfc y 


(a) (6) 


Fig. 15-6 The concentration N as a function of distance z into a silicon chip fo 
two values ¢, and ¢, of the diffusion time. (a) The surface concentration is held 


constant at N, per unit volume. (b) The total number of atoms on the surface i: 
held constant at Q per unit area. 


and is tabulated in Ref. 3. The function erfe y = 1 — erf y is plotted 
Fig. 15-7. 


The Gaussian Distribution If a specific number Q of impurity ate 
per unit area are deposited on one face of the wafer and then if the materia 
heated, the impurity atoms will again diffuse into the silicon. When 
boundary conditions ify N(x) dz = Q for all times and N(z) = 0 att 
for x > 0 are applied to Eq. (15-2), we find 7 


ata given temperature. Figure 15-8 shows solid solubilities of some impurity 
ements. It can be seen that since for phosphorus the solid solubility is 
approximately 10°! atoms/cm, and for pure silicon we have 5 X 10% atoms/ 
¢m’, the maximum concentration of phosphorus in silicon is 2 percent. For 
most of the other impurity elements the solubility is a small fraction of 1 
percent. 


Na, t) = 


eens Diffusion Coefficients Temperature affects the diffusion process because 


# higher temperatures give more energy, and thus higher velocities, to the dif- 
Equation (15-5) is known as the Gaussian distribution, and is plo 


Fig. 15-66 for two times. It is noted from the figure that as time ine! i 
the surface concentration decreases. The area under each curve is the 8! 

however, since this area represents the total amount of impurity being d 
and this is a constant amount Q. Note that in Eqs. (15-3) and (15-5) ti 


Fig. 15-8 Solid solubili- 
t and the diffusion constant D appear only as a product Dt. 


fies of some impurity 
lements in silicon. 
\ ter Trumbore,! 


pad of Motorola, 
.) 


Solid Solubility* The designer of integrated circuits may wish to p 
a specific diffusion profile (say the complementary error function of an 
impurity). In deciding which of the available impurities (such as phos 
arsenic, antimony) can be used, it is necessary to know if the number of at 
per unit volume required by the specific profile of Eq. (15-3) is less th . 
diffusant’s solid solubility. The solid solubility is defined as the ms 
concentration N, of the element which can be dissolved in the solid 


Temperature, °C 


sei i aia Sood ©. ym 10 
Atoms/cm* 
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Temperature, °C 
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Fig. 15-9 Diffusion coefficients q 
a function of temperature for son 
impurity elements in silicon. 
Fuller and Ditzenberger,® co 
of Motorola, Inc.') 


1000/T 


(Tin °K) 


fusant atoms. It is clear that the diffusion coefficient is a function of tempi 
ture, as shown in Fig. 15-9. From this figure it can be deduced that the 
fusion coefficient could be doubled for a few degrees increase in temperatu 
This critical dependence of D on temperature has forced the developm 
of accurately controlled diffusion furnaces, where temperatures in the ri 
of 1000 to 1300°C can be held to a tolerance of +0.5°C or better. Si 
¢ in Eqs. (15-3) and (15-5) appears in the product Dt, an increase in 
diffusion constant or diffusion time has the same effect on diffusant 

Note from Fig. 15-9 that the diffusion coefficients, for the same 
ture, of the n-type impurities (antimony and arsenic) are lower than | 
coefficients for the p-type impurities (gallium and aluminum), but that pl 
phorus (n-type) and boron (p-type) have the same diffusion coefficients. 


Typical Diffusion Apparatus Reasonable diffusion times require 
diffusion temperatures (~1000°C). Therefore a high-temperature diffus 
furnace, having a closely controlled temperature over the length (20 
the hot zone of the furnace, is standard equipment in a facility for the f 
tion of integrated circuits. Impurity sources used in connection with di 
furnaces can be gases, liquids, or solids. For example, POCls, whieh 4 
liquid, is often used as a source of phosphorus. Figure 15-10 sho 
apparatus used for POC; diffusion. In this apparatus a carrier gas (m 
of nitrogen and oxygen) bubbles through the liquid-diffusant soure 
carries the diffusant atoms to the silicon wafers. Using this process, we 
the complementary-error-function distribution of Eq. (15-3). A 
procedure is used to obtain the Gaussian distribution. The first step im 
predeposition, carried out at about 900°C, followed by drive-in at 
1100°C. 
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Fig. 15-10 Schematic representation of typical apparatus for POCI; diffusion. 
(Courtesy of Motorola, Inc.") 


EXAMPLE A uniformly doped n-type silicon substrate of 0.5 Q-cm resistivity 
is subjected to a boron diffusion with constant surface concentration of 5 X 10'* 
cm7’, It is desired to form a p-n junction at a depth of 2.7 microns. At what 
temperature should this diffusion be carried out if it is to be completed in 2 hr? 


Solution The concentration N of boron is high at the surface and falls off with 
distance into the silicon, as indicated in Fig. 15-60. At that distance x = 2 
at which N equals the concentration x of the doped silicon wafer, the net impurity 
density is zero. For z <j, the net impurity density is positive, and for z > 2;, 
it is negative. Hence 2; represents the distance from the surface at which a 
junction is formed. We first find n from Eq. (5-2): 


o it 
"= ine (0.5)(1,300)(1.60 X 10=**) 


where all distances are expressed in centimeters and the mobility u, for silicon 
is taken from Table 5-1, on page 98. The junction is formed when N = n. For 


= 0.96 X 10° cm-* 


erfe y = Nm o 0.96 X 10" 
y“N. Ne 5X10" 


we find from Fig. 15-7 that y = 2.2. Hence 


= 1.92 x 10-8 


Bim iiyret al OE 
2VD 2VDX2 x 3,600 
Solving for D, we obtain D = 5.2 X 1078 cm?/sec. This value of diffusion con- 
stant for boron is obtained from Fig. 15-9 at T = 1130°C. 


22= 
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15-5 TRANSISTORS FOR MONOLITHIC CIRCUITS! 7 


A planar transistor made for monolithic integrated circuits, using epitaxy 
diffusion, is shown in Fig. 15-1la. Here the collector is electrically separat 
from the substrate by the reverse-biased isolation diodes. Since the 
of the isolation diode covers the back of the entire wafer, it is nec y 

make the collector contact on the top, as shown in Fig. 15-1la. It is 
clear that the isolation diode of the integrated transistor has two unde: 
effects: it adds a parasitic shunt capacitance to the collector and a 
current path. In addition, the necessity for a top connection for the col 
increases the collector-curront path and thus increases the collector resis 
and Vex(sat). All these undesirable effects are absent from the discret 
epitaxial transistor shown in Fig. 15-11b. What is then the advantage 9 
the monolithic transistor? A significant improvement in performance arise 
from the fact that integrated transistors are located physically close tog 
and their electrical characteristics are closely matched. For example, 
» grated transistors spaced within 30 mils (0.03 in.) have Vgz matching of 
than 5 mV with less than 10 »V/°C drift and an hrg match of +10 pe ut 
These matched transistors make excellent difference amplifiers (Sec. 12-1! ) 
The electrical characteristics of a transistor depend on the size an 

geometry of the transistor, doping levels, diffusion schedules, and the bs 
silicon material. Of all these factors the size and geometry offer the gre 
flexibility for design. The doping levels and diffusion schedules are dete 
by the standard processing schedule used for the desired transistors in t 
integrated circuit. 


Impurity Profiles for Integrated Transistors! Figure 15-12 showsa t ypi 
impurity profile for a monolithic integrated circuit transistor. The bat 


Base contact 
Collector contact 


Emitter contact 


p-type isolation 
diffusion 
Fig. 15-11 Comparison | 


cross sections of (a) a , 
monolithic integrated cif 
cuit transistor with (b) 
discrete planar epita 
transistor. [For a top 
view of the transistor i 
(a) see Fig. 15-13.] 
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Fig. 15-12 A typical impurity profile in a monolithic 
integrated transistor. [Note that N(z) is plotted ona 
logarithmic scale.] 


ground, or epitaxial-collector, concentration Nzc is shown as a dashed line in 
Fig. 15-12. The base diffusion of p-type impurities (boron) starts with a 
surface concentration of 5 X 10'* atoms/cm’, and is diffused to a depth of 
2.7 microns, where the collector junction is formed. The emitter diffusion 
(phosphorus) starts from a much higher surface concentration (close to the 
Solid solubility) of about 102! atoms/cm’, and is diffused to a depth of 2 
microns, where the emitter junction is formed. This junction corresponds 
to the intersection of the base and emitter distribution of impurities. We 
how see that the base thickness for this monolithic transistor is 0.7 micron. 

¢ emitter-to-base junction is usually treated as a step junction, whereas the 
base-to-collector junction is considered a graded junction. 


EXAMPLE (a) Obtain the equations for the inpurity profiles in Fig. 15-12. 
(0) If the phosphorus diffusion is conducted at 1100°C, how long should be 
allowed for this diffusion? 


Solution a. The base diffusion specifications are exactly those given in the 
example on page 429, where we find (with z expressed in microns) that 


2.7 
y = 2.2 = —— 
aVDt 
or 
2.7 + 
2V Dt = — = 1.23 microns 
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Hence the boron profile, given by Eq. (15-3), is 
Ns = 5 X 10" erfo 


The emitter junction is formed at z = 2 microns, and the boron concentra 
here is 


No = 5X 108 enfe == = 6X 10" x2 x 10 


= 1.0 X 10" cm-? 
The phosphorus concentration Np is given by 


Np = 10% erfe 


z 
2VDt 
At z = 2, Np = Ny = 1.0 X 10", so that 
2 1.0 x 10” 
erfe ——— = ——__ 
2VDt 10 
From Fig. 15-7, 2/(2-V Dt) = 2.7 and 2°V Dt = 0.74 micron. Hence { 
phosphorus profile is given by 


= 1.0 x 10 


Np = 10 erfo——— 
2 = 10' ote 


b. From Fig. 15-9, at 7’ = 1100°C, D = 3.8 X 10-" cm?/sec. Solving 
t from 2 Dt = 0.74 micron, we obtain 


re (0.37 10-4)? 


3.8 X10 = 3,600 sec = 60 min 


Monolithic Transistor Layout"? The physical size of a transistor d 
mines the parasitic isolation capacitance as well as the junction ca) 
It is therefore necessary to use small-geometry transistors if the inte 
circuit is designed to operate at high frequencies or high switching sp 
The geometry of a typical monolithic transistor is shown in Fig. 15-18 
emitter rectangle measures 1 by 1.5 mils, and is diffused into a 2.5- by 4 
base region. Contact to the base is made through two metalized stri ip 
either side of the emitter. The rectangular metalized area forms Ray 
contact to the collector region. The rectangular collector contact 0 
transistor reduces the saturation resistance. The substrate in this st1 
is located about 1 mil below the surface. Since diffusion proceeds in tht 
dimensions, it is clear that the lateral-diffusion distance will also be 1 mil. 
dashed rectangle in Fig. 15-13 represents the substrate area and is 6.5 b 
mils. A summary of the electrical properties? of this transistor for both t 
0.5- and the 0.1-2-cm collectors is given in Table 15-1. 
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10.0 


Fig. 15-13 A typical double-base stripe geometry of an integrated- 
circuit transistor. Dimensions are in mils. (For a side view of the 
transistor see Fig. 15-11.) (Courtesy of Motorola Monitor.) 


TABLE 15-1 Characteristics for 1- by 1.5-mil double- 


base stripe monolithic transistors® 


Dyin Vino iaiges «+ + oy » Siete 55 
7 
23 
Cr Corward ‘bias), pF. 6 
Cr, at 0.5 V, pF....... 1.5 2.5 
Cr, at 5 V, pF.. 0.7 1.5 
hpg at 10mA... 50 50 
Res, &. * 75 15 
Vex(sat) at 5 mA, V. 0.5 0.26 
Vaz at 10 mA, V...... 4 0.85 0.85 
frat 5 V,5mA, MHz............ 440 120 


+ Gold-doped. 
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Common Common 
Fig. 15-14 Utilization. cathode Anode 


3 


Cathode Cathode 
1 2 


“buried” nt layer to 
reduce collector series 
resistance. 


p substrate 


Buried Layer! We noted above that the integrated transistor, because 
the top collector contact, has a higher collector series resistance than a sim 
discrete-type transistor. One common method of reducing the collector s 
resistance is by means of a heavily doped n+ “buried” layer sandwi 
between the p-type substrate and the n-type epitaxial collector, as shoy 
Fig. 15-14. The buried-layer structure can be obtained by diffusing the 
layer into the substrate before the n-type epitaxial collector is grown or } 
selectively growing the n+-type layer, using masked epitaxial techniques. 

We are now in a position to appreciate one of the reasons why the in 
grated transistor is usually of the n-p-n type. Since the collector region 
subjected to heating during the base and emitter diffusions, it is necess 
that the diffusion coefficient of the collector impurities be as small as possib 
to avoid movement of the collector junction. Since Fig. 15-9 shows 
n-type impurities have smaller values of diffusion constant D than 
impurities, the collector is usually n-type. In addition, the solid sol 
of some n-type impurities is higher than that of any p-type impurity, 
allowing heavier doping of the n*-type emitter and other m+ regions. 


7 
p substrate p substrate ik 


Fig. 15-16 Diode pairs. (a) Common-cathode pair, and (b) common- 
anode pair, using collector-base diodes. 


structure by using (a) the emitter-base diode, with the collector short-circuited 
to the base; (b) the emitter-base diode, with the collector open; and (c) the 
collector-base diode, with the emitter open-circuited (or not fabricated at all). 
The choice of the diode type used depends upon the application and circuit 
performance desired. Collector-base diodes have the higher collector-base 
voltage-breakdown rating of the collector junction (~12 V minimum), and 
they are suitable for common-cathode diode arrays diffused within a single 
isolation island, as shown in Fig. 15-16a. Common-anode arrays can also be 
made with the collector-base diffusion, as shown in Fig. 15-16b. A sepa- 
tate isolation is required for each diode, and the anodes are connected by 
Metalization. 

The emitter-base diffusion is very popular for the fabrication of diodes 
Provided that the reverse-voltage requirement of the circuit does not exceed 
lower base-emitter breakdown voltage (~7 V). Common-anode arrays 
an easily be made with the emitter-base diffusion by using a multiple-emitter 
nsistor within a single isolation area, as shown in Fig. 15-17. The collector 


15-6 MONOLITHIC DIODES! 


The diodes utilized in integrated circuits are made by using transistor sth" 
tures in one of five possible connections (Prob. 15-9). The three most pop) 
diode structures are shown in Fig. 15-15. They are obtained from a tra 


Fig. 15-15 Cross 
of various diode 


Fig. 15-17 A multiple- Lega 
tures. (a) Emitte! 


®mitter n-p-n transistor. 


diode with collector — (0) Schematic, (b) mono- ° 

shorted to base; (b) 4 © surface pattern, 

emitter-base diode base is connected é 

collector open; and (¢ ‘the collector, the z 
~A collector-base diode It is a multiple- Ey 

emitter diffusion). “Sthode diode structure ra 


(a) (b) (ec) 


© common anode. (a) 


Fig. 15-18 Typical diode volt-ampere 
characteristics for the three diode types 
of Fig. 15-15. (a) Base-emitter (collector 
shorted to base); (b) base-emitter (col- 
lector open); (c) collector-base (emitter 
open). (Courtesy of Fairchild 
Semiconductor.*) 


o 
0 04 
Forward voltage, V 


0.8 12 


may be either open or shorted to the base. The diode pair in Fig. 15-1 
constructed in this manner, with the collector floating (open). 


Diode Characteristics The forward volt-ampere characteristics of 
three diode types discussed above are shown in Fig. 15-18. It will be obst 
that the diode-connected transistor (emitter-base diode with collector sh 
to the base) provides the highest conduction for a given forward a 
The reverse recovery time for this diode is also smaller, one-third to one-fot 
that of the collector-base diode. ‘ 


15-7 INTEGRATED RESISTORS! 


A resistor in a monolithic integrated circuit is very often obtained by util 
the bulk resistivity of one of the diffused areas. The p-type base 
is most commonly used, although the n-type emitter diffusion is also e 
Since these diffusion layers are very thin, it is convenient to define 
known as the sheet resistance Rs. 


Sheet Resistance If, in Fig. 15-19, the width w equals the len 
have a square / by J of material with resistivity p, thickness y, an 
sectional area A = ly. The resistance of this conductor (in ohms per 


is 
pl _p 


Woy 
Note that Rs is independent of the size of the square. Typically, the § 
resistance of the base and emitter diffusions whose profiles are given 1 
15-12 are 200 2/square and 2.2 Q2/square, respectively. 
The construction of a base-diffused resistor is shown in Fig, 15-1 am 
repeated in Fig. 15-20a. A top view of this resistor is shown in Fig. 1 


Rs = 


Fig. 15-20 A monolithic resistor. (a) 
Cross-sectional view; (b) top view. 


Sec. 15-7 


Fig. 15-19 Pertaining to sheet 
resistance, ohms per square. 


The resistance value may be computed from 
al 


R= 2 = Ret 


(15-7) 


where J and w are the length and width of the diffused area, as shown in 
the top view. For example, a base-diffused-resistor stripe 1 mil wide and 10 
mils long contains 10 (1 by 1 mil) squares, and its value is 10 X 200 = 2,000 9. 
papas corrections for the end contacts are usually included in calculations 
of R. 


Resistance Values Since the sheet resistance of the base and emitter 
diffusions is fixed, the only variables available for diffused-resistor design are 
stripe length and stripe width. Stripe widths of less than one mil (0.001 in.) 
are not normally used because a line-width variation of 0.0001 in. due to 
mask drawing error or mask misalignment or photographic-resolution error 
ean result in 10 percent resistor-tolerance error. 

The range of values obtainable with diffused resistors is limited by the 


size of the area required by the resistor. Practical range of resistance is 20 9 


1 2 


1 R 2 
p layer 
i C; Fig. 15-21 The equivalent circuit 
of a diffused resistor. 
n isolation region 
¢ Cy 
p substrate 


to 30 K for a base-diffused resistor and 102 to 1 K for emitter-diffused 
resistors. The tolerance which results from profile variations and s 
with ratio tolerance of +3 percent. For this reason the design of inte 
circuits should, if possible, emphasize resistance ratios rather than absolute 
values. The temperature coefficient for these heavily doped resistors is posi- 
tive (for the same reason that gives a positive coefficient to the silicon se 
discussed in Sec. 10-9) and is +-0.06 percent/°C from —55 to 0°C and 
percent/°C from 0 to 125°C. 


Equivalent Circuit A model of the diffused resistor is shown in Fig. 
where the parasitic capacitances of the base-isolation (C,) and isolati 
strate (C2) junctions are included. In addition, it can be seen that a p 
p-n-p transistor exists, with the substrate as collector, the isolation i 
region as base, and the resistor p-type material as the emitter. Since 
collector is reverse-biased, it is also necessary that the emitter be re e 
biased in order to keep the parasitic transistor at cutoff. This condition 
maintained by placing all resistors in the same isolation region and connect 
the n-type isolation region surrounding the resistors to the most positive vo 
present in the circuit. Typical values of hy, for this parasitic transistor 1 
from 0.5 to 5. 


Thin-film Resistors! A technique of vapor thin-film deposition can also b 


NiCr) film is deposited on the silicon dioxide layer, and masked etch 
used to produce the desired geometry. The metal resistor is then covered 
an insulating layer, and apertures for the ohmic contacts are opened throu 
this insulating layer. Typical sheet-resistance values for nichrome thin-fill 
resistors are 40 to 400 2/square, resulting in resistance values from 
2 to 50 K. 


15-8 INTEGRATED CAPACITORS AND INDUCTORS!? 


Capacitors in integrated circuits may be obtained by utilizing the } 
capacitance of a reverse-biased p-n junction or by a thin-film technique. 


Nw. 


—_—._ * —- —_—— + = eS | =. 


ai ote, Cel oe Dee ee 
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‘Al metalization 


C, =0. 2pF/mil* 


n-type layer 


J, Cy 


Substrate 


(b) 


Fig. 15-22 (a) Junction monolithic capacitor. (b) Equivalent circuit. (Courtesy of 
Motorola, Inc.) 


Junction Capacitors A cross-sectional view of a junction capacitor is 
shown in Fig. 15-224. The capacitor is formed by the reverse-biased junction 
J», which separates the epitaxial n-type layer from the upper p-type diffusion 
area. An additional junction J, appears between the n-type epitaxial plane 
and the substrate, and a parasitic capacitance C, is associated with this reverse- 
biased junction. The equivalent circuit of the junction capacitor is shown 
in Fig. 15-22b, where the desired capacitance C2 should be as large as possible 
relative to C;. The value of Cz depends on the junction area and impurity 
concentration. Since this junction is essentially abrupt, C2 is given by Eq. 
(6-49). The series resistance R (10 to 50 ®) represents the resistance of the 
n-type layer. 

It is clear that the substrate must be at the most negative voltage so 
as to minimize C, and isolate the capacitor from other elements by keeping 
junction J, reverse-biased. It should also be pointed out that the junction 
¢apacitor C, is polarized since the p-n junction J2 must always be reverse-biased. 


Thin-film Capacitors A metal-oxide-semiconductor (MOS) nonpolarized 
Capacitor is indicated in Fig. 15-23a. This structure is a parallel-plate capa- 


C=0. 25pF/mil*® 
R= 
A 5-100 B 


Al metalizaton 


— 
SS 


SSN = 


: Pea 
AAMAS, 


p-type substrate, 50-cm 


p-type substrate 


(a) (6) 


Fig, 15-23 A MOS capacitor. (a) The structure and (b) the equivalent circuit. 


ee Go — 


440 / ELECTRONIC DEVICES AND CIRCUITS INTEGRATED CIRCUITS / 441 


5. In layout, allow an isolation border equal to twice the epitaxial thick- 
ness to allow for underdiffusion. 

6. Use 1-mil widths for diffused emitter regions and }-mil widths for base 
contacts and spacings, and for collector contacts and spacings. 

7. For resistors, use widest possible designs consistent with die-size 


TABLE 15-2 = Integrated capacitor parameters 


Capacitance, pF /mil* 0.25-0.4 limitations 

Maximum area, mil?. . 2 x 10° i “ee 

Maximum value, pF... 800 8. Always optimize the layout arrangement to maintain the smallest 
Breakdown voltage, V 50-200 possible die size, and if necessary, compromise pin connections to achieve this. 
Voltage dependence. . . 9. Determine component geometries from the performance requirements 


Tolerance, percent. of the circuit. 


10. Keep all metalizing runs as short and as wide as possible, particularly 
citor with SiO, as the dielectric. A surface thin film of metal (aluminum) is at the emitter and collector output connections of the saturating transistor. 
the top plate. The bottom plate consists of the heavily doped n* region thai 
is formed during the emitter diffusion. A typical value for capacitance 
0.4 pF/mil? for an oxide thickness of 500 A, and the capacitance varies inver 
with the thickness. 
The equivalent circuit of the MOS capacitor is shown in Fig. 15-2 
where C; denotes the parasitic capacitance J; of the collector-substrate jun 
tion, and R is the small series resistance of the n*+ region. Table 15-2 lists th 
range of possible values for the parameters of junction and MOS capacite 


Pin Connections The circuit of Fig. 15-24a is redrawn in Fig. 15-24), 
with the external leads labeled 1, 2, 3, . . . , 10 and arranged in the order 
in which they are connected to the header pins. The diagram reveals that 
the power-supply pins are grouped together, and also that the inputs are on 
adjacent pins. In general, the external connections are determined by the 
system in which the circuits are used. 


Crossovers Very often the layout of a monolithic circuit requires two 
conducting paths (such as leads 5 and 6 in Fig. 15-24b) to cross over each 
other. This crossover cannot be made directly because it will result in electric 
contact between two parts of the circuit. Since all resistors are protected by 
the SiO, layer, any resistor may be used as a crossover region. In other words, 


Inductors No practical inductance values have been obtained at t ‘ 

’ present time (1967) on silicon substrates using semiconductor or thin 
techniques. Therefore their use is avoided in circuit design wherever possibl 
If an inductor is required, a discrete component is connected externally to t 
integrated circuit. 


15-9 MONOLITHIC CIRCUIT LAYOUT" 


In this section we describe how to transform the discrete circuit of Fig. 15-24 
into the layout of the monolithic circuit shown in Fig. 15-25. Circuits inve 
ing diodes and transistors, connected as in Fig. 15-24a, are called 
transistor (DTL) logic gates."° 


Design Rules for Monolithic Layout The following 10 reasonable de i 
rules are stated by Phillips:* 


1. Redraw the schematic to satisfy the required pin connection 
minimum number of crossovers. 4 
2. Determine the number of isolation islands from collector-potential 
siderations, and reduce the areas as much as possible. q 
3. Place all resistors having fixed potentials at one end in the same 
lation island, and return that isolation island to the most positive poten™ 
in the circuit. 
4. Connect the substrate to the most negative potential of the circuit. 


(a) (6) 


Fig. 15-24 (a) A DTL gate. (b) The schematic redrawn to indicate the 10 external 
Sonnections arranged in the sequence in which they will be brought out to the 
header pins. The isolation regions are shown in heavy outline. 
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—— Indicates isolation region 


Indicates metalization 


Fig. 15-25 Monolithic design layout for the circuit of Fig. 15-24. 
tesy of Motorola Monitor, Phoenix, Ariz.) 


(Cour- 


if aluminum metalization is run over a resistor, no electric contact will 
place between the resistor and the aluminum. 

Sometimes the layout is so complex that additional crossover points may 
be required. A diffused structure which allows a crossover is also possible.” 
This type of crossover should be avoided if at all possible because it 
a separate isolation region and it introduces undesired series resistance of the 
diffused region into the connection. 


Isolation Islands’ The number of isolation islands is determined next 
Since the transistor collector requires one isolation region, the heavy 
has been drawn in Fig. 15-24b around the transistor. It is shown connected 
to the output pin 2 because this isolation island also forms the transistor 
lector. Next, all resistors are placed in the same isolation island, and 
island is then connected to the most positive voltage in the circuit, for 
discussed in Sec. 15-7. 
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In order to determine the number of isolation regions required for the 
diodes, it is necessary first to establish which kind of diode will be fabricated. 
In this case, because of the low forward drop shown in Fig. 15-18, it was 
decided to make the common-anode diodes of the emitter-base type with the 
collector shorted to the base. Since the “collector” is at the ‘‘base’”’ potential, 
it is required to have a single isolation island for the four common-anode diodes. 
Finally, the remaining diode is fabricated as an emitter-base diode, with the 
collector open-cireuited, and thus it requires a separate isolation island. 


The Fabrication Sequence The final monolithic layout is determined by 
a trial-and-error process, having as its objective the smallest possible die size. 
This layout is shown in Fig. 15-25. The reader should identify the four iso- 
lation islands, the three resistors, the five diodes, and the transistor. It is 


isolation diffusion 


Fig, 15-26 Monolithic 
fabrication sequence for 
the circuit of Fig. 15-24. 
(Courtesy of Motorola 
Monitor, Phoenix, Ariz.) 


Emitter diffusion Preohmic etch 


Flat package assembly 
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interesting to note that the 5.6-K resistor has been achieved with a 2-mil-wide 
1.8-K resistor in series with a 1-mil-wide 3.8-K resistor. In order to con- 
serve space, the resistor was folded back on itself. In addition, two metalizing 
erossovers ran over this resistor. 1. 

From a layout such as shown in Fig. 15-25, the manufacturer produces 
the masks required for the fabrication of the monolithic integrated circuit, 
The production sequence which involves isolation, base, and emitter diffusions, 
preohmic etch, aluminum metalization, and the flat package assembly is shown 
in Fig. 15-26. 


Large-scale Integration (LSI) The monolithic circuit layout shown in 
Fig. 15-25 contains one transistor, five diodes, and three resistors for a total 
of nine circuit elements. This number of elements per chip, or the component 
density, is determined primarily by cost considerations. Even if it were 
possible to fabricate and interconnect several hundred components per chip, 
the manufacturing cost per component would not necessarily decrease. The 
reason is that beyond a certain component density the cost per component 
increases again owing to circuit complexity, which tends to reduce the yield, 
At any given stage in the development of integrated-circuit techniques, there 
exists an optimum number of components per chip which will produce minimum 
cost per component.'! In 1962, 10 components per circuit (chip) represented 
the optimum. In 1967 the optimum number is about 70. It is predicted 
that by 1970 the optimum number will exceed 1,000. Large-scale integration 
(LSI) represents the process of fabricated large-component-density chi 
which represent complete subsystems or equipment components. A packaged 
LSI slice 2} in. square with 32 leads on each side is pictured in Ref. 12. | 


15-10 INTEGRATED FIELD-EFFECT TRANSISTORS!:* 


The MOSFET is discussed in detail in Chap. 14. In this section we point 
the advantages of this device as an integrated-circuit active element ( 
15-27). 


Size Reduction The MOS integrated transistor typically occupies 
5 percent of the surface required by an epitaxial double-diffused transistor 
a conventional integrated circuit. The double-base stripe 1- by 1.5-mil emi 
integrated transistor normally requires about 10 X 9.5 mils of chip are 
whereas the MOS requires 5 square mils. 


Simple Fabrication Process Only one diffusion step is required 
fabricate the MOS enhancement-type field-effect transistor. In this 
(Fig. 15-272) two heavily doped n-type regions are diffused into a lightly 
doped p-type substrate to form the drain and source. An insulating lay’ 
of oxide is grown, and holes are etched for the metal electrodes for the soure® 


Sec. 15-10 


INTEGRATED CIRCUITS / 445 


Metalization 
Sid. /{ Gate dD 
¢ G 


Source Drain 
s D 


p substrate p substrate 


(a) (b) 


Fig. 15-27 An n-channel insulated-gate FET of the enhancement- 
mode type. (a) The source and drain are diffused into the sub- 
strate. (b) The completed device, 


and drain. The metal for these contacts, as well as for the gate electrode, 


is then evaporated at the same time to complete the device shown in Fig. 
15-270. 


Crossovers and Isolation Islands The crossovers between components of 
integrated MOS circuits are diffused at the same time as the source and drain. 
The resistive effects of crossover-diffused regions (with Rs ~ 80-100 0/square) 
are negligible since these regions are in series with large-value load resistors of 
the order of 100 K normally used with FETs. Another important advantage 
is that no isolation regions are needed between MOS transistors because the 
p-n junctions are reverse-biased during the operation of the circuit. 


The MOS as a Resistor for Integrated Circuits In our discussion of 
diffused resistors in Sec. 15-7, we show that 30 K is about the maximum 
resistance value possible (in 1967). Larger values may be obtained by using a 
MOS structure as shown in Fig. 15-28, where the gate and drain are tied 
together and a fixed voltage Vpp is applied between drain and ground. A 


Yoo 


Fig. 15-28 The MOS as a resistor. 
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Thévenin’s equivalent circuit looking into the source is obtained in Sep 
14-8. From Eq. (14-35) we find that the impedance seen looking into 
source is approximately equal to 1/g,, assuming negligible drain conduc: 
ge. If, for example, gn = 10 »A/V, we have R = 1/gm = 100 K. This y 
of effective resistance requires approximately 5 square mils of active area 
compared with 300 square mils of chip area to yield a diffused resistance 

value 20 K. 7 


15-11 ADDITIONAL ISOLATION METHODS 


Electrical isolation between the different elements of a monolithic integrat 
circuit is accomplished by means of a diffusion which yields back-to-b 
p-n junctions, as indicated in Sec. 15-1. With the application of bias volt 
to the substrate, these junctions represent reverse-biased diodes with a 
high back resistance, thus providing adequate dec isolation. But since 
p-n junction is also a capacitance, there remains that inevitable cap 
coupling between components and the substrate. These parasitic distri 
capacitances thus limit monolithic integrated circuits to frequencies some 
below those at which corresponding discrete circuits can operate. 
Additional methods for achieving better isolation, and therefore improve 
frequency response, have been developed, and are discussed in this section. _ 


Dielectric Isolation In this process'’* the diode-isolation cone is 
discarded completely. Instead, isolation, both electrical and physical, 
achieved by means of a layer of solid dielectric which completely si 
and separates the components from each other and from the common 
strate. This passive layer can be silicon dioxide, silicon monoxide, ruby, 0 
possibly a glazed ceramic substrate which is made thick enough so that its 
associated capacitance is negligible. . 

Tn a dielectric isolated integrated circuit it is possible to fabricate re 
p-n-p and n-p-n transistors within the same silicon substrate. It is also sin 
to have both fast and charge-storage diodes and also both high- and low- 
quency transistors in the same chip through selective gold diffusion—a p! 
prohibited by conventional techniques because of the rapid rate at which 
diffuses through silicon unless impeded by a physical barrier such as a die 
layer. 

One isolation method employing silicon dioxide as the isolating m 
is the EPIC process,'* developed by Motorola, Inc. This EPIC is 
method reduces parasitic capacitance by a factor of 10 or more. In additi 
the insulating oxide precludes the need for a reverse bias between subs 
and circuit elements. Breakdown voltage between circuit elements and a 
strate is in excess of 1,000 V, in contrast to the 20 V across an isolation junctl 


Beam Leads The beam-lead concept'*® of Bell Telephone Labora‘ 1 ie 
was primarily developed to batch-fabricate semiconductor devices and inte” 


$ec. 15-11 INTEGRATED CIRCUITS / 447 
ted circuits. This technique consists in depositing an array of thick (of the 
order of 1 mil) contacts on the surface of a slice of standard monolithic circuit, 
and then removing the excess semiconductor from under the contacts, thereby 
separating the individual devices and leaving them with semirigid beam leads 
cantilevered beyond the semiconductor. The contacts serve not only as elec- 
trical leads, but also as the structural support for the devices; hence the name 
peam leads. Chips of beam-lead circuits are mounted directly by leads, with- 
out 1-mil aluminum or gold wires. ‘ 
Isolation within integrated circuits may be accomplished by the beam- 


Fig. 15-29 The beam-lead isolation technique. 
graph of logic circuit connected in a header. 
the same circuit, with the various elements identified. 
Bell Telephone Laboratories.) 


(a) Photomicro- 
(b) The underside of 
(Courtesy of 
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lead structure. By etching away the unwanted silicon from under the b 
leads which connect the devices on an integrated chip, isolated pads of g 
may be attained, interconnected by the beam leads. The only cap 
coupling between elements is then through the small metal-over-oxide ove 
This is much lower than the junction capacitance incurred with p-n jun 
isolated monolithic circuits. 

It should be pointed out that the dielectric and beam-lead is 
techniques involve additional process steps, and thus higher costs and po 
reduction in yield of the manufacturing process. 

Figure 15-29 shows photomicrographs of two different views of a log 


Hybrid Circuits! The hybrid circuit as opposed to the monolithic cire 
consists of several component parts (transistors, diodes, resistors, capacito 
or complete monolithic circuits), all attached to the same ceramic sul 
and employing wire bonding to achieve the interconnections. In these ci 
electrical isolation is provided by the physical separation of the compo! 
parts, and in this respect hybrid circuits resemble beam-lead circuits, 
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| 6 UNTUNED 
AMPLIFIERS 


Frequently the need arises for amplifying a signal with a minimut 
of distortion. Under these circumstances the active devices invoh 
must operate linearly. In the analysis of such circuits the first s 
the replacement of the actual circuit by a linear model. he 
it becomes a matter of circuit analysis to determine the disto: 
produced by the transmission characteristics of the linear network, 

The frequency range of the amplifiers discussed in this chap 
extends from a few cycles per second (hertz), or possibly from 
up to some tens of megahertz. The original impetus for the s 
of such wideband amplifiers was supplied because they were ni 
to amplify the pulses occurring in a television signal. Therefore su 
amplifiers are often referred to as video amplifiers. Basic amplifie 
circuits are discussed here. Modifications of these configurations 
extend the frequency range of these amplifiers are considered in Rel 

In this chapter, then, we consider the following problem: Give 
a low-level input waveform which is not necessarily sinusoidal ‘ 
may contain frequency components from a few hertz to a few m 
hertz, how can this voltage signal be amplified with a minimum | 
distortion? 

We also discuss many topics associated with the general pro! 
of amplification, such as the classification of amplifiers, hum and no? 
in amplifiers, etc. 


16-1 CLASSIFICATION OF AMPLIFIERS 


Amplifiers are described in many ways, according to their frequen® 
range, the method of operation, the ultimate use, the type of 9 
the method of interstage coupling, ete. The frequency classificat 
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includes de (from zero frequency), audio (20 Hz to 20 kHz), video or pulse 
(up to a few megahertz), radio-frequency (a few kilohertz to hundreds of 
megahertz), and ultrahigh-frequency (hundreds or thousands of megahertz) 
amplifiers. 

The position of the quiescent point and the extent of the characteristic 
that is being used determine the method of operation. Whether the transistor 
or tube is operated as a Class A, Class AB, Class B, or Class C amplifier is 
determined from the following definitions. 


Class A A Class A amplifier is one in which the operating point and the 
input signal are such that the current in the output circuit (in the collector, 
plate, or drain electrode) flows at all times. A Class A amplifier operates 
essentially over a linear portion of its characteristic. 


Class BA Class B amplifier is one in which the operating point is at an 
extreme end of its characteristic, so that the quiescent power is very small. 
Hence either the quiescent current or the quiescent voltage is approximately 
zero. If the signal voltage is sinusoidal, amplification takes place for only 
one-half a cycle. For example, if the quiescent output-circuit current is zero, 
this current will remain zero for one-half a cycle. 


Class AB A Class AB amplifier is one operating between the two extremes 
defined for Class A and Class B. Hence the output signal is zero for part but 
less than one-half of an input sinusoidal signal cycle. 


Class C A Class C amplifier is one in which the operating point is chosen 
80 that the output current (or voltage) is zero for more than one-half of an 
input sinusoidal signal cycle. 

In the case of a vacuum-tube amplifier the suffix 1 may be added to the 
letter or letters of the class identification to denote that grid current does not 
flow during any part of the input cycle. The suffix 2 may be added to denote 
that grid current does flow during some part of the input cycle. 


Amplifier Applications The classification according to use includes 
Voltage, power, current, or general-purpose amplifiers. In general, the load 


°f an amplifier is an impedance. The two most important special cases are 


idealized resistive load and the tuned circuit operating near its resonant 

uency. 

Class AB and Class B operation are used with untuned power amplifiers 
(Chap. 18), whereas Class C operation is used with tuned radio-frequency 


‘mplifiers. Many important waveshaping functions may be performed by 


lass B or C overdriven amplifiers. This chapter considers only the untuned 


8udio or video voltage amplifier with a resistive load operated in Class A. 
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16-2 DISTORTION IN AMPLIFIERS 


The application of a sinusoidal signal to the input of an ideal Class A amy 
will result in a sinusoidal output wave. Generally, the output waveft 
not an exact replica of the input-signal waveform because of various t 
distortion that may arise, either from the inherent nonlinearity in the 
acteristics of the transistors or tubes or from the influence of the assoc 
circuit. The types of distortion that may exist either separately or sim 

ously are called nonlinear distortion, frequency distortion, and delay dit 


jnfinitesimally small; the frequencies of successive terms in the Fourier series 
differ by an infinteesentl amount rather than by a finite amount; and the 
Fourier series becomes instead a Fourier integral. In either case the spectrum 
jncludes terms whose frequencies extend, in the general case, from zero fre- 
quency to infinity. 
Fidelity Considerations Consider a sinusoidal signal of angular fre- 
quency » represented by V,, sin (wt + ¢). If the voltage gain of the amplifier 
has 2 magnitude A and if the signal suffers a phase lag 0, then the output 
will be 


AVn sin (wt + @ — 6) = AV sin | 0 (-2+6] 


Therefore, if the amplification A is independent of frequency and if the phase 
shift 0 is proportional to frequency (or is zero), then the amplifier will preserve the 
form of the input signal, although the signal will be delayed in time by an amount 
D= 0/w. 
This discussion suggests that the extent to which an amplifier’s amplitude 
Tesponse is not uniform, and its time delay is not constant with frequency, 
‘May serve as a measure of the lack of fidelity to be anticipated in it. In 
Benciple, it is really not necessary to specify both amplitude and delay response 
nce, for most practical circuits, the two are related and, one having been 
‘specified, the other is uniquely determined. However, in particular cases, it 
may well be that either the time-delay or amplitude response is the more 
‘Sensitive indicator of frequency distortion. 

‘ 


Nonlinear Distortion This type of distortion results from the prod 
of new frequencies in the output which are not present in the input sign 
These new frequencies, or harmonics, result from the existence of a nonling 
dynamic curve for the active device; they are considered in some d ‘ 
Secs. 18-2 and 18-3. This distortion is sometimes referred to as “ampliti 
distortion.” 


Frequency Distortion This type of distortion exists when the 
components of different frequencies are amplified differently. In eith 
transistor or a tube this distortion may be caused by the internal det 
capacitances, or it may arise because the associated cireuit (for exam 
coupling components or the load) is reactive. Under these cireum 
the gain A is a complex number whose magnitude and phase angle ¢ 
upon the frequency of the impressed signal. A plot of gain (magnit 
frequency of an amplifier is called the amplitude frequency-response chat 
If this plot is not a horizontal straight line over the range of frequencies u 
consideration, the circuit is said to exhibit frequency distortion over this rat Low-frequency Response Video amplifiers of either the transistor or tube 
Variety are almost invariably of the RC-coupled type. For such a stage the 
quency characteristics may be divided into three regions: There is a range, 
Milled the midband frequencies, over which the amplification is reasonably 
fonstant and equal to Ao and over which the delay i is also quite constant. 


Delay Distortion This distortion, also called phase-shift di 
results from unequal phase shifts of signals of different frequencies. 
distortion is due to the fact that the phase angle of the complex gain A 
upon the frequency. 
ity, A, = 1. In the second (low-frequency) region, below the midband, an 
Plifier stage behaves (Sec. 16-5) like the simple high-pass circuit of Fig. 16-1 


Mf tim 
1&3 FREQUENCY RESPONSE OF AN AMPLIFIER e constant 71 = RiCy. From this circuit we find that 


Vik v 
A criterion which may be used to compare one amplifier with anoth Ve= B= jfati ~ Tjek (16-1) 


respect to fidelity of reproduction of the input signal is suggested 
following considerations: Any arbitrary waveform of engineering impor™ 
may be resolved into a Fourier spectrum. If the waveform is peri 
spectrum will consist of a series of sines and cosines whose frequencies # 
integral multiples of a fundamental frequency. The fundamental fred 
is the reciprocal of the time which must elapse before the waveform } 
itself. If the waveform is not periodic, the fundamental period extends © 
sense from a time —© toa time +. The fundamental frequency 


© voltage gain at low frequencies A; is defined as the ratio of the output 


Cc 


816-1 A high-pass RC circuit may be used to calcu- 
the low-frequency response of an amplifier. 
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Fig. 16-2. (a) A lo 
RC circuit may be u: 
calculate the high-fre. 
quency response of ay 
amplifier. (b) The 
equivalent of the cireyj 
(a) (6) (a), where I = Vi/Ry, 


20 log|Ay , dB 


PN 


voltage V, to the input voltage V;, or 


Aye le aul b 
"Vi T= Gh/t 
where 7 


he IRiCy 
The magnitude |A,| and the phase lag @; of the gain are given by 


catalase bros fi 
|Aa] Vit Gani Oy none 


At the frequency f = f;, Ai = 1/+/2 = 0.707, whereas in the 
region (f > fi), A411. Hence f; is that frequency at which the 
fallen to 0.707 times its midband value A,. From Eq. (12-21) this dro 
nal level corresponds to a decibel reduction of 20 log (1/+/2), or 3 dB. 
ingly, fi is referred to as the lower 3-dB frequency. From Eq. (16-3) ve 
that f; is that frequency for which the resistance R; equals the cap 
reactance 1/27rfiC}. 


lope is 6dB/octave 


Fig. 16-3 A log-log plot of the amplitude frequency-response characteristic of 
an RC-coupled amplifier. 


Bandwidth The frequency range from f; to fs is called the bandwidth of 
the amplifier stage. We may anticipate in a general way that a signal, all 
of whose Fourier components of appreciable amplitude lie well within the 
: Tange J; to f2, will pass through the stage without excessive distortion. This 
High-frequency Response In the third (high-frequency) region, Stiterion must be applied, however, with caution,? 
the midband, the amplifier stage behaves (Sec. 16-6) like the simple lo 
circuit of Fig. 16-2, with a time constant 72 = RsCx. Proceeding as 
we obtain for the magnitude |A,| and the phase lag 62 of the gain : ‘6-4 THE RC-COUPLED AMPLIFIER 
Cascaded arrangement of common-cathode (CK) vacuum-tube stages is 
"own in Fig. 16-4a, of common-emitter (CE) transistor stages in Fig. 16-4b, 
of common-source (CS) FET stages in Fig. 16-4c. The output Y; of one 
@ is coupled to the input X, of the next stage via a blocking capacitor 
“t Which is used to keep the de component of the output voltage at Yi from 
hing the input Xz. The resistor R, is the grid (gate) leak, and the plate 
‘ector) (drain) circuit resistor is Rp (R-) (Ra). The cathode resistor Ry, the 

€ resistor R,, the emitter resistor 2,, the screen resistor Rye, and the resis- 
;° %, and Re are used to establish the bias. The bypass capacitors, used 

“Prevent loss of amplification due to negative feedBack (Chap. 17), are Cy 
© cathode, C, in the emitter, C, in the source, and C,. in the screen circuit. 
° Present, are interelectrode capacitances in the case of a tube, and junction 


farvalt, each ult 4 wu £ 
|Aal V1 + Ufo! 6. = arctan ts 


f® ee 
a OnRaCs 


Since at f = f. the gain is reduced to 1/+/2 times its midband value, # 
is called the upper 3-dB frequency. It also represents that frequency for W 
the resistance R, equals the capacitive reactance 1/2rf2C2. In the 
expressions 6; and 2 represent the angle by which the output lags the ™ 
neglecting the initial 180° phase shift through the amplifier. The fre : 
dependence of the gains in the high- and low-frequency range is to b 
in Fig. 16-3. 


‘gig. 16-5 A schematic representa- 
“tion of either a tube, FET, or transis- 
for stage. Biasing arrangements 
ond supply voltages are not indi- 
cated. 
> 
16-5 LOW-FREQUENCY RESPONSE OF AN RC-COUPLED STAGE 
‘The effect of the bypass capacitors C;, C,, and C, on the low-frequency charac- 
istics is discussed in Sec. 16-10, For the present we assume that these 
capacitances are arbitrarily large and act as ac short circuits across Ry, Re, 
and R,, respectively. The effect of C,, is considered in Ref. 3. A single inter- 
mediate stage of any of the cascades in Fig. 16-4 may be represented sche- 
matically as in Fig. 16-5. The resistor R, represents the grid-leak resistor 
for a tube or the gate resistor R, for a FET, and equals R; in parallel with Ry 
if'a transistor stage is under consideration. The resistor R, represents R, 
fora tube, R. for a transistor, or Ra for a FET, and R; represents the input 
tesistance of the following stage. 
The low-frequency equivalent circuit is obtained by neglecting all shunt- 
capacitances and all junction capacitances, by replacing amplifier A, by its 


(2) forton’s equivalent, as indicated in Fig. 16-62. For a vacuum tube or field- 
¢fiect transistor, R; = ©; the output impedance is R, = ry (ra) [the plate 

(drain) resistance]; and J = gmV; (transconductance times grid or gate signal 

Voltage). For a transistor these quantities may be expressed in terms of the 

CE hybrid parameters as in Sec. 11-2; R; ~ hie (for small values of R.), 

From R, = 1/hee (for a current drive), and I = hyels, where Jp is the base signal 
preceding o-»— ‘current. Let R/ represent R, in parallel with Ry, and let Rj be R; in parallel 
page Ry. Then, replacing J and Ri, by the Thévenin’s equivalent, the single- 


constant high-pass circuit of Fig. 16-6b results. Hence, from Eq. (16-3), 
(c) t ro 


Fig. 16-4 A cascade of (a) common-cathode (CK) pentode stages; (b) co 
emitter (CE) transistor stages; (c) common-source (CS) FET stages. 


capacitances if a transistor is used. These are taken into account 
consider the high-frequency response, which is limited by their pi ' 
any practical mechanical arrangement of the amplifier components ther 
also capacitances associated with tube sockets and the proximity to the ¢ 
of components (for example, the body of Cs) and signal leads. he 
capacitances are also considered later. We assume that the active ¢ 
operates linearly, so that small-signal models are used throughout this eh! 


Z, (b) 


. 

Fig. 16-6 (a) The low-frequency model of an RC-coupled amplifier; (b) an equiva- 
_ lent representation. For a tube or FET: I = gmVi, Ro = Tp (ta), Ry = Rp (Ra), 
R= R,, and R; = ©. Fora transistor: I = hyels, Re ~ 1/hor, Ry = Bille, 

R, = R., and R; ~ hi. Also, Ri = R,l|Ry and Ri, = Rel|Ry- 


—— satel a el ee iE i ie a i ee. Lee 
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the lower 3-dB frequency is 


a fig. 167 The high-frequency model of 
f= ICRF RDC (1 ‘on RC-coupled stage using a pentode. anV:(4) R, c 
This result is easy to remember since the time constant equals C, multi ) ’ 


by the sum of the effective resistances Rj to the left of the blocking eg 
and R; to the right of C,. For a vacuum-tube amplifier, R, = R,> 
Since R/ < R, because R¥ is R, in parallel with R,, then Ri = R, > Ri 
fi: = 1/2rC,R,. This same expression is valid for a FET. 


input capacitance C; as small as possible, a pentode, rather than a triode, is 
ysed for the tube (Sees. 8-11 and 8-13). Hence r, is of the order of magnitude 
of a megohm, as is also R,, whereas R, is at most a few kilohms. Therefore 
the parallel combination 2 of these three resistors can be approximated by R, 
without introducing appreciable error. As predicted above (Fig. heen 
1 : : . n 4 ; tame 
for an RC-coupled amplifier for which Ry, = 1 K. What minimum ya i onnls wberadiees Camda nn, 
Sa ce an ean SENN TAA ce rm i, 1-0), the upper OB ogmcy fn iven by 
i : - 1 1 
= DERG ~ 2eR,C 16-8 

Solution a. From Eq. (16-7) we have C ta aap ~ 5 ( ) 

the midband region, where the shunting effect of C can be neglected 
E > R,), the output voltage is V. = —gmniV;:, and hence the midband 
gain A. = V./V; (for Ry Kr, and Ry < R,) is given by 


Ao = —Gukk = —gnky (16-9) 


EXAMPLE It is desired to have a low 3-dB frequency of not more hand Tt 


1 
= < 
Ao 3 + RDG, =" 
or 
ee 
* = 62.8(R, + RA) 
S2R00 Fk Tal SI Sly =, ais eck dc A 4 Gain-Bandwidth Product The upper 3-dB frequency of the amplifier may 
be improved by reducing the product R,C. Every attempt should be made 
to reduce C by careful mechanical arrangement to decrease the shunt capaci- 
a The upper 3-dB frequency may also be increased by reducing RP», but 
this reduces simultaneously the nominal amplifier gain. A figure of merit F 
Which is very useful in comparing tube types is obtained by computing the 
uct of A, and f in the limiting case where stray capacitance is considered 
Note that because the input impedance of a transistor is much to have been reduced to zero. From Eqs. (16-8) and (16-9) we have, since 
than that of a FET or a tube, a coupling capacitor is required will =Ci + C,, 
transistor which is 500 times larger than that required with the FET or 9 
r = = 16-10 
Fs |Addlfs On(Co + C,) ( ) 


Fortunately, it is possible to obtain physically small electrolytic - 
pg such high capacitance values at the low voltages at which Since ASE lie be teat Tle = F eatin he gee 
"Gndwidth product. It should be noted that f2 varies inversely with plate- 
Circuit resistance, whereas A, is proportional to Ry, so that the gain-bandwidth 
Product is a constant independent of Ry. It is possible to reduce R, to such 
* low value that a midband gain |A.| = 1 is obtained. Hence the figure of 
erit ¥ may be interpreted as giving the maximum possible bandwidth obtain- 
wie with a given tube if R, is adjusted for unity gain. For video pentodes 
Much as the 6AK5, 6BH6, 6AU6, 6BC5, and 6CL6, values of g» ranging from 
Sto 11 millimhos (mA/V) and values of C. + C; from 7 to 20 pF are obtain- 
“e. The value of F for all these tubes lies between 80 and 120 MHz, with 
“4 6AK5 having the largest value. 


b. From Eq. (11-34) we find for a transistor R, > 1/hoe ~ 40 K, an I 
R, +R. = 1K. If we assume that R, > Ry = 1 K, then Ri = 1 K. 


1 
C2 Hexion Y= 80uF 


16-6 HIGH-FREQUENCY RESPONSE OF A VACUUM-TUBE ST. 


For frequencies above the midband range we may neglect the reactance ‘ 
large series capacitance C. However, we must now include in Fig. 16 
output capacitance C, from Y; to ground and the input capacitance Ci 
X; to ground. To these capacitances must also be added the stray 
tance to ground. If the sum of all these shunt capacitances is called 
the high-frequency model of Fig. 16-7 can be drawn. In order to 
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An amplifier with a gain of unity is not very useful. Hence let us 
that |A,| is at least 2. Then fe = F/|A.| = 60 MHz for the 6AKS tube, 
a practical circuit, the inevitable extra stray capacitance might easily 
the bandwidth by a factor of 2. Hence we may probably take a bandy 
of 30 MHz as a reasonable estimate of a practical upper limit for an 
pensated tube amplifier using lumped parameters. If the desired g 
instead of 2, the maximum 3-dB frequency is about 6 MHz. 

The highest transconductance available in tubes is about 50 
and is obtained with frame grid pentodes having very close (0.05 mm) , 
to-cathode spacing. For example, the Amperex type 7788 pentode 
gm = 50 mA/V and C, + C; ~ 20 pF, corresponding to F = 400 MHz, | 
this tube a 3-dB frequency of about 20 MHz is possible with a gain 
If more bandwidth is needed, distributed amplifiers are used." : 

The foregoing discussion is valid for any stage of a tube amplifier, ing 
ing the output stage. For this last stage, C;, representing the input cap 
tance to the following stage, is missing, and its place is taken by any sh 
capacitance of the device being driven (say a cathode-ray tube). 

The equivalent circuit of a FET is the same as that of a triode (1 
14-9). Hence the input capacitance of an internal stage may be very ls 
because of the Miller effect (Sec. 8-12). This shunting capacitance li 
the bandwidth of a FET. 


16-7 CASCADED CE TRANSISTOR STAGES 


The high-frequency analysis of a single-stage CE transistor amplifier, ¢ 
last stage of a cascade, is given in detail in Secs. 13-7 and 13-8. § 
input impedance of a transistor cannot be represented by a parallel resi 
capacitance combination, the analysis of an internal stage differs fi 
of the final stage. 

We consider now the operation of one transistor amplifier stage in 4 
cade of many stages. Such a cascade is shown in Fig. 16-8. We omit fi 
this diagram all supply voltages and components, such as coupling cap 


Fig. 16-8 An infinite cascade of CE stages. The dashed, shaded rectangle (b 
encloses one stage. , 
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which serve only to establish proper bias and do not affect the high-frequency 
response. The collector-circuit resistor R. is included, however, since this 
yesistor has an effect on both the gain and frequency response. The base- 
piasing resistors R, and Ry in Fig. 16-4b are assumed to be large compared 
with R.. If this condition is not satisfied, the symbol R, represents the par- 
allel combination of R;, R2, and the collector-circuit resistance. A complete 
stage from collector to collector is included in the shaded block. We define the 
current gain of the stage to be Ar, = I2/I;. Each stage behaves like a current 
generator of impedance R, = R, delivering current to the following stage. 
We define the voltage gain to be Av = V2/Vi. Since we have specified Vi as 
the voltage precisely at the stage input, then Ay is the gain for an ideal volt- 
age source. We now prove that Ar, = Av for an infinite cascade of similar 


In a long chain of stages the input impedance Z; between base and emitter 
of each stage is identical. Let Z{ represent Z; in parallel with Re. _Accord~ 
ingly, 2, = Vi/Iy = V2/Is, 80 that In/I; = Ar. = V2/V1 = Ay in this special 

se. 

: We now calculate this gain Ar, = Ay = A. For this purpose Fig. 16-9 
shows the circuit details of the stage in the shaded block in Fig. 16-8. Also 
shown is the input portion of the next stage, so that we may take account 
of its loading effect on the stage of interest. The symbol K used in the 
expression C.(1 — K) for one of the capacitors is K = Vee/Vore Figure 16-9 
is obtained from Fig, 13-12a. The elements involving g». have been omitted 
since, as demonstrated in Sec. 13-8, their omission introduces little error. 

The gain A, = I2/I; at low frequencies is given by Eq. (183-50), except 
with R, replaced by R., and we have 


—hypRe 
AS Rectal 


To calculate the bandwidth we must evaluate K. From Fig. 16-9 we 
obtain for K an unwieldy expression. Since K is a function of frequency, 
the element marked C,(1 — K) is not a true capacitor, but rather is a com- 
plex network. Thus, in order to proceed with a simple solution which will 
give reasonable accuracy, we use the zero-frequency value of K. We show 


(16-11) 


The equivalent circuit of the enclosed stage of Fig. 16-8 (K = Vee/Von). 


— 4 *._-" 7 «ee 
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i i i i i ith respect to 
js point we differentiate the gain-bandwidth product |Aofal wil 
*" ‘aetting the derivative equal to zero, we find that a maximum does oceur. 
The value of R, for which this optimum gain-bandwidth product is obtained 
js designated by (R-)ope and is given by 


below that the response obtained experimentally is somewhat better than t] 
predicted by this analysis, and hence that we are erring in the conservati 
direction. At zero frequency, K = K, = —g,Rz, in which Rx is the re 
tive load on the transistor from C to E and consists of R, in parallel 

Ter + re = hiss Therefore 


hie (16-17) 
Re)opt = —=—— 
~ Rabie (Reopt eg ng) 
wil ie ith 
Pacha ; . hyCe Ihe (16-18) 
and the total capacitance C from Bi to E is ACh Fp 
C=C. + C.(1 + gnFx) (16-1 In Fig. 16-10 we have plotted the gain, the bandwidth, and the gain- 


idth product. The maximum which is apparent [at R. = 360 Q, as 
capes Ba, (16-17)] is not particularly pronounced.® Nevertheless, there 
is enough of a falling off at values of R, above or below (Re)opt 80 that it vid 
be worthwhile to operate near the maximum. It is important to bias an e 
transistor so that at the quiescent point a large value of fr is obtained (Fig. 
13-10). 


The gain is A = J,/J, = —GmVvre/T1, where Vore = Varn. represents the vy 
age across C. Instead of calculating Vs. directly from the input network 
Fig. 16-9, we again make the observation that this is a single-time-constay 
circuit. Hence we can calculate the 3-dB frequency fe by inspection. § 
the capacitance C is charged through a resistance R consisting of ry. in p: 

with Re + rw, or 


in i tant for values of 
Note in Tig. 16-10 that |A.f2| remains roughly cons 
B= Bet tw)rv, «ae R, in the neighborhood of (Ra or for larger values of Re. Hence, for a 
nM 3 , cascade of stages (as distinct from the single stage considered in Sec. rm 
the 3-dB frequency is the gain-bandwidth product takes on some importance as a figure of merit. 
1 16-1: 
f= RC (6 fay MHz Ag) [Agfaly MH 


This half-power frequency is the same for the current gain and voltage gs 
In using the approximation K = K, = — mle, we are making a conser 
tive error, since K, is the maximum magnitude of K and is attained only. 
zero frequency. Using K, leads to the largest value of shunt capacitance 
and consequently to an overly low estimate of the bandwidth fs. 
From the equations above the gain-bandwidth product is found to 


= ga Be Sr edie cs 
lAshl  a90 Ree tes ~ TP DefeuRs Beene 
where Ry, depends upon R., as indicated in Eq. (16-12). 


Gain and Bandwidth Considerations Our only adjustable parameter 
R., and we now discuss its selection. At one extreme, if we set R, = 0 
should simply shunt all output current away from the following ti 
As a matter of fact, it seems initially not unreasonable to set R, ar! 
high so as to avoid this shunting effect. However, as we reduce [ 
thereby lose gain, a compensating advantage appears. A reduction 
reduces Rz in Eq. (16-12) and also reduces R in Eq. (16-14). The ret 
in Ry, reduces C = C, + C.(1+ gmx), and this reduction, together 
reduction in R, increases fs, as is seen in Eq. (16-15). It may be that a decreé 
in gain is more than compensated for by an increase in fs To investi 


0 0 


Fig. 16-10 Gain |A,|, bandwidth fs, and gain-bandwidth product |Aofal 
as a function of R, for one stage of a CE cascade. The transistor 
parameters are given in Sec. 13-5. 


———— eS SS Te eer Cc .!mhUmre ie 
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For our typical transistor, fr = 80 MHz, whereas the constant value of |4 
in Fig. 16-10 is approximately 40 MHz, or 0.5fr. A good general rule 
choosing a transistor as a broadband amplifier is to assume Af: ~ 0 7 
This conclusion is based upon calculations on more than twenty transist, 
for which the hybrid-II parameters were known. These had values of ; 
ranging from 700 kHz to 700 MHz. In each case (Re)ope Was found and t 
value of A.fs at this optimum resistance was calculated. All values of ai 
bandwidth product were in the range between 0.4 and 0.8fr. The values 
Aofs were also calculated for several values of R. besides (Re)opt, and it w 
confirmed that the gain-bandwidth product remained constant over a 
range of values of R,. 

Tt must be remembered that bandwidth cannot be exchanged for | 
at low values of gain because A,f» is not constant for small values of R. 0 
The maximum value of fz, which occurs at R. = 0 (and A, = 0), is given 


a Sr mS frie 


The design of the amplifier represents, as usual, a compromise bet) 
gain and bandwidth. If A, is specified, the load R, which must be v 
found from Eq. (16-11). Then the bandwidth which will be obtained is 
from Eq. (16-15). On the other hand, if the desired bandwidth is sp 
then fz substituted into Eq. (16-15) will not allow a direct calculation of 
The reason for the difficulty is that R depends upon R, and that 


C= C.+C.(1 + gmRx) 


is also a function of R, through Rz, as given in Eq. (16-12). Under th 
circumstances an arbitrary value of R., say 1,000 Q, is chosen, and fs is ca 
culated. If this value is larger (smaller) than the desired value of So, the 
approximation to R, must be larger (smaller) than 1,000 9. By plotting j 
versus R., the desired value of R. can be found by interpolation. 

The approximations which we have made in this analysis are valid if 
less than 2,000.2. Since Rz is the parallel combination of R, and hie = 1, 
there are no restrictions on the magnitude of R,. As R.— ©, Ry = hie 
A, = —hy. The asymptotic limits in Fig. 16-10 are found to be |A,| = 4 
fz = 0.59 MHz, and |A.f2| = 29.5 MHz for R. > @. 


equal to the collector-circuit resistance R, of the preceding stage and with Ry, 
equal to the R, of the last stage. 


16-8 STEP RESPONSE OF AN AMPLIFIER 


An alternative criterion of amplifier fidelity is the response of the amplifier 
toa particular input waveform. Of all possible available waveforms, the most 
generally useful is the step voltage. In terms ofa cireuit’s response to a step, 
the response to an arbitrary waveform may be written in the form of the 
superposition integral. Another feature which recommends the step voltage 
js the fact that this waveform is one which permits small distortions to stand 
out clearly, Additionally, from an experimental viewpoint, we note that 
excellent pulse (a short step) and square-wave (a repeated step) generators 
are available commercially. ' , i. 
As long as an amplifier can be represented by a single-time-constant circuit, 
the correlation between its frequency response and the output waveshape for 
astep input is that given below. Quite generally, even for more complicated 
amplifier circuits, there continues to be an intimate relationship between the 
distortion of the leading edge of a step and the high-frequency response. 
Similarly, there is a close relationship between the low-frequency response 
‘md the distortion of the flat portion of the step. We should, of course, 
‘expect such a relationship, since the high-frequency response measures essen- 
tially the ability of the amplifier to respond faithfully to rapid variations in 
signal, whereas the low-frequency response measures the fidelity of the amplifier 
for slowly varying signals. An important feature of a step is that it is a 
Combination of the most abrupt voltage change possible and of the slowest 
Possible voltage variation. 


Rise Time The response of the low-pass circuit of Fig. 16-2 to a step 
input of amplitude V is exponential with a time constant RC: Since the 
apacitor voltage cannot change instantaneously, the output starts from zero 
4nd rises toward the steady-state value V, as shown in Fig, 16-11. The output 


The First and Final Stages The results obtained above for an int orn 
stage of a cascade are not valid for the first or last stage. For the first sta 
the equations in Sec. 13-9 for a single stage apply, provided that the los 
zis taken as the collector-circuit resistance in parallel with the input resist 
of the second stage: 

Rehic 
sald 3 


For the last stage in a cascade use the formulas for a single stage, with 


Fig, 16-11 Step-voltage response 
fF the low-pass RC circuit. The 
3 time ¢, is indicated. 
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Note that the tilt is directly proportional to the lower 3-dB frequency. If 
we wish to pass a 50-Hz square wave with less than 10 percent sag, then fi 
must not exceed 1.6 Hz. 


is given by 

Vo = V(1L — e*/Fx°s) 
The time required for v, to reach one-tenth of its final value is readily foun 
to be 0,1%2C2, and the time to reach nine-tenths its final value is 2.3R, 
The difference between these two values is called the rise time t, of the 
and is shown in Fig. 16-11. The time ¢, is an indication of how fa 
amplifier can respond to a discontinuity in the input voltage. We a usi 
Eq, (16-6), 

2.2 _ 0.35 


t, = 2.2R2C2 = Qrhe = infae 


Note that the rise time is inversely proportional to the upper 3-dB frequen 
For an amplifier with 1 MHz bandpass, t = 0.35 usec. 


Square-wave Testing An important experimental procedure (called 
square-wave lesting) is to observe with an oscilloscope the output of an amplifier 
excited by a square-wave generator. It is possible to improve the response 
of an amplifier by adding to it certain circuit elements,! which then must be 
adjusted with precision. It is a great convenience to be able to adjust these 
elements and to see simultaneously the effect of such an adjustment on the 
amplifier output waveform. The alternative is to take data, after each succes- 
sive adjustment, from which to plot the amplitude and phase responses. 
Aside from the extra time consumed in this latter procedure, we have the 
problem that it is usually not obvious which of the attainable amplitude and 
phase responses corresponds to optimum fidelity. On the other hand, the 
step response gives immediately useful information. 
It is possible, by judicious selection of two square-wave frequencies, to 
examine individually the high-frequency and low-frequency distortion, For 
example, consider an amplifier which has a high-frequency time constant of 
For times ¢ which are small compared with the time constant R1C,, the re 1 usec and a low-frequency time constant of 0.1 sec, A square wave of half 
is given by , period equal to several microseconds, on an appropriately fast oscilloscope 
ey (: t ) 62 sweep, will display the rounding of the leading edge of the waveform and will 


Tilt or Sag If a step of amplitude V is impressed on the high-pass cire 
of Fig. 16-1, the output is 


Dae VeHRity 


7 RiGy not display the tilt. At the other extreme, a square wave of half period 
From, Fig, 16-12. we eee that the output.is tilted, and the percent tiltic re ee pcnRaremminie’ sexi ores will laplay thaytilh, 
iastimod, ieiztvenbn and not the istortion of the leading edge. ; 
It should not be inferred from the above comparison between steady-state 
KA! and transient response that the phase and amplitude responses are of no 
Vv importance at all in the study of amplifiers. The frequency characteristics 
It is found® that this same expression is valid for the tilt of each half eye 


are useful for the following reasons: In the first place, much more is known 
of a symmetrical square wave of peak-to-peak value V and period 1’ prov Senerally about the analysis and synthesis of circuits in the frequency domain 
that we set t: = 7/2. If f = 1/T is the frequency of the square wave, | 


than in the time domain, and for this reason the design of coupling networks 

using Eq. (16-3), we may we, ‘Pay the form is often done on a frequency-response basis. Second, it is often possible to 

&rrive at least at a qualitative understanding of the properties of a circuit 

from a study of the steady-state-response circumstances where transient cal- 

culations are extremely cumbersome. Finally, it happens occasionally that 

4n amplifier is required whose characteristics are specified on a frequency 
is, the principal emphasis being to amplify a sine wave. 


P= 


ty : 
RG x 100% ( 6. 


T ahr 
2fR. 


P= X 100 = kd, X 100 = X 100% 


2RiCi BP 


16-9 BANDPASS OF CASCADED STAGES 


pe upper 3-dB frequency for n cascaded stages is fz") and equals the frequency 
‘r which the overall voltage gain falls to 1/+/2 (3 dB) of its midband value. 
us fo is calculated from 


Fig. 16-12 The response to, whe 
a step »; is applied to a high-P? 
RC circuit, exhibits a tilt. 


yore a al ui Vi 
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to be 


i = VaR=1 


For example, for n = 2, fo\/f2 = 0.64. Hence two cascade stages, each wi 
a bandwidth f, = 10 kHz, have an overall bandwidth of 6.4 kHz. Sim ar! 
three cascaded 10-kHz stages give a resultant upper 3-dB frequency of | 
kHz, etc. 

If the lower 3-dB frequency for n cascaded stages is /:, then co! 
ing to Eq. (16-26) we find 


fm 1 
a | sp teseeeeee 
hi af/2in — J] 


fig. 16-13 (a) An amplifier with a bypassed emitter resistor; (b) the low-frequency 
simplified h-parameter model of the circuit in (a). 


We see that a cascade of stages has a lower f. and a higher f, than a sinj 
stage, resulting in a shrinkage in bandwidth. 

If the amplitude response for a single stage is plotted on log-log 
the resulting graph will approach a straight line whose slope is 6 dB/ 
both at the low and at the high frequencies, as indicated in Fig. 16-3. 
every time the frequency f doubles (which, by definition, is one octa’ 


to these assumptions is shown in Fig. 16-13b. The blocking capacitor Cy is 
omitted from Fig. 16-13b; its effect is considered in Sec. 16-5. 


response drops by6dB. For an n-stage amplifier it follows that the ampli u Thecoutput voltage V, is given by 
response falls 6n dB/octave, or, equivalently, 20n dB/decade. V. Tnhy R, VihjoRe 16-29 
ae che et ter ae os 
Step Response If the rise time of the individual cascaded st ze where - 
ty, tr, . . . , fn and if the input waveform rise time is t,o, it is found that Zz 1L+h, fe 16-30' 
output-signal rise time ¢, is given (to within 10 percent) by omit hed) 1 + jwC.R. ( ) 


be Ail aAbesh talicsh talisk sania aritat (16. te Eq. (16-30) in Eq. (16-29) and solving for the voltage gain Ay, 


Tf, upon application of a voltage step, one RC-coupling circuit produ 


sd Si Vo _ _ _hpRe 1+ jwC.R. (16-31) 
a tilt of P; percent and if a second stage gives a tilt of Ps percent, the e gen R+R ; RR 
of cascading these two circuits is to produce a tilt of P: + Ps percent. " 1+joC, R+R 
result applies only if the individual tilts and the combined tilt are small eno where 
so that in each case the response falls approximately linearly with time. _ R=R, + he and Ri = (1+ hp)Re (16-32) 
The midband gain A, is obtained as o> ©, or 
16-10 EFFECT OF AN EMITTER (OR A CATHODE) BYPASS A, = — hele _ ahr (16-38) 
CAPACITOR ON LOW-FREQUENCY RESPONSE 4 4 R Ri + hie 
If an emitter resistor 2, is used for self-bias in an amplifier and if it is se Ay 1 L + Gf/f 
to avoid the degeneration, and hence the loss of gain due to R., we a TPe TRI SEF, (16-34) 
attempt to bypass this resistor with a very large capacitance C,. The ci Where ie 
indicated in Fig. 16-4b. It is shown below that the effect of this capac 1 1+ R/R 
affect adversely the low-frequency response. f= onC Re fp = “OCR. (16-35) 


Consider the single stage of Fig. 16-13a. To simplify the analy 
assume that 2,||R2>> R, and that the load R, is small enough so th 
simplified hybrid model of Fig. 12-7 is valid, The equivalent circuit su?) 


Note that f, determines the sero and fp the pole of the gain Ay/As, Since 
Nsually R/ /R > 1, then f, > f., so that the pole and zero are widely separated. 
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For example, assuming R, = 0, R, = 1K, C, = 100 uF, hy. = 50, hie = 11 c 


and R, = 2 K, we find f. = 1.6 Hz and f, = 76 Hz. 


A plot of 20 log |Av/A.| versus log J is indicated in Fig. 16-14. The piee 


quency response. This dashed characteristic is constant at —20 log (1 + R 


for f < f.; it increases linearly at 6 dB/octave for f. < f < fp, and re 


0 dB for f > f,. Remembering that f,>f. and using Eqs. (16-34) r 


(16-35), the magnitude of Ay/A, becomes, for f = fp, 


Aygo) wid Sof Ad 
A, 1+R/RVI+1 V2 


Hence f = f, is that frequency at which the gain has dropped 3 dB. 


the lower 3-dB frequency fi is approximately equal to fy. If the condit 
fp > fa is not satisfied, then f, ¥ fp. Asa matter of fact, a 3-dB frequen 


may not exist (Prob. 16-29). 


Square-wave Response Since the network in Fig. 16-13 is a sin; 
constant circuit, the percentage tilt to a square wave is given by Eq. (16 


_ the _1+R/R 
P= SP x 100 = Fe X 100 


Since R’/R > 1, 


R' X 100 1+h 


P ~ S7C.RR, ~ IA(C(R, + ha) * 100% 


0.1 1.0 f, 10 f,100 1,000 /, Hz 


Fig. 16-14 The frequency response of an amplifier with a bypassed 
emitter resistor. The numerical values correspond to the component 
values given at the top of this page. 
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Let us caleulate the size of C, so that we may reproduce a 50-Hz square wave 
with a tilt of less than 10 percent. Using the parameters given above, we 
Fee = @NL100) 

= BGO) (,100)(10) * = 4:600 uF 


Such a large value of capacitance is impractical, and it must be concluded 
that if very small tilts are to be obtained for very low frequency signals, the 
emitter resistor must be left unbypassed. The flatness will then be obtained 
at the sacrifice of gain because of the degeneration caused by R,. If the loss in 
amplification cannot be tolerated, R, cannot be used. 


ATube or FET Stage If the active device is a pentode (with rp > Rr + Ri) 
instead of a transistor, the equivalent circuit of Fig. 16-15 must be used. An 
analysis of this circuit (Prob. 16-30) yields 


Ay LOVE PUNT, 

A, ~ TF gn 1+ Gf/ fp ae 
where 

Aes —o0Rn fo ae Sy = tytefalte (16-39) 


These equations are analogous to Eqs. (16-34) and (16-35), and the frequency 
response is of the form indicated in Fig, 16-14. If gl, >> 1, the pole and 
zero frequencies are widely separated, and hence f; ~ f,. Then, from Eq. 
(16-25), it follows that the percentage tilt to a square wave of frequency f is 


P = "2 x 100 = Leal x 100 ~ fe X 100% (16-40) 


20.Rif 20 
Note that for gm, >> 1, P is independent of R,. If 9m for a pentode is 5 mA/V 
(one-tenth that of a transistor), then for no more than a 10 percent output tilt 
with a 50-Hz square-wave input, the capacitor C; must be at least 


(, = 2X 10-* x 100 
*" “2X 50 X 10 


The analysis of a FET stage (with ra >> Rz + R,) is identical with that for 
“pentode, except that C;, and R, must be replaced by C, and R,, respectively. 


F = 500 uF 


Fig, 16-15 The equivalent circuit of a pen- 
tode stage with a cathode impedance. 
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Practical Considerations Electrolytic capacitors are often used 
emitter, cathode, or source bypass capacitors because they offer the greai 
capacitance per unit volume. It is important to note that these cap 
have a series resistance which arises from the conductive losses in the elec 
lyte. This resistance, typically 1 to 20 2, must be taken into account in eo 
puting the midband gain of the stage. é 

If in a given stage both C, and the coupling capacitor C; are present, y 
can assume, first, C’, to be infinite and compute the lower 3-dB frequency | 
to Cy alone. We then calculate f; due to C, by assuming C, to be in 
Tf the two cutoff frequencies are significantly different (by a factor of mo 
than four or five times), the higher of the two is approximately the lo 
3-dB frequency for the stage. 


16-11 SPURIOUS INPUT VOLTAGES 


It often happens that, with no apparent input signal to an amplifier, an out] 
voltage of considerable magnitude may be obtained. The amplifier may 
oscillating because some part of the output is inadvertently being fed bac 
into the input. 


ances, stray wiring, etc., the exact path often being very difficult to dete 
The undesired, or parasitic, oscillation may occur with any type of circuil 
such as audio-, video-, or radio-frequency amplifier, oscillator, modulator, pi 
waveform generating circuits, etc. Parasitic oscillations are particularly pre\ 
alent with circuits in which (physically) large tubes are used, tubes or tra 
tors are operated in parallel or push-pull, and in power stages.’ The freq 
of oscillation may be in the audio range, but is usually much higher and often 
so high (hundreds of megahertz) that its presence cannot be detected with a 
oscilloscope. 

Parasitic oscillations can usually be eliminated by a change in ¢ 
parameters, a rearrangement of wiring, some additional bypassing or sh 
ing, a change of tube or transistor, the use of a radio-frequency inductor in 
output circuit, radio-frequency chokes in series with filament leads, ete. 
small resistance (50 to 1,000 @) placed in series with a grid and as close to # 
grid terminal as possible is often very effective in reducing high-freq' 
oscillations in a tube. 


Hum Even if an amplifier is not oscillating, undesirable output vol 1-5 
may be present in a vacuum-tube amplifier in the form of hum from the 
of ac heated filaments.’ There are several sources of this hum: 


1. The magnetic field produced by the filament current will deflect # 
electron stream. During some portion of each half cycle the electrons ™ 
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be deflected to such an extent as to miss the plate. A 120-Hz hum results 
(if 2 60-Hz power source is used). 

2. Effective capacitances exist between each side of the heater and the 
grid. If these capacitances are not equal, an effective 60-Hz voltage is 
impressed upon the grid. 

3. The heater-cathode insulation is not infinite. If self-bias is used, 
leakage will take place from the heater through this insulation resistance in 
series with the cathode impedance Z,. The voltage across Z; appears as hum. 

4. The heating and cooling of the cathode, because the heating power is 
periodic, introduces a 120-Hz hum. This would not be true if the plate cur- 
rent were strictly space-charge-limited since it would then be independent of 
the temperature of the emitter. However, some parts of the cathode are at 
a low enough temperature so that some temperature-limited current exists. 
Furthermore, the effect of the initial velocities is a function of temperature. 


Hum from the above sources can be eliminated completely only by using 
de heating power. 

In addition to hum that is inherent in the heater construction, some hum 
may appear from pickup resulting from the stray magnetic fields of the power 
transformer or from the fields produced by the heater current in the connecting 
leads. The effect of the former is negligible with properly shielded trans- 
formers, and that of the latter may be reduced if the heater leads are twisted. 
There may also be electrostatic pickup from the ac line. Finally, there is the 
possibility of pickup of radio-frequency signals radiated through space, These 
spurious voltages can often be eliminated by proper shielding or bypassing. 
Some of these sources of hum cause difficulties with transistors as well as 
with tubes. It should be emphasized that hum troubles are usually of 
importance only in the first stage of a high-gain amplifier, for the small spu- 
Tous voltages introduced in this stage are amplified by all succeeding stages. 


Microphonics The spurious output voltages caused by the vibrations of 
the electrodes arising from mechanical or acoustical jarring of the tube are 
talled microphonics. Some tubes are much more microphonic than others of 
Presumably identical construction, and this source of trouble can often be 
eliminated by changing tubes. In many cases, it is necessary to mount the 
tubes in rubber or in special supports. In addition, special tubes are avail- 
ble in which the microphonie effect, and also the heater hum effects outlined 

ove, have been minimized. A transistor is, of course, completely non- 
Microphonic because there can be no mechanical motion between the emitter, 
» and collector. 


16-12 NOISE 


Tt is found that there is an inherent limit to the amplification obtainable 


™ an amplifier even after the above-mentioned sources of hum have been 
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eliminated. Under these conditions, the output of the amplifier, when 
is no impressed input signal, is called amplifier noise.® If, therefore, on 
very small voltage is available, such as a weak radio, television, radar, 
signal, it may be impossible to distinguish the signal from the backg 
noise. The term noise arises from the fact that with no input, the out 
of an audio amplifier with the gain control set at a maximum is an audib 
hiss, or crackle. In the case of a video amplifier the term snow is often u 
in place of noise because of the snowlike appearance on a TV screen wh 
the set is tuned to a weak station. The various noise sources in an amplifi 
are now considered. 


Thermal, or Johnson, Noise The electrons in a conductor possess va 
amounts of energy by virtue of the temperature of the conductor. The s 
fluctuations in energy about the values specified by the most probable dis’ 
tion are very small, but they are sufficient to produce small noise poten 
within a conductor. These random fluctuations produced by the thi 
agitation of the electrons are called the thermal, or Johnson, noise. The 
value of the thermal resistance noise voltage V, over a frequency ra 
fs — fi is given by the expression 


V.? = 4kTRB 


where & = Boltzmann constant, J/°K 
T = resistor temperature, °K 
R = resistance, 2 
B= f,—f; = bandwidth, Hz 
It should be observed that the same noise power exists in a given band 
regardless of the center frequency. Such a distribution, which gives the sar 
noise per unit bandwidth anywhere in the spectrum, is called white noise. 
If the conductor under consideration is the input resistor to an id 
(noiseless) amplifier, the input noise voltage to the amplifier is given by E 
(16-41). An idea of the order of magnitude of the voltage involved is ob! 
by calculating the noise voltage generated in a 1-M resistance at room t 
perature over a 10-kHz bandpass. Equation (16-41) yields for V, the 
13 uV. Clearly, if the bandpass of an amplifier is wider, the input res 
must be smaller, if excessive noise is to be avoided. Thus, if the am 
considered is 10 MHz wide, its input resistance cannot exceed 1,000 @, if 
fluctuation noise is not to exceed that of the 10-kHz audio amplifier. 
Tt is obvious that the bandpass of an amplifier should be kept as lo 
possible (without introducing excessive frequency distortion) because the 
power is directly proportional to the bandwidth. The noise output sq 


value of V,,* is multiplied by |Ay.|? and that the noise bandwidth B is define 


by 
B= apf, lanl ag 
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where Ayo is the midband value of the voltage gain Ay(f). We thus see that 
the noise bandwidth given by Eq. (16-42) may be different from the amplifier 
voltage gain bandwidth. 


Shot Noise Among the various possible sources of noise in a tube, one of 
the most important is the shot effect. Normally, one assumes that the current 
in a tube under de conditions is a constant at every instant. Actually, 
however, the current from the cathode to the anode consists of a stream of 
individual electrons, and it is only the time average flow which is constant. 
These fluctuations in the number of electrons emitted constitute the shot noise. 
If the cathode emission is temperature-limited, the rms noise current J, in 
a diode is given by the expression 


In? = 2elpB 


where e = electronic charge, C 

Zp = emission current, A 

B = bandwidth, Hz 
If the load resistor is 2, a noise voltage of magnitude 7,R will appear across 
theload. Temperature-limited diodes are used as constant-current white-noise 
generators for test purposes. 

If the tube is space-charge-limited, the irregularities in emission are 
decreased, and the plate-current fluctuation is much less in a space-charge- 
limited tube than in one which is temperature-limited. This fact is explained 
qualitatively by the automatic-valve action of the space-charge cloud in the 
neighborhood of the cathode, as discussed in Sec. 7-1. The space-charge- 
limited noise power is of the order of 10 percent of the temperature-limited value, 


(16-43) 


Other Noise Sources in Tubes In addition to Johnson and shot noise, 
there are the following physical mechanisms for the generation of extraneous 
signals in a tube: gas noise, caused by the random ionization of the few mole- 
cules remaining in the tube; secondary-emission noise, arising from the random 
Variations of secondary emission from the grid and plate; flicker noise, caused 
by the spontaneous emission of particles from an oxide-coated cathode, an 
effect particularly noticeable at low frequencies; and induced grid noise, result- 
ing from the random nature of the electron stream near the grid. In addition 
to these, we also have ina pentode partition noise, which arises from the random 
fluctuation in the current division between the screen and the plate. Because 
of this partition effect, a pentode may be much noisier (perhaps by a factor 
°f 10) than a triode, Hence the input stage to a high-gain amplifier is usually 
4 triode. We should note that it is the input stage whose noise must be kept 
&xtremely low, because any noise generated in this tube is amplified by all 
the following stages. 


Noise Figure A noise figure NF has been introduced in order to be able 
Specify quantitatively how noisy a circuit is. By definition, NF is the ratio 
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Q. The active device is cascaded with a low-noise amplifier and a filter, and 


of the noise power output of the circuit under consideration to the noise pow ’ F i 
the output of this system is measured on a true rms reading voltmeter M. 


output which would be obtained in the same bandwidth if the only s 


of noise were the thermal noise in the internal resistance R, of the signal source, The experimental procedure for determining NF is as follows: 
Thus the noise figure is a quantity which compares the noise in an actual 1. Measure R, and calculate Ny; = V, from Eq. (16-41). The bandwidth 
amplifier with that in an ideal (noiseless) amplifier. Usually, NF is expressed B is set by the filter. 
in decibels. 2. Adjust the audio signal voltage so that it is ten times the noise voltage: 
We define the following symbols: V, = 10V, or Sy; = 10Ny;. Measure the output voltage with M. Forsucha 
Sp; (Sys) = signal power (voltage) input large signal-to-noise ratio (Sy:/Ny; = 20 dB) we may neglect the noise and 


assume that the voltmeter reading gives the signal output voltage Syo. 
3. Set V, = 0 and measure the output voltage Ny. with M. 
4. From Eq. (16-46) the noise figure is given by 


N >»; (Nyi) = noise power (voltage) input due to R, 
Spo (Sy) = signal power (voltage) output 
Np. (Nyo) = noise power (voltage) output, due to R, and any 


sources within the active device (16-47) 
From Eq. (16-41), Ny; = Va = (4kTR,B)*. 
From the definition of noise figure where Sy, and Ny, are the meter readings obtained in measurements 2 and 3, 
NF = 10 log total noise power output Nro respectively. 


———__—_———_—__~—.. = 10 lo 4 
noise power output due to F, ie , The low-noise amplifier is required only if the noise output of Q is too 
low to be detected with M. It should be pointed out that the amplifier- 


where the power gain of the active device is Ap = Sp./Sp;. Hence, : 
s salts filter combination does not affect NF (for a given B) since the ratio Syo/Nvo 


NP = 10 log N28 — 10 Jog Se/Neve 5-45) is used in Eq, (16-47). 

SpN vi Spo/N po i The accuracy of the method described is based on the assumption that 
The quotient Sp/N>p is called the signal-to-noise power ratio. The no the output signal and noise can be measured separately. This is not strictly 
figure is the input signal-to-noise power ratio divided by the output signal- true since the noise cannot be turned off while measuring the output signal. 
noise power ratio. Expressed in decibels, the noise figure is given by It is found’? that for a 20-dB input signal-to-noise ratio, transistor noise 
input signal-to-noise power ratio in decibels minus the output signal-to-no figures may be measured up to 10 dB with less than 0.5 dB error. The larger 
power ratio in decibels. Since the signal and noise appear across the si the Sy,/Nyi, the smaller is the error in this measurement. Usually the output 
load, Eq. (16-45) takes the form signal voltage is monitored on an oscilloscope to make certain that the system 
Svi/Nvi Sy: s : operates linearly so that no clipping takes place and no 60-Hz hum is present. 
NF = 20 log aNG 20 log F— — 20 log Ne (16-46 If a filter with a very narrow bandwidth (a few hertz) is used, the fore- 
ta ants Lai 4 going measurement gives the spot, single-frequency, or incremental noise 
where Sy/Ny is called the signal-to-noise voltage ratio. Jigure. On the other hand, if the filter bandwidth is large (from f: = 10 Hz 
to f: = 10 kHz), then the circuit of Fig. 16-16 gives the broadband or inte- 
Measurement of Noise Figure A very simple method! for measwi Grated noise figure. Other methods of measuring NF are available,''* but 

the noise figure of an active device Q is indicated in Fig. 16-16. An av these have the disadvantage of requiring a calibrated noise generator. 


sinusoidal generator V, with source resistance R, is connected to the input F 
Transistor Noise!* In addition to thermal noise in a transistor, there is 


Noise due to the random motion of the carriers crossing the emitter and collector 
Junctions and to the random recombination of holes and electrons in the base. 

‘here is also a partition effect arising from the random fluctuation in the 
division of current between the collector and base. It is found that a transistor 
does not generate white noise, except over a midband region. Also, the amount 


°f noise generated depends upon the quiescent conditions and the source 


Fig. 16-16 A system used to measure the noise figure of an active Tesistanee. Hence, in specifying the noise in a transistor, the center frequency, 


device Q. th the operating point, and R, must be given. 
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Fig. 16-17 Noise figure of a 2N3964 transistor. (a) Broadband NF as a function 


of source resistance; (b) spot NF as a function of frequency. (Courtesy 
of Fairchild Semiconductor Corp.) 


Figure 16-17a and b show the noise figure vs. source resistance and 
quency for the 2N3964 diffused planar resistor. There are three disti 
regions in Fig. 16-16b. At low frequencies the noise varies approxima\ 
as 1/f, and is called excess or flicker noise. The source of this noise is n 
clearly understood, but is thought to be caused by the recombination 
generation of carriers on the surface of the crystal. In intermediate frequenci 
the noise is independent of frequency. This white noise is caused by 
bulk resistance of the semiconductor material and the statistical variation 
the currents (shot noise), The third region in Fig. 16-17b is characteris 
by an increase of the noise figure with frequency, and is essentially cat 
by a decrease in power gain with frequency.” 


FET Noise The field-effect transistor exhibits excellent noise cl 
teristics. The main sources of noise in the FET are the thermal noise of { 
conducting channel, the shot noise caused by the gate leakage current, and t 
1/f noise caused by surface effects. The FET is also superior, from a n 
point of view, to a vacuum tube of comparable transconductance.” 

The noise figure vs. frequency for the 2N2497 FET transistor is sh 


Fig. 16-18 The spot noise figure 
for a 2N2497 FET. (Courtesy of 
Texas Instruments, Inc.) 
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in Fig. 16-18. It should be pointed out that, unlike the bipolar transistor, 
the noise figure of the FET is essentially independent of the quiescent point 
(Ip and Vps). 
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1] FEEDBACK AMPLIFIERS 
AND OSCILLATORS 


In this chapter we introduce the concept of feedback and show how 
modify the characteristics of an amplifier by combining a portion ¢ 
the output signal with the external signal. Many advantages are 
be gained from the use of negative (degenerative) feedback, and 
are studied. It is possible for the feedback to be positive (re 
ative), and the circuit may then oscillate. Examples of feedba 
amplifier and oscillator circuits are given. 


17-1 CLASSIFICATION OF AMPLIFIERS 


Before proceeding with the concept of feedback, it is useful to cla: 
amplifiers into four broad categories, as either vollage, current, tran 
conductance, or transresistance amplifiers, This classification is b 
on the magnitudes of the input and output impedances of an amp 
relative to the source and load impedances, respectively. 


Voltage Amplifier Figure 17-la shows a Thévenin’s equivale 
circuit of a two-port network which represents an amplifier. If # 
amplifier input resistance R; is large compared with the source ( 
R,, then V; = V.. If the external load resistance Rz is large compart 
with the output resistance R, of the amplifier, then V, ~ A.V; = AeVs 
This amplifier provides a voltage output proportional to the volta 
input, and the proportionality factor is independent of the 
of the source and load resistances. Such a circuit is called a 0 
amplifier. An ideal voltage amplifier must have infinite input resist 
ance R; and zero output resistance R,. The symbol A, in Fig. 17-h 
represents V,/V; with R, = ©, and hence represents the open-cirew 
voltage amplification, or gain. 

480 


(a) 


Fig. 17-1 (a) Thévenin's equivalent circuit of a voltage amplifier. (b) A simple 
vacuum-tube voltage amplifier. For this circuit R; = R,, Ro = R,l|r», and 
A, = —gnRo. 


A practical circuit which approximates the ideal voltage amplifier is the 
simple triode-tube voltage amplifier shown in Fig. 17-1b. Note that the open- 
circuit voltage gain is computed with R, = , but with R, in place. 


Current Amplifier An ideal current amplifier’ is defined as an amplifier 
which provides an output current proportional to the signal current, and the 
proportionality factor is independent of R, and Ry. An ideal current amplifier 
Must have zero input resistance R; and infinite output resistance R.. In 
Practice, the amplifier has low input resistance and high output resistance. 
It drives a low-resistance load (R, >> Rz), and is driven by a high-resistance 
Source (R; < R,). Figure 17-2a shows Norton’s equivalent circuit of a cur- 
Tent amplifier. Note that A; = J;/I;, with Rz = 0, representing the short- 
circuit current amplification, or gain. We see that if Ry < R., I; = I,, and if 
R,> Ru, In = Adi ~ Ad,. Hence the output current is proportional to the 
Signal current. The characteristics of the four ideal amplifier types are sum- 
Marized in Table 17-1. 


A practical circuit which approximates the ideal current amplifier is the 


TABLE 17.1 Ideal amplifier characteristics 
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Fig. 17-2 (a) Norton’s equivalent circuit of a current amplifier. (b) Asimple 
common-emitter transistor current amplifier. For this circuit Ry > Ry ~ hie, 
A; = —hy, Ro = R., assuming that ho(Re||Rz) < 0.1. 


simple common-emitter transistor amplifier of Fig. 17-2b. The ampli 
Fig. 17-2b can be considered as a voltage amplifier if R, K hi. and Ry 
In that case the amplifier should be represented by its Thévenin’s equi) 
circuits at the input and the output ports. 


Transconductance Amplifier The ideal transconductance amy 
supplies an output current which is proportional to the signal voltage, 
pendently of the magnitudes of R, and R,. This amplifier must hav 
infinite input resistance R; and infinite output resistance R,. A prac 
transconductance amplifier has a large input resistance (R; >> R,) and h 
must be driven by a low-resistance source. It presents a high output m 
ance (R, > Rx) and hence drives a low-resistance load. The equivale 
cuit of a transconductance amplifier is shown in Fig. 17-3a. 

A practical transconductance amplifier using a pentode is shown in 
17-3b. From the circuit of Fig. 17-3a we have that V; = V,if Ri > Ry 
if R, > Rr, then J, = G,V; ~G,V,. Hence the output current is p 
tional to the input-signal voltage. The proportionality factor is Gn = 
with Rz = 0, and represents the short-circuit mutual or transfer conducta 
Note that the voltage and current amplifiers of Figs. 17-1 and 17-2 may als 
considered as imperfect transconductance amplifiers. 


Transresistance Amplifier Finally, in Fig. 17-4a, we show the equ 
lent circuit of an amplifier which ideally supplies an output voltage Vo i 
portion to the signal current J, independently of R, and R;. This amplihe 
called a transresistance amplifier. For a practical transresistance ampli 
must have R; < R,and R, K R;. Hence the input and output resi: 
low relative to the source and load resistances. From Fig. 17~4a we see t 
R.> Ri, I; ~ I,, and if R. « Ri, Vo ~ Rmli ~ Rms. Note that Rn = 


(a) 


Fig. 17-3 (a) A transconductance amplifier is represented by a Thévenin's 
equivalent in its input circuit and a Norton's equivalent in its output circuit. (b) 
A pentode transconductance amplifier. For this circuit Ry = Ry, R. + Ry > Ru, 


@n = —Ym. A FET also approximates a transconductance amplifier provided that 
R. = Ral|ra > Re. 


with Ry, = ». In other words, Rm is the open-circuit mutual or transfer 
Tesistance, 

The common-emitter circuit of Fig. 17-2b may be considered as a trans- 
resistance amplifier if Ry >> R.. In that case we convert the output current 
source into a voltage source, as indicated in Fig. 17-4b. 


17-2 THE FEEDBACK CONCEPT? 


Tn the preceding section we summarize the properties of four basic amplifier 
types. In each one of these circuits we may sample the output voltage or 


R<<R, 


Fig. 17-4 (a) A transresistance amplifier is represented by a Norton's equivalent 
Mits input circuit and a Thévenin's equivalent in its output circuit. (b) Equivalent 
Srcuit of « common-emitter transistor transresistance amplifier. For this circuit 

= hiey Rm = —hyRe, Ro ~ Re K Rx, assuming that hy.(R.\|Rx) < 0.1. 
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Sn = current is shown in Fig. 17-6b, where the feedback network is connected 
jn series with the output. Here the input impedance of the feedback network 
should be much smaller than Rz in order not to reduce the current gain apprecia- 
ply (without feedback). Other sampling networks are possible. 


Mixing Network Various mixing blocks are shown in Fig. 17-7. Figure 
17-7a and b show the simple and very common series input and shunt input 
connections, respectively. Figure 17-7¢ shows a mixing network consisting of 
asingle transistor, and in Fig. 17-7d we indicate a differential input connection. 

Feedback may be classified as either positive or negative. In the former 
case any increase in the output signal results in a feedback signal into the input 
in such a way as to increase further the magnitude of the output signal. When 
the feedback results in a decrease in the magnitude of the output signal, the 
amplifier is said to have negative feedback. 


[Feedback amplifier 
Fig. 17-5 Representation of any single-loop feedback connection around a ba 
amplifier. The transfer gain A may represent A,, Ai, Gn, Or Rn 


current by means of a suitable sampling network and apply this signal to t 
input through a feedback two-port network, as shown in Fig. 17-5. At # 
input the feedback signal is combined with the external (source) signal throu 
a mixer network and is fed into the amplifier proper. 


Feedback Network This block in Fig. 17-5 is usually a passive p 
network which may contain resistors, capacitors, and inductors. Very o 
it is simply a resistive configuration. 


Sampling Network Several sampling blocks are shown in Fig. 17-6. 1 
Fig. 17-6a the output voltage is sampled by connecting the feedback n 
in shunt across the output. In this case it is desirable that the input 
ance of the feedback network be much greater than Fz so as not to lo 
output of the amplifier. Another feedback connection which samples the © 


fe 


— 


(d) 

Fig. 17-7 Feedback connections at the input of a basic amplifier. (a, c, d) Series 
feedback. (b) Shunt feedback. In (c) and (d) the gain for V, may not be the 
Some as the gain for V;. 


(a) 


Fig. 17-6 Feedback connections at the output of a basic amplifier, sampling he 
output (a) voltage and (b) current. 
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Transfer Ratio or Gain The symbol A in Fig. 17-5 represents the ratio. 
the output signal to the input signal of the basic amplifier. For an id 
amplifier the transfer ratio V/V; is the voltage amplification or the voltage g 
A,. Similarly the transfer ratio J/J;is the current amplification or current gaj 
A, for an ideal current amplifier. The ratio 7/V; of the ideal basic amp) 
is the transconductance G,, and V/J; is the transresistance R,. Although 
and R,, are defined as the ratio of two signals, one of these is a current and {J 
other is a voltage waveform. Hence, the symbol Gn or Rm does not represe 
an amplification in the usual sense of the word. Nevertheless it is convenii 
to refer to each of the four quantities A., A; Gn, and R,, as a transfer gain of th 
basic ideal amplifier and to use the symbol A to represent any one of the 
quantities. 
The symbol A, is defined as the ratio of the output signal to the inp 
signal of the amplifier configuration of Fig. 17-5 and is called the transfer ga 
of the feedback amplifier. Hence A, is used to represent any one of the fo 
ratios Vo/Vs, Io/Is, Io/Vs, and V./I,. The relationship between the transf 
gain A, with feedback and the gain A of the ideal amplifier without feedb: 
derived below [Eq. (17-4)]. 


TABLE 17-2 Voltage and current signals in feedback amplifiers 
Type of feedback 


loop, or nodal, equations. That approach, however, does not place in evidence 
the main characteristics of feedback. 

As a first step toward a method of analysis which emphasizes the benefits 
of feedback, consider Fig. 17-8, which represents an ideal feedback amplifier. 
The basic amplifier of Fig. 17-8 may be an ideal voltage, transconductance, 
current, or transresistance amplifier connected in a feedback configuration, 
as indicated in Fig. 17-9. The input signal X,, the output signal X,, the feed- 
back signal X,, and the difference signal X4 each represent either a voltage or a 
current, as indicated in Table 17-2. The symbol indicated by the circle in 
Fig. 17-8 represents a mixing network whose output is the sum of the inputs, 
taking the sign shown at each input into account. Thus 


Advantages of Negative Feedback The usefulness of negative 
lies in the fact that, in general, any of the four basic amplifier types discu 
in Sec. 17-1 may be made to exhibit the properties of any other type byt 
proper application of negative feedback. In addition, any one of the | 
basic amplifier types may be improved by the proper use of negative fi 
For example, the normally high input resistance of a voltage amplifier can 
made higher, and its normally low output resistance can be lowered. A 
the transfer gain A, of the amplifier with feedback can be stabilized agal 
variations of the h parameters of the transistors or the parameters of the 
or tubes used in the amplifier. Another important advantage of the pri 
use of negative feedback is the significant improvement in the frequency respo 
and in the linearity of operation of the feedback amplifier compared with # 
of the amplifier without feedback. , 

It should be pointed out that all the advantages mentioned above | 
obtained at the expense of the gain A, with feedback, which is lowe 
comparison with the transfer gain A of an amplifier without feedback. 
under certain circumstances, discussed later in this chapter, a n 
feedback amplifier may become unstable and break into oscillations. 
precautions must be taken to avoid this undesirable effect. 


be OR oe WD (17-1) 


Since X, represents the difference between the applied signal and that fed back 
to the input, Xq is called the difference or error signal. 

Two major assumptions have been made in the idealized feedback circuit 
of Fig. 17-8. The first assumption is that the basic amplifier is unilateral? 
from input to output (this is not valid if h,. * 0 for a CE transistor amplifier). 

e second assumption is that the passive bilateral feedback network is uni- 
lateral and transmits a signal from the output to the input but not in the 
9pposite direction. The reverse transmission factor @ of the feedback network 


Difference signal 
Xa = Xi f 


X;= BX, 
Feedback signal 


The Transfer Gain with Feedback Any one of the output connec 
Fig. 17-6 may be combined with any of the input connections of Fig. | 
to form the feedback amplifier of Fig. 17-5. The analysis of the f 
amplifier can then be carried out by replacing each active element (t1 
FET, or vacuum tube) by its small-signal model and by writing Ki 


Fig. 17-8 Ideal single-loop feedback amplifier. 
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is defined by otained for the price of gain reduction. We now examine some of the advan- 


X, = BX, (17-4 tages of negative feedback. 
The factor 8 is often a positive or a negative real number, but, in general, 8 ig Stability of Transfer Amplification The variation due to aging, tempera- 
complex function of the signalfrequency. (This symbol should not be confuse ture, replacement, etc., of the circuit components and transistor or tube 
with the symbol 6 used previously for the CE short-circuit current gain.) Th characteristics is reflected in a corresponding lack of stability of the amplifier 
symbol X, is the output voltage, or the output (load) current. transfer gain. The fractional change in amplification with feedback is related 
In Sec. 17-1 we show that for an ideal amplifier the output is proportional to the fractional change without feedback by 
to the input and that this proportionality factor A is independent of the m dA; 1 dA 
nitude of the source and load impedances. Thus A, | > +64 | | (17-5) 
X, = AX; = AXa (174 This equation is obtained by differentiating Eq. (17-4). If the feedback is 
By substituting Eqs. (17-1) and (17-2) into (17-3), btain for 4, thel negative, so that |1 + 8A| > 1, the feedback will have served to improve the 
i ae Set aig Rae LAD oad (152) ani (AEB) 8,9 oh gain stability of the amplifier. For example, for an amplifier with 20 dB of 
) 


negative feedback, |1/(1 + 46)| = 0.1, and a 1 percent change in the gain 

= X_ A rf without feedback is reduced to a 0.1 percent change after feedback is introduced. 
xX, 1+86A4 f In particular, if |8A| > 1, then 

The quantity A in Eqs. (17-3) and (17-4) represents the transfer gain (A,, / sit s tA Apa d 17-6 

Gn, or Rm) of the corresponding amplifier without feedback, used as the 1+pdA”~ pA 8B (7-6) 


amplifier in Fig. 17-8. In the following section many of the desirable f aad the out 3 
9 a ‘ +. aa gain may be made to depend entirely on the feedback network. The 
Cb eerie Cone eb the Sena mas Selene ae worst offenders with respect to stability are usually the vacuum tubes and 


Eq. (174). ; transistors involved. If the feedback net i i 

P 2 y work contains only stable passive 
= PA sie eh oleh! rarer is termed rare or be erteyante: i! elements, the improvement in stability may indeed be pronounced. 
|A|, the feedback is termed positive, or regenerative. From Eq. (17-4) we Feedback is used to improve stability in the following way: Suppose an 
that in the case of negative feedback, the gain of the basic ideal amplifier amplifier of gain Aj is required. We start by building an amplifier of gain 
feedback is divided by the factor |1 + 8A|, which exceeds unity. A, = Ay, in which k is a large number. Feedback is now introduced to 


divide the gain by the factor k. The stability will be improved by the same 
factor k, since both gain and stability are divided by the factor k = |1 + BAgl. 
Tf now the instability of the amplifier of gain A. is not appreciably poorer 
the instability of an amplifier of gain without feedback equal to Ai, 
2 A rocedure will have been useful. It hay am i 
amplifier and feedback network back to the input; the product — A@ is ¢ thet amplifier i ‘say be increased arent, ‘elites Paras yc 
the loop gain, loop transmission feedback factor, or return ratio. Also, the amou of stability. Consider, for example, the case of a one-stage-triode voltage 
of feedback introduced into an amplifier is often expressed in decibels by | Amplifier (Fig. 17-1b). The gain is A, = —gnlo; gm is the tube transconduct- 
definition ance; and R. = R,|lrp. The principal source of instability is in gn. Hence the 


A 


A; 


Loop Gain The signal Xa in Fig. 17-8 is multiplied by A in pass 
through the amplifier, is multiplied by 6 in transmission through the fe 
network, and is multiplied by —1 in the mixing or differencing network. 
a path takes us from the input terminals around the loop consisting 


N = GB of feedback = 20 log ae = 20 tog | ital fractional change in gain is the same for a given fractional change in gm, 
independently of the size of R,, the plate-circuit resistance. However, the 
If negative feedback is under consideration, N will be a negative number. Bain may be increased by increasing R,. Similarly, consider the transistor 


transresistance amplifier (Fig. 17-4b), where the transfer gain is Ry, = —hyMe 

4nd the short-cireuit current gain hy. varies with temperature and device 

17-3 GENERAL CHARACTERISTICS OF NEGATIVE- ' Feplacement. Without worsening the stability, the gain may be increased by 
FEEDBACK AMPLIFIERS¢ "sing a larger value of the collector-cireuit resistance Re. 


Since negative feedback reduces the transfer gain, why is it used? The ansW’ Frequency Distortion It follows from Eq. (17-6) that if the feedback 
to this question is that it is used because many desirable characteristics Rstwork does not contain reactive elements, the overall gain is not a function 
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of frequency. Under these circumstances a substantial reduction in freq) 
and phase distortion is obtained. If, on the other hand, a frequency-seleet 
feedback network is used, so that 8 depends upon frequency, the amplificati 
may depend markedly upon frequency. For example, it is possible to | 
an amplifier with a high-Q bandpass characteristic by using a feedback netwo Reduction of Noise By employing the same reasoning as that in the 
which gives little feedback at the center of the band and a great deal of fe discussion of nonlinear distortion, it can be shown that the noise introduced in 
back on both sides of this frequency. : an amplifier is multiplied by the factor 1/|1 + A@| if feedback is employed. 
If|1 + A| is much larger than unity, this would seem to represent a considerable 
reduction in the output noise. However, as noted above, for a given output 
the amplification of the preamplifier for a specified overall gain must be 
increased by the factor |1 + Ag|. Since the noise generated is independent 
of the signal amplitude, there may be as much noise generated in the preampli- 
fying stage as in the output stage. Furthermore, this additional noise will 
be amplified, as well as the signal, by the feedback amplifier, so that the com- 
plete system may actually be noisier than the original amplifier without 
feedback. If the additional gain required to compensate what is lost because of 
the presence of inverse feedback can be obtained by a readjustment of the 
circuit parameters rather than by the addition of an extra stage, a definite 
output. To find the relationship that exists between Bz; and Bz, it is no reduction will result from the presence of the feedback. In particular, the 
that the output will contain the term —A8Bz,, which arises from the compon hum introduced into the circuit by a poorly filtered power supply may be 
—ABy that is fed back to the input. Thus the output contains two tern decreased appreciably. 
Bz, generated in the transistor or tube, and —A$Bz;, which represents 
effect of the feedback. Hence 


B, — ABBy = By 


applies only in the case of small distortion. The principle of superposition 
has been used in the derivation, and for this reason it is required that the 
device operate approximately linearly. 


Nonlinear Distortion Suppose that a large amplitude signal is applied: 
a stage of an amplifier so that the operation of the device extends slightly bey 
its range of linear operation, and as a consequence the output signal is sli 
distorted. Negative feedback is now introduced, and the input signal 
increased by the same amount by which the gain is reduced, so that the outp 
signal amplitude remains the same. For simplicity, let us consider that 
input signal is sinusoidal and that the distortion consists, simply, of a se +0 
harmonic signal generated within the active device. We assume th 
the second-harmonic component, in the absence of feedback, is equal to 
Because of the effects of feedback, a component Bs actually appears iu t 


— 


Nonideal Amplifiers Most, transistor amplifiers are considered to be 
nonideal current amplifiers; triode-tube amplifiers are thought of as nonideal 
Voltage amplifiers; pentode amplifiers and field-effect transistor (FET) ampli- 
fiers are considered to be nonideal transconductance amplifiers; and finally, 
Some transistor amplifiers are treated as nonideal transresistance amplifiers. 
The characteristics discussed above for the idealized amplifier continue to 
Temain valid, in general, for a physical (real or commercial) device. For 
&ample, in Sec. 17-6 we show that the voltage gain is stabilized for a nonideal 
Amplifier connected into a feedback circuit, where the output voltage is sampled 
and fed back in series with the input. (We refer to such a connection simply 
88 voltage-series feedback.) Similarly, for any of the other connections in Fig. 


17-9, the transfer gain is stabilized, even if the amplifier is constructed with 
Physical devices, 


or 


Ba 
Bu= TTAB 
Since A and @ are generally functions of the frequency, they must be eva 
at the second-harmonic frequency. 

The signal X, to the feedback amplifier may be the actual signal ey 
available, or it may be the output of an amplifier preceding the fe 
stage or stages under consideration. In order to multiply the input 
feedback amplifier by the factor |1 + A8|, it is necessary either to inc! 
nominal gain of the preamplifying stages or to add a new stage. If th 
benefit of the feedback amplifier in reducing nonlinear distortion is #0 
obtained, these preamplifying stages must not introduce additional dist 
because of the increased output demanded of them. Since, however, ap 
ble harmonics are introduced only when the output swing is large, m 
the distortion arises in the last stage. The preamplifying stages are of 8 
importance in considerations of harmonic generation. 

It has been assumed in the derivation of Eq. (17-7) that the small 
of additional distortion that might arise from the second-harmonic comp0 
fed back from the output to the input is negligible. This assumption lea@® 
little error. Further, it must be noted that the result given by Eq- 


VW-4 EFFECT OF NEGATIVE FEEDBACK UPON OUTPUT 


AND INPUT RESISTANCESS 


hh Subsequent sections we examine the effect of negative feedback on the 


_ *racteristics of a nonideal amplifier. We consider in detail the following 
“ur configurations: 


1. Voltage-series feedback (Fig. 17-9a) 
2. Current-series feedback (Fig. 17-9b) 


(c) (a) 


Fig. 17-9 Feedback-amplifier connections. (a) Voltage amplifier with 
series feedback. (b) Transconductance amplifier with current-series 
(c) Current amplifier with current-shunt feedback, (d) Transresistance amp 
with voltage-shunt feedback. 


3. Current-shunt feedback (Fig. 17-9c) 
4. Voltage-shunt feedback (Fig. 17-9d) 


In this section we discuss qualitatively the effect of the meth 
sampling and mixing upon the output resistance R.,; and the input 
Riz with feedback. 


Output Resistance Negative feedback which samples the output voll 
regardless of how this output signal is returned to the input, tends to dee 
the output resistance. For example, if Ry increases so that v. in 
effect of feeding this voltage back to the input in a degenerative n 
(negative feedback) is to cause »v, to increase less than it would if there 
feedback. Hence the output voltage tends to remain constant as Rz ¢ 
which means that R., « Ry. This argument leads to the conclusion th 
type of feedback (sampling the output voltage) reduces the output resis 

By similar reasoning to that given above, negative feedback which 
the output current will tend to hold this current constant. Hence an 0 
current source is created (Roy >> Rx), and we conclude that this type of 8 
connection increases the output resistance. 


Stabilizes. ... 


Fig. 17-10 The mixer circuit connections affect the input resistance. 
(a) Series input and (6) shunt input. 


Input Resistance If the feedback signal is returned to the input in series 
to oppose the applied voltage, regardless of whether it is obtained by sampling 
the output voltage or current, it tends to increase the input resistance. Since 
the feedback voltage vy opposes »,, as indicated in Fig. 17-10a, the current 7, 
is less than it would be if vy were absent. Hence Ry = v,/7, — R, is increased. 

Negative feedback in which the output signal is fed back to the input in 
parallel tends to decrease the input resistance. As indicated in Fig. 17-10b, the 
current 7, drawn from the signal source is increased over what it would be if 
there were no feedback current 7;. Hence Riz is decreased because of this type 
of feedback. 

Table 17-3 summarizes the characteristics of the four types of negative- 
feedback configurations, 


17-5 VOLTAGE-SERIES FEEDBACK!« 
In order to investigate the effect of sampling the output voltage and returning 
4 portion of it to the input in series and opposing the applied signal, let us 


TABLE 17-3 Effect of negative feedback on amplifier characteristics 


Type of feedback 


17-9d 

Decreases 

Decreases 

Transresistance 
amplifier 

Ros 

Increases 

Decreases 


Transconductance 
amplifier 

Gms 

Increases 

Decreases 


andwidth... A 
nlinear distortion......... 


Decreases 
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consider Fig. 17-11. We assume that the feedback network presents no load 
on the output of the basic amplifier, which is here considered as a no: 
voltage amplifier. We also assume that there is no forward transn 
through the 6 feedback network, and we investigate the error made because, 
this assumption. 


For negative feedback, |1 + A,.6| > 1, and hence Ry, < R,, in agreement with 
Table 17-3. Note that the output impedance with feedback depends some- 
what on the source resistance 2, because A,, depends upon Ry. 

If Rr is considered part of the amplifier instead of an external load, the 
above equations temain valid, except that A,, is replaced by Ay,, the voltage 
amplification without feedback, taking both R, and R; into account, and R, is 
now replaced by the parallel combination of R, and Ry. If 6 is a complex 
function of frequency, then R,, is also a complex function of frequency, and is 
called the output impedance with feedback Z,;. 

(V.-— Vy) (174 If |Av8| >> 1, then A,r ~ 1/8, and hence the voltage gain is stabilized, 
in agreement with Table 17-3. 


Voltage Gain and Output Resistance From Fig. 17-11 we have 
Vo = AW; — IR, (174 


Substituting from Eq. (17-9) into Eq. (17-8) and remembering that V; = 6 


we have Input Resistance The input resistance without feedback R; is defined by 


— Aki ‘t: zs R; = V;/I,, where I; is the input current. The input resist: i 
Vo Rk (Vz — BVo) — InRo is defined by 3 input resistance with feedback 
Y= AsVa __ I Ro _ 
eee 1. 1 tA Ry =o Re (17-14) 
where , 
any A,R; Referring to Fig. 17-11, we have 
R+R “ V.= IR. + Ri) + Vy (17-15) 
is the open-circuit voltage amplification, taking the source impedance AR 
account. Note that if, =0,A.= A,. Taking R, into account, the o V;=pV.=8 pas = BAyRiI; (17-16) 
all voltage gain with feedback is + Ro 
- where 
Ay = Avy = “ 17- 2 ae 
ma AaB ( Ay = Eek (17-17) 


Equation (17-12) is an extension of Eq. (17-4) since we now take the 
resistance into account. Also, the output impedance with feedback is 


noel 
For = TE AGB 


is the voltage gain, taking the load into account, but with R, = 0. From 
Eqs. (17-14) to (17-16), 


} 4 
Ry = RB: + - = R,(1 + BAy) (17-18) 


“ | + BAy| > 1, Ry > Ri, which agrees with Table 17-3. Note that the 
put impedance with feedback depends somewhat upon the load resistance 
‘ause Ay is a function of Ry. 


Notation The symbols used in this section for the voll i 
, 0 tage gain of an 
Amplifier without feedback are defined as follows: 


A, = open-circuit gain (Rr = ©), with R, = 0 

Av. = open-circuit gain (Rr = ©), taking the source resistance into 
account (R, # 0) 

Ay = gain taking load resistance into account (R, # ~), with R, = 0 

Ay. = gain taking both load and source resistance into account 


Fig. 17-11 Voltage-series feedback. (Rr # © and R, ¥ 0) 
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added to each symbol. For example, 
Avy = gain with feedback taking both load and source resista 
account 

If frequency response is under consideration, the subscripts 0, 1, and 
added to each symbol to represent midband, low-frequency, and high-fre 
regions, respectively. For example, 


Ay: = high-frequency gain (without feedback) taking load 


into account, with R, = 0 (6) 


We now show two practical circuits employing voltage-series feedbad Fig. 17-13 (a) Circuit of Fig. 17-12 redrawn as a voltage-series feedback ampli- 


fier. (b) Equivalent circuit with respect to output terminals between cathode 


EXAMPLE Find A,, and R,, for the feedback circuit of Fig. 17-12. and ground. 


Solution Suppose that in the circuit of Fig. 17-12 we define the output termi 
to be K and N, so that V. = Vin, and the input terminals to be G and K 
that V; = V4. The external signal generator is connected to @ and N, so 
V, = Von. The circuit may now be redrawn as in Fig. 17-13a, which corresp 
to Fig. 17-11, with R, = 0. Independently of whether the resistor R; is consid 
a part of the amplifier or an external load, we have a case of voltage feedbs 

which 8 = +1, since Vy; = V,. Let us consider that R, is an external 
and nota part of the amplifier. Then V, = uV;. Since R, = 0, A, = Ay, an 
have 


and 


tr +R 
R, = eRe 
ares! 


The equivalent circuit is as indicated in Fig. 17-13 and is the circuit “looking 
into the cathode” discussed in Sec. 8-8. 


NE 


_. We have seen above that voltage-series feedback greatly improves a non- 
Piel pata) Se 44 dordsy eal voltage amplifier. These results are of particular importance with a 
transistor amplifier because transistor amplifiers have fairly low input resist- 


i ok 
And:1 + 6A,'='1 fj. (‘Tho impedance’ without. feedback nesa 10okiae and large output resistance (they are nonideal current amplifiers) 


left between terminals K and N isr, + Ry. The voltage gain and output 
ance with feedback are found from Eqs. (17-12) and (17-13) to be 


ye ee 


Bt+1 


EXAMPLE Find (a) the voltage gain with feedback Ay,y, taking load and source 
resistances into account, (b) Ri, and (c) Roy for the feedback circuit of Fig. 17-14a, 


Solution a. If we use the simplified CE hybrid model to represent the transistor, 
we can draw the approximate small-signal equivalent circuit shown in Fig. 17-140. 
The voltage gain Ay, without feedback is obtained by connecting the grounded 
Side of V, to Z. With this connection, 


Vi= (Rit hells Vo = hy Rel: 


and 


Fig. 17-12 Amplifier with plate and cath 
ode resistors, 


Vo _ _hpRe 


= 
V. Rithe 


Ay (17-19) 
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where we have used Eq. (17-19) and the fact that 6 = 1. Finally, 


Ry = Bet hae 
Me 


(17-20) 


The foregoing expressions for Ay.y, Ry, and Rey are based on the assumption of 
zero forward transmission through the feedback network. Since there is such 
forward transmission, these expressions are only approximately true. In this 
example we have in effect neglected the base current which flows in R, compared 
with the collector current. The more exact answers are obtained in Sec. 12-5, 
and they differ from those given above only in that hy, must be replaced by hy. + 1. 


Le 
Effect of Feedback on Amplifler Bandwidth*® From Eq. (17-12), with 
R, = 0 and taking Rz into account, we see that if \BAy| > 1, then 
1 
8B 
In this circuit we have a case of voltage-series feedback in which 8 = 8 and from this result we concluded that the voltage gain may be made to 


V,=V.. Using Eq. (17-12), we obtain depend entirely on the feedback network. However, it is now important to 
¢ consider the fact that even if @ is constant, the voltage gain Ay is not, since it 


— VAIN 


Fig. 17-14 (a) Emitter-follower amplifier circuit. (b) Approximate small 


equivalent circuit. 3 Ayy = x = (17-21) 


ahaa hak, depends on frequency. This means that at certain high or low frequencies 

ee Av _ Bathe _ mewepenrs 4 84y| will not be much larger than unity, and hence Eq. (17-21) will not be 
1+ ApB 1+ hyRe Rat hie t+ hyelee valid. In order to study the effect of voltage-series feedback on the band- 

Ra + hee width of the amplifier, we refer to the circuit of Fig. 17-15. It should be 


pointed out that this particular circuit suffers from the disadvantage that the 
input-signal voltage V, must be isolated from ground. Since usually one ter- 
minal of a signal source is grounded, the circuit is of little practical importance. 
Figure 17-15 may be modified to include a transformer to couple either the 
signal or the feedback voltage into the input circuit. With such a connection 
the limited frequency response of the transformer must be taken into account. 

A fraction 6 (real and positive) of the output voltage from the single- 


b. From Eq. (17-19), with R, = 0, we have Ay = hyeRe/hie and 
Re 
Riz = Ril + BAy) = hie (: + hye B) = hut hy Re 


4 r a Bo Lf a 
c. The output impedance without feedback is Ro v/I, 
to the open-circuit output voltage and the short-cireuit output cu 
amplifier without feedback, that is, with the grounded side of V, in Fig. 
connected to Z. Since 


7 ou withfateels 
v= tim Ve = asa 
and 
hyeVe 
ta —t Fig. 17.15 Voltage-series _ 


Reb hie : 
then R, = V/I = lim R,.. Hence, the output resistance without feed! 
Reve 


infinite. This result should be evident since our model of the transistor ‘ - 
a current source. From Eq. (17-13) the output resistance with feedback is 


r ‘edback applied toa 
Ngle-stage RC-coupled 
Mplifier, 


lim R, 
R ee ee, un 


Be Tp Ae TFB fim Ave Reve yy hyRe 


~~) == 


ss = 2 os <6 SSS he > oy r- 
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stage RC-coupled amplifier is fed back to the input circuit, as indicated | 
Fig. 17-15. (We assume that C; is arbitrarily large, so that the self-biasi 
arrangement in the cathode circuit introduces no frequency distortion.) 

The high-frequency voltage gain Ay» without feedback is given by 


16-5): 
(16-5) re 


An” THI) 
where Ay, (real and negative) is the midband gain without feedback. 
gain with feedback is given by Eq. (17-12): 


Avy T4 pda 14 BAre 
T+ I0/f) Fig. 17-16 
A g. 17-16 Voltage gain is decreased and bandwidth is increased for an amplifier 
= Tp paves se CHAD) using voltage-series negative feedback, 
By dividing numerator and denominator by 1 + 8Ay., this equation m by referring to Fig. 17-15. Let us assume that the mi i 
: » H midband voltage 
i a Av. = —1,000, 8 = —0.1, and V, = 0.1 V. Under these pe rh aia 
epee. 2 AD Sete eihiys 02-5589, 000 
Avy T¥i0/t ; tT Tags ~ Tao —9.90 
where ys Vo = AyosV, = (—9.90)(0.1) = —0.99 V 
Aves = TRA, md fr = fol + BAve) a V; = BV. = (—0.1)(—0.99) = 0.099 V 
, Vi=V.—V, = 0.1 — 0,099 = 
We see that the midband amplification with feedback Ay; equals the midb Note that act fs " — a i. 
amplification without feedback Ay, divided by 1+ BAve. Also, the coe hai ‘ opty entire applied signal is canceled (bucked out) by the feed- 
3-dB frequency with feedback fa; equals the corresponding 3-dB frequene mn hae » leaving a very small voltage V; at the input terminals of the 
out feedback fs multiplied by the same factor 1 + 6Ayo. The gain-frequ Seema L 
product has not been changed by feedback because, from Eqs. (17-22), amplify Coaume that at some higher frequency the amplifier gain of the 
; a Plifier (without feedback) has fallen to half its previous value, so that 
Avorfay = Avefe f v2 = —500. Then, if V, remains at 0.1 V, 
‘ . A A —500 
By starting with Eq. (16-2) for the low-frequency gain of a &i Avy = ey per os a el 
RC-coupled stage and proceeding as above, we can show that the lo 1+ AvB 1+ 50 “9 
frequency with feedback fy is decreased by the same factor as is the g Vo = AvyV, = (—9.80)(0.1) = —0.98 V 
a ( V, = (—0.1)(—0.98) = 0.098 V 
1+ AvoB 4 V; = 0.1 — 0.098 = 0.002 V 
For an audio or video amplifier, fe >>, and hence the band vi Note that although the base amplifier gain has been halved, the amplification 


* 
ith feedback has changed by only 1 percent. In the second case V; has 


fe—f. =f. Under these circumstances, Eq. (17-23) may be inte 
ubled to compensate for the drop in Ay. There exists a self-regulating 


mean that the gain-bandwidth product is the same with or without fe a 
Figure 17-16 is a plot of Ay and Ay, versus frequency. E tion so that, if the open-loop voltage gain falls fi . 

Equations (17-22) and (17-24) show how the upper and lower $07 the feedback voltage also falls. Theatr less pre tes sopopee 
quencies are affected by this type of negative feedback. We maj Out, Permitting more voltage to be applied to the amplifier input, and V. 
physical feeling of the mechanism by which feedback extends band ‘ains almost constant. eee 
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17-6 A VOLTAGE-SERIES FEEDBACK PAIR EXAMPLE Calculate Avy, Ros, and Rj, for the amplifier of Fig. 17-18. Aaane 
Figure 17-17 shows two cascaded stages whose voltage gains are Ay: and A Ru = 0, hye = 50, hig = 1-1 K, hire = hoe = 0, and identical transistors. 
respectively. The output of the second stage is fed back through the feed Solution The effective load Ry; of transistor Q1 is 

network RR. in opposition to the input signal V,. Clearly, then, this is Ry = 10//47|[33/|1.1 K = 9429 


case of voltage-series negative feedback. According to Table 17-3, we . 
Since the voltage across Ry is negligible compared with that across Rz, the 


expect the input resistance R; to increase, the output resistance to decrease, 7 4 
and the voltage gain to be stabilized. ; effective load Ris of transistor Q2 is 
An approximate analysis can be made if we assume that the open-loop Rig = 4.7//4.7 = 2.35 K 
voltage gain is very large and that J’<J. Under these conditions we have The vol! . oe A= 
oe Eq. oan gain Ay; of QI is independent of the emitter impedance and is, from 
V;=0 fora finite V. 
and Wn = 1, rhRin = 00X00 
Ve Vi hie 1i ; 
V. = V;, = IR; = 2 p> : 
Rit Re ; The voltage gain Avs of Q2 is, from Eq. (12-28), 
Hence the overall gain with feedback i ' Vv. 
sree ee 5 Ave = — hig Bit = 59 x 288 07 
byw Yen BEB) onl ae” 1 
Lae Ra B a Hence the voltage gain Ay of the two stages in cascade is 
Equation (17-25) indicates that under the above conditions the voltage gai Fee it - 
is independent of all parameters except R: and R». Hence, if these resistani Te, DAradrs = ABS X107:-— 4,580 


are stable, the amplification of the circuit is stabilized. If again we assume J’ «I, the feedback factor @ is given b 
y 


Ry 100 1 4,580 


Second-collector to First-emitter Feedback Pair The circuit of Fig. 17- = = af 
i ‘ pete = OR +h, 4e00 ag ML Av = = 05.4 


shows a two-stage amplifier which makes use of voltage-series feedback t 
connecting the second collector to the first emitter through the voltage div 
RiR2. Capacitors Ci, C2, Cs, and Cs are de blocking capacitors, and cap 
C3 and C, are bypass capacitors for the emitter bias resistors. All 
capacitances represent negligible reactances at the frequencies of op 
of this circuit. For this amplifier the voltage gain Ay; is given approxin 
by Eq. (17-25), and is thus stabilized against temperature changes and t 
sistor replacement. A more accurate determination of Ay, as well as@ c 
culation of input and output resistance, is given in the following illust 

problem. 


Fig. 17-17 Voltag 
series feedback paif= 


Fis. 17-18 Se 
. 17- cond-collector to first-emitter feedback pair. (Nati 
Standards, Preferred Circuit 201.) ee 
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Using Eq. (17-12), we obtain 


4 580i als 47 iy 
1+ 954 


This value is to be compared with the approximate solution (based upon Ay > 


i by Eq. (17-25), namely, Avy = 1/8 = 48. 
everthe cat resistance without feedback is R, ~ 4.7||4.7 = 2.35 K. Hi 


from Eq. (17-13), 


2.35 F 
* K=249 
Ru = Ty O54 


The input resistance without feedback is 
Ri = he = 11K 

Hence, from Eq. (17-18), 
Ry = (1.1)(1 + 95.4) = 106 K 


Avy = 


Fig. 17-19 Amplifier with current-series negative feedback. 


ever, in the case of a vacuum-tube (or FET) single-stage amplifier which 


iasi i t the base of Q1 into account, the input imp draws no grid (gate) current, a = Oand V; = —I,R. In the case of a com- 
If bi oe mn ous neibaase . mon-emitter single-stage amplifier, J; and J, represent base and collector 
bet eta Had currents, respectively. Hence we assume that I; J», so that V, = —I.R. 
Riy = 106||150||47 = 26.8 K Under these circumstances, the forward transmission through the # network 
We now justify the assumption that I’ <I. We have already emphasised is negligible, and Fig. 17-19 approximates a current-series feedback configura- 
e 3 A 0 i i =— 
that V,; = V,, and hence the voltage across R, is approximately equal to Vs, tion, with 8 R. 


From Eq. (17-6) the transfer gain (the transconductance) with feedback is 


hlaMs Vo — Ve _ AvsVe — Vv. ’ 1 
bh aS and [= Re at Wee Ay Quy m5 
Dividing these two equations gives i In this approximate analysis let us assume that the base amplifier of Fig. 17-19 
< R an rh isideal. Then, since Gny = I,/V, and 8 = —-R, 
NG dt Soret etT 
T  RyXAvy— 1) (0.1)(48.6) eae ie (17-26) 


’ is only 1 percent of I. 
Benoa lie caked tes Note that the transconductance with feedback has been stabilized. 'he load 
Current is directly proportional to the signal voltage, and this current depends only 
“pon R, and not upon any other circuit or device parameters. 
17-7 CURRENT-SERIES FEEDBACK’ 


In order to investigate the effect of sampling the output current q, "7 4 
returning to the input a voltage proportional to J. in series cept be 
applied signal V,, let us consider Fig. 17-19. The basic amplifier has 7 


Voltage Gain and Output Resistance We shall now analyze the circuit 
of Fig. 17-19 more accurately by not neglecting 7; compared with I. Applying 
L to the output loop yields 


nonzero input and output resistances R; and R, and a finite open ‘ 4 Vo = AV; — (Ro +R) + 1R (17-27) 
voltage gain A,. The signal-source output gee a R,. The a since V; = LR, 

i ing i devel volta; ‘op across a Sm 
pater en or patterns eee = Vo = (AoRi + RY; — Iy(R. + R) (17-28) 
re: . 


From Fig. 17-19 we see that V; = (—I, + J,)R, and hence the volt 


; cls Applying KVL to the input loop gives 
V, does not depend on J, alone as required by current-series feedback. 


V. + IR = 1(R, + BR; + R) (17-29) 
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Substituting for J; from Eq. (17-29) into Eq. (17-28) yields 
Vo = AnVs — InRey (17-80) 


where the open-circuit voltage gain, taking the source resistance into account, 
is 


A, a Asbe+ B 
eS RtRTR 


and the output resistance with feedback is 
Roy = Ro + R(L — Aw) (17-32) 


The load current may be obtained from Hq. (17-30). Substituting 
V. = I,Rz and using Eq. (17-32), we obtain 


a 
rete AuVs (17-33) 
1” Ri +R + RO — An) 
If 
|AuR| >> Ri + Ro +R 


then I, ~ —V./R, in agreement with Eq. (17-26). Note that conditi or 
(17-34) must be satisfied in order that the transconductance of the be 
stabilized so that the load current depends only upon R and no other param 

ters of the amplifier. The voltage gain Ay,, is given by 


Ve _ IR _ Be 


Brn Ye Nel 1 ole 


(17-81) 


(17-35) 
and hence Ay,, is stable provided that R and Rz are stable resistances. 


Input Resistance The input resistance with feedback Ris as defined 
Eq. (17-14) is obtained from Eq. (17-29): 


Ry =! — Ry = B+ RO Ad (17-36 


where the current gain A; is defined by 
Ar=> (17-37 


i Resistance 7 

Vacuum-tube Amplifier with Unbypassed Cathode nce am 
results obtained above are applied to the amplifier of Fig. 17-20, which } ; 

sents either a vacuum-tube or a FET stage. This circuit has the configu! 
tion of the current-series feedback amplifier of Fig. 17-19, with . 


R= 0 R=R Ro = ty a 
Hence, from Eqs. (17-31) and (17-32), 
Ros = Tp + (u + Re ea 


A.=—# 


Au = —# 


pod > * . 
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? Ver 


Fig. 17-20 (a) Amplifier with plate and cathode resistors as an 
example of current-series feedback. (b) The equivalent circuit from 
plate to ground. 


The equivalent circuit with respect to the output terminals is given by Fig. 
17-206 since KVL applied to this circuit satisfies Eq. (17-30). This important 
result is obtained in Sec. 8-8. 


From Eq. (17-36), the input resistance with feedback is infinitely large. 


Transistor Stage with Unbypassed Emitter Resistance We examine 
next the amplifier of Fig. 17-21a, with the collector resistor Ry, and the emitter 
resistor R.. If we assume hy. = 0, Fig. 17-21b represents the small-signal 
model of the transistor between base, emitter, and collector. In Fig. 17-21 
we replace Norton’s form of the output circuit by its Thévenin’s equivalent. 


loop % 


(c) 
Fig. 17-21 (a) Amplifier with unbypassed emitter resistance as an example of 


SUrrent-series feedback, 


i, (b) The h-parameter model of the transistor, neglecting 


(c) The Thévenin's equivalent between C and £ in (b). 


Sec. 17-8 FEEDBACK AMPLIFIERS AND OSCILLATORS / 509 


508 / ELECTRONIC DEVICES AND CIRCUITS See, 1. 


This amplifier has the configuration of the current-series feedback amplifier 9 Mec 


of Fig. 17-19, with 
= = =a = 
Ri=he R=R A= igh R. a 


If we assume that the load resistance is small enough so that the c 
gain A; may be replaced by the short-circuit current amplification —hye, 
Eq. (17-36) for the input impedance with feedback becomes 

Riz = hia + (1 + hy) Re (17-41) 
This expression is identical with Eq. (12-39), derived in Sec. 12-7. 
From Eq (17-31) we obtain 
oem ahye t+ hole 
thee Be thin + Re 
Substituting this expression for A., into Eq. (17-33), we obtain for the load 
current 


(17. ) Fig. 17-22 Second-emitter to first-base feedback pair. (The input 
blocking capacitor and the biasing resistors are not indicated.) 


(—hye + hock.) Ve (17-48) We now show that if R’ > R,, the configuration of Fig. 17-22 approximates 
1+h.(k. +R , + hi + Re) — Rhye + 2 a current-shunt feedback pair. Since V.2 >> Vis, then 
If we assume as in Sec. 12-7 that h..(R. + Rr) <1, then i= Favs 2 ue (17-46) 
—hyVe A) 
Io RR, + RAL ER) (a7 If we neglect the base current of Q2 compared with the collector current and 


if R’ > R,, then Vez ~ —J.R., and from Eq. (17-46), 


1p = Bee = Ble (17-47) 


which is consistent with the equivalent circuit of Fig. 12-11b. Finally, 
hye >> R. + hie + Re, then I, ~ V./R., and the voltage gain under load 


TR, _ Re (17-45) 
. 


where 8 = R,/R’. Since the feedback current is proportional to the output 
current, this circuit is an example of a current-shunt feedback amplifier. 
From Table 17-3 we expect the transfer (current) gain Ai to be stabilized. 
From Eqs. (17-6) and (17-47), and assuming J, ~ I,, 


in agreement with Eqs. (17-35) and (12-41). 1 
The expression for the output impedance with feedback obtained from 
Eqs. (17-32), (17-31), and (17-40) is identical with that given in Eq. (12-5 
ith hy, = 0. 
* 4u= 757k (17-48) 
and hence we have verified that A, is stable provided that R’ and R, are stable 
resistances. 
_ From Table 17-3 we expect the input resistance to be low and the output 
Tesistance to be high. If we assume that R,; = 0, then V, = J,R, and the 
Voltage gain with feedback is 


17-8 | CURRENT-SHUNT FEEDBACK 


Figure 17-22 shows two transistors in cascade with feedback from the see 
emitter to the first base through the resistor R’. We now verify that 
connection produces negative feedback. The voltage Vi. is much larger t# 
Vi because of the voltage gain of Q1. Also, Viz is 180° out of phase Ww? 
Va. Because of emitter-follower action, V2 is only slightly smaller than V 
and these voltages are in phase. Hence V.2 is larger in magnitude than | 
and is 180° out of phase with Va. If the input signal increases so that 
increases, I, also increases, and J; = I, — I, is smaller than it would bs 
there were no feedback. This action is characteristic of negative feedback. 


V. T.Rea _ R' Ra 
Aap meee BOE op nel ee A! 
i rere is — 
Note that if R., R', Rez, and R, are stable elements, then Ays; is stable (inde- 


Pendent of the transistor parameters, the temperature, or supply-voltage 
Variations). 
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Detailed Analysis The feedback amplifier of Fig. 17-22 may be analy; 
by examining the effect of resistor R’ on the operation of the circuit, 
Miller’s theorem discussed in Sec. 12-9, From Eqs. (12-62) and (12-63), 
note that it is possible to replace 2’ with two equivalent resistors, 


R' 

pas ‘ 

and 4 
Mas Or 

Lait Sa ret r 


connected as shown in Fig. 17-23 without disturbing the currents and voltages 
in the circuit. In the expressions for R: and Ro, Ay = Va/Va = volt 
gain from first base to second emitter (called K in Sec. 12-9). 

In most practical cases —Ay > 1, so that R. ~ R’. The analysis of t] 
feedback amplifier of Fig. 17-22 may now proceed, using the results given in 
Table 12-2 applied to the circuit of Fig. 17-23. 


EXAMPLE The circuit of Fig. 17-22 has the following parameters: R., = 3 
R.2 = 5000, Ree = 500, R’ = R, = 1.2 K, hye = 50, hig = 1.1 K, and 1/hoe = 40 
Find (a) 4) = V.2/Vis, (b) Ris, and also the resistance seen by the source, and 
Ay, To provide the desired bias a 15-K resistance is connected from Vee to t 
first base. Why does this resistor R; not affect the values calculated in (a) 


or (c)? ; 


Solution a. Let us assume that —A}>1 and then justify this assumptic 
later. Note that the effective emitter resistance Rj of Q2 in Fig. 17-23 is _ 


Ri, = Ral|R’ = 50/|1,200 ~ 502 


iy 
Fig. 17-23 Miller's theorem applied to the feedback pair of Fig. “a 
17-22. al 


Sec. 17-8 FEEDBACK AMPLIFIERS AND OSCILLATORS / 511 


From Table 12-2 the input resistance of Q2 is 
Ria = Iie + (1 + hy) RL = 1,100 + (51)(50) = 3,650 2 = 3.65 K 
The voltage gain from base to emitter of Q2 is 


hie 11 
Ay =1—-—* =1-—— =0.70 
whe Ris 3.65 


The effective load Rj, of Q1 is 
Ri = Rel|Ree = 3/[3.65 = 1.65 K 
The voltage gain from base to collector of Q1 is 


hy Ry, _ 50 X 1.65 
Ie 11 


Hence the voltage gain A} from the base of Q1 to the emitter of Q2 is 
AY = AviAy, = —75.0 X 0.70 = —52.5 


which justifies our assumption that —Ay >1. Note that the calculation of 
AY is independent of Rs. 


b. From Fig. 17-23, 

__R __ 1,200 
1-Ay 146525 

Ri = Ry||Rir = Rillhie = 22.4([1,100 = 22.0 2 


Note that the input impedance is quite small, as predicted. The resistance seen 
by the signal source is R, + Riz = 1.22 K. Since Rs = 15 K is in parallel with 
Riz = 22.0 Q, Rs has almost no effect on Riy. 


c. The voltage gain Ay2 of Q2 from base to collector is, from Table 12-2, 


= —75.0 


= 2242 


1 


The voltage gain Ay from the first base to the second collector is 


Ay = AviAvs = (—75.0)(—6.85) = 514-= a 
i 


The overall voltage gain with feedback Ay,, is given by 


Vern Votes Ry _ (514)(22.0) _ 
1,220 


The approximate expression of Eq. (17-49) yields - 


Ary = E Be (2) (2) = 100 


9.3 


RR, 50 1,200, 


which is in error by 7 percent. 
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17-9 VOLTAGE-SHUNT FEEDBACK! 


Figure 17-24 shows a common-emitter stage with a resistor R’ connected froy 
the output to the input. This configuration is discussed in Sec, 10-3 as 
method of stabilizing the operating point of a transistor. We first ob’ uit 
an approximate expression for the voltage gain with feedback. ‘ 

In the circuit of Fig. 17-24a the output voltage V, is much greater tha) 
180° out of phase with the input voltage V;. Hence 


1 = Te — Tem av, (17-5 


the voltage gain with feedback is 


Ve Me 
Vath, 1B Sie, 


where use is made of Eq. (17-51). Note that if R, and R, are stable elements, 
then Ay,, is stable (independent of the transistor parameters, the temperature, 
or supply-voltage variations). 


Detailed Analysis The feedback amplifier of Fig. 17-24a may be ana- 
lyzed in a manner similar to that used in the previous section. As shown in Fig. 
17-246, the effect of resistor R’ is studied (using Miller’s thereom of Sec. 12-9) 
by replacing R’ with resistors Ri = R’/(1 — Ay) and R, = R’/(1 — 1/Ay), 
where Ay = V./V;is the voltage gain without feedback (but taking the loading 
of R’ into account). 


where 6 = —1/R’. Since the feedback current is proportional to the outp 
voltage, this circuit is an example of a voltage-shunt feedback amplifier. ) 
Table 17-3 we expect the transfer gain (the transresistance) Rm, to be stabilize 
From Eqs. (17-6) and (17-50), and assuming I, ~ I,, 


EXAMPLE For the circuit of Fig. 17-24a find (a) Ay, (b) Riy, and also the resist- 
ance seen by V,, and (c) Ay. Assume that R, = 4 K, R’ = 40 K, R, = 10K, 
and the transistor h parameters are those given in Table 11-2 (hy = 1.1 K, 
hye = 50, and 1/ho. = 40 K). 


Note that the transresistance equals the feedback resistance from output 
input of the transistor and is stable if R’ is a stable resistance. 

From Table 17-3 we expect both the input and output resistance to 
low because of the voltage-shunt feedback. If we assume that Ri = 0, th 


Solution a. Let us assume that |Ay| > 1, so that Ry = R’ = 40 K. From Fig. 
17-24) we see that the equivalent collector resistance Rj, consists of R’ and R, 
in parallel or Ri, = 40|4 = 3.64 K. With Rj, as the equivalent load, it is clear 
that the approximate equivalent circuit discussed in Sec. 12-4 is valid, and there- 
fore we obtain, by inspection of Fig. 17-248, 


Ay = - f= - hy = 50 


feet ree 
I; 


and 


ayes Tans, ATR), al 3.64 


—50 x 3:4 = _ 166 
Turi AAR OEL 


Hence our assumption that |Ay| > 1 is justified. 
6. We have from Fig. 17-246 that 


R 40 
= —— = — = 0A K 
lind reek etic 
and 
Ruy = hud, = 2-DO249 _ 9.00 K = 2008 
Fig. 17-24 (a) Voltage-shunt negative feedback. (The supply voltage is not 1.34 


indicated). (b) Effect of R’ on the input and output of the amplifier is found 


Note that the input impedance is quite small, as predicted. The resistance as 
using Miller’s theorem, 


seen by the signal source V, is R, + Riy = 10.2 K. 
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c. The overall voltage gain is given by Eq. (11-36), or 
Ry 0.20 


Pye = —166 X —— = —3.26 
AOS AY aay 98 x 50.00 
The approximate expression of Eq. (17-52) yields 
R 40 
fee ee a ee esl oe 
aT Ginen 10 


(a) (0) 


Fig. 17-26 (a) Schematic diagram and (b) equivalent circuit of an operational 


17-24b cannot be used to compute Fay as equal to Ra||(1/hoe), since Roy is Eipitheh TNS obereireull Volfage gata ts nebalive: 


pendent of R., but R2 = R’/(1—1/Ay), and hence depends on R,. The cit 

of Fig. 17-246 is valid only for signal transmission from left to right. T 
circuit could still be used to find R., as the ratio of the open-circuit volt 
to the short-circuit current across the output terminals. It is more convenie 
however, to find R., by setting V, = 0 and driving the amplifier from the ou 
with a source V, as shown in Fig. 17-25, where we assume that h,, =0. W 
for the output conductance Y., = 1/R,, (Prob. 17-20) 


17-26. The amplifier differs from the amplifier treated in the previous 
section only in the fact that it makes use of a very high gain direct-coupled 
base amplifier between terminals 1, 2, 3, and 4. Almost always the base 
amplifier consists of several common-cathode, common-emitter, or common- 
source stages in cascade. The input terminal is the grid, the base, or the gate. 
' I 7 1 ( yas R, ) rr s Sail ae taken des dey me neti 2 a ees this 
of = TF = Noe BR’ + Rilhn ie BS ~* ype of feedback is sometimes c: collector-to-base, grid-to-plate, or drain- 
Ki fei File Rat he to-gate feedback. Because of their small size, low-power consumption, and 
long life, transistors and/or FETs are almost exclusively used in operational 
amplifiers.6 The feedback connection between amplifier output and input is 
4n impedance Z’, and the source is connected to the amplifier through an 
impedance Z. 


Since the output conductance is increased above the value h,. without fee 
the output resistance is decreased below 1/h.. = 40 K. Using the p 
values in the above example, we find Roy = 870 2. 


Differential Operational Amplifier The circuit shown in Fig. 17-27 
and b represents an operational amplifier with differential input and differential 
Output. The configuration most commonly used for this amplifier is a cascade 
of two differential amplifier circuits such as that described in Sec. 12-12. 
This arrangement fulfills the requirement for a high-gain direct-coupled base 
amplifier, and is readily adapted to integrated-circuit construction techniques. 

In this chapter we analyze the single-input type of operational amplifier, 
4nd we examine in Probs. 17-28 and 17-29 the differential operational amplifier. 


17-10 THE OPERATIONAL AMPLIFIER 


An operational amplifier is a special type of voltage-shunt feedback ampli 
of great importance, particularly in electronic analog computers. It 
made to perform many mathematical functions, such as sign changing, § 
changing, phase shifting, addition, integration, and differentiation. 

The schematic diagram of the inverting-type (A, negative) ope 
amplifier is shown in Fig. 17-26a, and the equivalent circuit is given in # 


Ideal Operational Amplifier An equivalent circuit of the operational 
‘mplifier obtained by using Miller's theorem (Sec. 12-9) is shown in Fig. 17-28. 


Fig. 17-25 Equivalent An ideal model of the operational amplifier consists of a base amplifier with 
circuit for the calcula! Infinite voltage gain, 180° phase shift between input and output, infinite band- 


of the output resistance Width, and zero offset voltage (the output voltage is zero when the input voltage 
R,, of the voltages! 3 zero) The input impedance for such an amplifier is Z’/(1 — Ay) = 0. 
amplifier.of Figala A Toceeding as in the foregoing section, we obtain for the transresistance (now 
More properly called the transimpedance) Ry = —Z’, and for the voltage gain 


= ee ee ee = elem 


_ 
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f+ 


‘oa 


38 
() 


Fig. 17-27 (a) Schematic diagram and (b) equivalent circuit of a differential 
operational amplifier. Note that A, is negative. 


with feedback 
Ay = ¥ ais oy 


corresponding to Eq. (17-52). Since the overall voltage gain is in 
the amplifier and depends only upon the two impedances Z and Z’, it is 
that the gain has been stabilized. 

The operation of the circuit may now be described in the following te 
At the input to the amplifier proper there exists a virtual short cireuit | 
virtual ground. The term “virtual” is used to imply that, although 
feedback from output to input through Z’ serves to keep the voltage V 
zero, no current actually flows through this short. The situation is d 
in Fig. 17-29, where the virtual ground is represented by the heavy d 
headed arrow. The current furnished by the generator V, continues pi 


Note 


Fig. 17-28 An equivalent circuit of the operational amplifier. 
that Ay = V./Vi. 


gec. 17-11 


fig. 17-29 Virtual ground in the opera- 
tional amplifier, 


this virtual short through the impedance Z’. 


Hence I = V,/Z, and 


->=- (17-55) 
in agreement with Eq. (17-54). Of course, Fig. 17-29 does not represent a 
physical circuit, but it is a convenient mnemonic aid from which to calculate 
the output voltage for a given input signal. 


Practical Operational Amplifier Equation (17-54) is valid only if 
Ay = V./V; is infinite. It is sometimes important to consider the effect of a 
finite voltage gain. If Ay, is calculated from Fig. 17-28, we obtain the follow- 
ing exact expression: 
-Y 
Y= (1/Av)(Y" + ¥ + Yi) 


where the Y’s are the admittances corresponding to the Z’s (for example, 
Y'=1/2Z'). Note that, as Ay > ~, 


¥ Z' 


bd Z 


ones (17-56) 


Av; = 


‘in agreement with Eq. (17-55). 


7-1) BASIC USES OF OPERATIONAL AMPLIFIERS® 


4 operational amplifier may be used to perform many mathematical opera- 
Hons. 


This feature accounts for the name which has been assigned to this 
i of amplifier configuration. Among the basic configurations are the 
owing. 


Sign Changer, or Inverter If Z = Z’, then Ay; = —1, and the sign of the 
input signal has been changed. Hence such a circuit acts as a phase inverter. 
two such amplifiers are connected in cascade, the output from the second 
Stage equals the signal input without change of sign. Hence the outputs 
m the two stages are equal in magnitude but opposite in phase, and such 
® system is an excellent paraphase amplifier. 
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Cc 


Fig. 17-32 Operational adder, or 
summing amplifier. 


(a) 
Fig. 17-30 (a) Operational integrator; (b) equivalent circuit. 


Scale Changer If the ratio Z’/Z = k, a real constant, then Ays = 
and the scale has been multiplied by a factor —k. Usually, in such a ¢a 
multiplication by a constant, —1 or —k, Z and Z’ are selected as 


Differentiator If Z is a capacitor C and if Z’ = R, then we see from 
the equivalent circuit of Fig. 17-31 that i = C dv/dt and 


dv 


v = —Ri -RCG 


Phase Shifter Assume that Z and Z’ are equal in magnitude but di Aar58) 


in angle. Then the operational amplifier shifts the phase of a sinusoid 
voltage while at the same time preserving its amplitude. Any pha 
from 0 to 360° (or + 180°) may be obtained. 


Hence the output is proportional to the time derivative of the input. 


Adder, or Summing Amplifier The arrangement of Fig. 17-32 may be 
ae used to obtain an output which is a linear combination of a number of input 
Integrator If Z = R and a capacitor C is used for Z’, as in Fig. signals. Here 


we can show that the circuit performs the mathematical operation of i 


tion. The input need not be sinusoidal, and hence is represented Pies PE eats oe 
lowercase symbol v = v(t). (The subscript s is now omitted, for simplic t Ri Ra Rn 
Correspondingly, the current as a function of time is designated by a and 
In Fig. 17-30b (analogous to Fig. 17-29), the double-headed arrow re] ddneiiab ccs ( Rr vbectershsectiad 
a virtual ground. Hence i = »/R, and = ws Rt Re pik Des erroe) 
‘WR, =R,=--+- =R,, then 
wa -gfide=—gofoa i 
Ge SR, ChE te te) (17-60) 


The amplifier therefore provides an output voltage proportional to the int 
of the input voltage. 


and the output is proportional to the sum of the inputs. In the more general 
If the input voltage is a constant, » = V, then the output will be ar a P Be) 


oa of Eq. (17-59), the scale of each input signal may be adjusted before 


v = —Vi/RC. Such an integrator makes an excellent sweep circuit Z. 
cathode-ray-tube oscilloscope, and is called a Miller integrator, or Many other methods may of course be used to combine signals. The 
sweep.?° Present method has the advantage that it may be extended to a very large 


Rumber of inputs requiring only one additional resistor for each additional 
Mput. The result depends, in the limiting case of large amplifier gain, only 
on the resistors involved, and because of the virtual ground, there is a minimum 
of interaction between input sources. 

_ If in Fig. 17-32 the resistor R’ is replaced by a capacitor C, the circuit 
Will simultaneously integrate and add. The output will be given by 


mag fidt=— ae fnd--- ae f mat (17-61) 


Fig. 17-31 Equivalent circuit of the opt 
tional differentiator, 
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The General Case In the important cases considered above, Z and p 
have been simple elements such as a single R or C. In general, they na 
any series or parallel combinations of R, L, or C. Using the methods of o 
tional calculus, or Laplace transform analysis, Z and Z’ can be writ 
their operational form as Z(s) and Z’(s), where s is the complex-fre q 
variable. In this notation the reactance of an inductor is written fo: 


as Ls and that of a capacitor as 1/sC. The current I(s) is then V(s)/Z C 
and the output is 


(17. 


The amplifier thus solves this operational equation. 


17-12 ELECTRONIC ANALOG COMPUTATION® 
The operational amplifier is the fundamental building block in an elec tr 


analog computer. As an illustration, let us consider how to program 
differential equation 


+ KS + Kw—n=0 (174 
where »; is a given function of time, and K, and K; are real positive constar 
We begin by assuming that d*v/d¢* is available in the form of a voltag 
Then, by means of an integrator, a voltage proportional to dv/d¢ is obtained. 
second integrator gives a voltage proportional tov. Then an adder (and ses 
changer) gives —K,(dv/dt) — Kw-+;. From the differential equ 
(17-63) this equals d*v/di?, and hence the output of this summing amp 
is fed to the terminal, where we had assumed that d’v/dt? was availab 
the first place. 
The procedure outlined above is carried out in Fig. 17-33. The v 
d*v/dt* is assumed to be available at an input terminal. The intogeall 
has a time constant RC = 1 sec, and hence its output at terminal 1 is 
This voltage is fed to a similar integrator (2), and the voltage at 
is +v. The voltage at terminal 1 is fed to the inverter and scale chan, 
and its output at terminal 3 is +K,(dv/dt). This same operational 
(3) is used as an adder. Hence, if the given voltage v,(t) is also fed 
as shown, the output at terminal 3 also contains the term —u, or th 
output is +K,(dv/dt) — v. Scale changer-adder (4) is fed from 
and 3, and hence delivers a resultant voltage —Kww — K,(dv/dt) +t 
terminal 4. By Eq. (17-63) this must equal d*v/dé?, which is the 
that was assumed to exist at the input terminal. Hence the comput 
completed by connecting terminal 4 to the input terminal. (This last 5 
is omitted from Fig. 17-33 for the sake of clarity of explanation.) 


Integrator 
RC=1 


du 
Kédes' +Ki ge - 4 


Fig. 17-33 A block diagram of an electronic analog computer. 
§, are opened and S; is closed. 


At t = 0, 8; and 


The specified initial conditions (the values of dv/dt and v at t = 0) must 
now be inserted into the computer. We note that the voltages at terminals 
land 2 in Fig. 17-33 are proportional to dv/dt and v, respectively. Because 
of the virtual ground at the input of an operational amplifier, the voltage across 
the capacitor C of an integrator equals the output voltage. Hence initial 
conditions are taken care of by applying the correct voltages Vi and V2 across 
the capacitors in integrators 1 and 2, respectively. 

The solution is obtained by opening switches S; and Sz and simultaneously 
closing S; (by means of relays) at ¢ = 0 and observing the waveform at terminal 
2. If the derivative dv/dt is also desired, its waveform is available at terminal 
1. The indicator may be a cathode-ray tube (with a triggered sweep), @ 
recorder, or, for qualitative analysis with slowly varying quantities, a high- 
impedance voltmeter. n 

The solution of Eq. (17-63) can also be obtained with a computer which 
Contains differentiators instead of integrators. However, integrators are 
Almost invariably preferred over differentiators in analog-computer applica- 
tions, for the following reasons: Since the gain of an integrator decreases 
With frequency whereas the gain of a differentiat_r increases nominally linearly 
With frequency, it is easier to stabilize the former than the latter with respect 
to spurious oscillations. As a result of its limited bandwidth, an integrator 
is less sensitive to noise voltages than a differentiator. Further, if the input 
Waveform changes very rapidly, the amplifier of a differentiator may overload. 

inally, as a matter of practice, it is very convenient to introduce initial 
*onditions in an integrator. 
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17-13 FEEDBACK AND STABILITY"! The Nyquist Criterion Nyquist! has obtained an alternative but equiva- 


Negative feedback for which |1 + A@| > 1 has been considered in some d jent condition for stability which may be expressed in terms of the steady- 
in the foregoing sections. If |1 + A6| <1, then the feedback is tery state, or frequency-response, characteristic. It is given here without proof: 
positive, or regenerative. Under these circumstances, the resultant tran gince the product Af is a complex number, it may be represented as a point in 
gain A, will be greater than A, the nominal gain without feedback, the complex plane, the real component being plotted along the X axis, and 
|A,| = |A|/|1 + AB] > [A]. Regeneration as an effective means of increa: thej component along the Y axis. Furthermore, A@ is a function of frequency. 
the amplification of an amplifier was first suggested by Armstrong."* Beeg Consequently, points in the complex plane are obtained for the values of A 
of the reduced stability of an amplifier with positive feedback, this meth of corresponding to all values of f from zero to + air The locus of all these 
seldom used. ints forms a closed curve. The criterion of Nyquist is that the amplifier is 
To illustrate the instability in an amplifier with positive feedback, « unstable if this curve encloses the point —1 + j0, and the amplifier is stable if 
sider the following situation: No signal is applied, but because of 0 the curve does not enclose this point. 
transient disturbance a voltage V, appears at the output terminals. A porti The criterion for positive or negative feedback may also be represented 
of this voltage —8V, will be fed back to the input circuit and will appeal jn the complex plane. From Fig. 17-34 we see that | + A| = 1 represents « 
the output as an increased voltage —A8V.. If this term just equals Vou circle of unit radius, with its center at the point - 1+ J0. If, for any frequency, 
the spurious output has regenerated itself, In other words, if —ABV, = Ag extends outside this circle, the feedback is negative, since then |1 + Aé| > 1. 
(that is, if —A@ = 1), the amplifier will oscillate (Sec. 17-15). Hence, if If, however, A@ lies within this cirele, then |1 + 46| < 1, and the feedback 
attempt is made to obtain large gain by making |A@| almost equal to uni is positive. In the latter case the system will not oscillate unless Nyquist’s 


there is the possibility that the amplifier may break out into spon u criterion is satisfied. 
oscillation. This would occur if, because of variation in supply 
aging of transistors or tubes, etc., —A8 becomes equal to unity. There is} 
point in attempting to achieve amplification at the expense of stability. 
fact, because of all the advantages enumerated in Sec. 17-2, feedbae 
amplifiers is almost always negative. However, combinations of positive : 
negative feedback are used. 


Illustrations As a first application of the criterion of stability, consider 
one stage of a simple RC-coupled vacuum-tube amplifier with voltage-series 
feedback. The analysis of this circuit in Secs. 16-5 and 16-6 shows that the 
nominal gain A is real and negative (a phase angle of 180°) over most of the 
audio range. For the high and low frequencies, it is found that the gain falls 
to zero, and the phase approaches +90°. If the voltage feedback factor 6 


The Condition for Stability If an amplifier is designed to have nega is independent of the frequency, then A@ varies as A. The locus of A@ for 
feedback in a particular frequency range but breaks out into oscillation at‘ all frequencies when plotted in the complex plane can be shown to be a circle 
high or low frequency, it is useless as an amplifier. Hence, in the desi Plotted as indicated in Fig. 17-35. It should be noted that under these 
a feedback amplifier, it must be ascertained that the circuit is stable at circumstances this curve is simply a polar plot of the gain A of the circuit. 
frequencies, and not merely over the frequency range of interest. In thes Furthermore, since this curve does not enclose the point + 1 + j0, the amplifier 
used here, the system is stable if a transient disturbance results in a re | is stable and the feedback is negative for all frequencies. Alternatively, it 
which dies out. A system is unstable if a transient disturbance per is noted from the diagram that |1 + Af| > 1 for all frequencies, which is the 
indefinitely or increases until it is limited only by some nonlinearity it Condition for negative feedback. 


circuit. Thus the question of stability may be considered to involve a st As a second specific illustration, suppose that the polar plot of a given 
of the transient response of the system. If Laplace transform not 
used, the transfer function V,/V, = A; is a function of the complex fi 


s=o+ jw. The poles of the transfer function determine the tran ’ Im (4A) 

behavior of the network. If a pole exists with a positive value of o, this ' 

result in a disturbance increasing exponentially with time. Hence theeond Fig. 17-34 The locus of [1 + AA] = 1isa a. 
which must be satisfied, if a system is to be stable, is that the pole Srcle of unit radius, with its center at 

transfer function must all lie in the left-hand half of the complex-freq ~1+ 0. If the vector A@ ends in the 

plane. If the system without feedback is stable, the poles of A do lie shaded region, the feedback is positive. 


left-hand half plane. It follows from Bq. (17-2), therefore, that the sla te 


condition requires that the zeros of 1 + A@ all lie in the left-hand half of thé o 


lex-frequency 5 
piers ness Positive feedback: 
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by the blocking capacitors, there is a low frequency for which the phase shift 

per stage is also 60°, and hence there is the possibility of oscillation at this low 

Fig. 17-35 For an RC-coy frequency also, unless the maximum value of 8 is restricted as outlined above. 

amplifier, the locus (for all valu It should now be apparent that instead of plotting the product A@ in the 

fi ) € AB in th os complex plane, it is more convenient to plot the magnitude, usually in decibels, 

atanhe ¥ 7. Jn the com and also the phase of Af as a function of frequency. These curves are known 

Plane iS Sree, as Bode plots. If we can show that |AA| is less than unity when the phase angle 
of AB is 180°, the closed-loop amplifier will be stable. 


Im (4g) 


Gain Margin The gain margin is defined as the value of |A@| in decibels 
i i i i f AB is 180°. If the gain margin 
f ‘ig. 17-36. i at the frequency at which the phase angle 0! : If th : 
pated iy nag dan meg oe eas vie Beene is negative, this gives the decibel rise in open-loop gain, which is theoretically 
in the frequency range from jf; to ©. Note, Powers that the locus permissible without oscillation. If the gain margin is positive, the amplifier 
does not enclose the point —1+ 0. Hence, according to the Ny is potentially unstable. 


criterion, oscillations will not occur. Phase Margin The phase margin is 180° minus the magnitude of the 


angle of A8 at the frequency at which |A@| is unity or has a value of zero 
decibels. The magnitudes of these quantities give an indication of how stable 
17-14 GAIN AND PHASE MARGINS an amplifier is. For example, a linear amplifier of good stability requires 
gain and phase margins of at least 10 dB and 50°, respectively. These defini- 


In the preceding section, we examine two criteria for determining wheth tions are illustrated in Fig, 17-37. 


feedback amplifier is stable or unstable. Often it is difficult to apply | 
of the above conditions for stability to a practical amplifier. It sh 
clear from the foregoing discussion that no oscillations are possible if the 1 
tude of the loop gain |A8| is less than unity when its phase angle is 180°. 1 17-15 SINUSOIDAL OSCILLATORS 
condition is sought for in practice to ensure that the amplifier will be a Many different circuit configurations deliver an essentially sinusoidal output 
Consider, for example, a three-stage RC-coupled vacuum-tube amp waveform even without input-signal excitation. The basic principles govern- 
with voltage-series feedback as in Fig. 17-15. There is a definite m 
value of the feedback fraction —8 = R1/R, allowable for stable operatio 
To see this, note that if all capacitors are disregarded, there is 180° 08 
in each stage, and 540°, or equivalently, 180°, for the three stages. 
frequencies there is an additional phase shift due to the shunting cape a 
and at the frequency for which the phase shift per stage is 60°, the t 
phase shift around the loop is zero. If the gain at this frequency is 
Aco, then 8 must be chosen such that A.o@ is less than unity, if the p 


of oscillations is to be avoided. Similarly, because of the phase shift int Fig. 17-37 Bode plots relating to 


the definitions of gain and phase 
Margins. 


S 


Fig. 17-36 The locus of A@ in th 
complex A8 plane for a ci 
which exhibits negative 
for low frequencies and posi 
feedback for high frequencies: Phage rare 


Phase angle of Ag 
t 
g 


1 
& 
> 


Re (Ag) 
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ing all these oscillators are investigated. In addition to determining th 
conditions required for oscillation to take place, the frequency and amplitu 
stability are also studied. 

Figure 17-38 shows an amplifier, a feedback network, and an input 
circuit not yet connected to form a closed loop. The amplifier provid 
output signal x, as a consequence of the external signal 2, applied ¢ 
to the amplifier input terminal. The output of the feedback network j 


z, = Bx, = Afz,, and the output of the mixing circuit (which is now simply. 
inverter) is 


2, = —2, = —Apr, 


Suppose it should happen that matters are adjusted in such a way that tl 
signal 2} is identically equal to the externally applied input signal 2,. 

the amplifier has no means of distinguishing the source of the input sign 
applied to it, it would appear that, if the external source were removed and 
terminal 2 were connected to terminal 1, the amplifier would continue 
provide the same output signal x, as before. Note, of course, that the stat 
ment x, = z, means that the instantaneous values of x; and 2, are 
equal at all times. Note also that, since in the above discussion no restri 
was made on the waveform, it need not be sinusoidal. The amplifier ne 
not be linear, and the waveshape need not preserve its form as it is transmiti 
through the amplifier, provided only that the signal x; has the waveform 
frequency of the input signal «, The condition x, = 2, is equivalent 
—A8 = 1, or the loop gain must equal unity. 


The Barkhausen Criterion We assume in this discussion of oscillat 
that the entire circuit operates linearly and that the amplifier or feed! 
network or both contain reactive elements. Under such circumstances, 
only periodic waveform which will preserve its form is the sinusoid. r 
sinusoidal waveform the condition z, = 2; is equivalent to the condition # 
the amplitude, phase, and frequency of x, and zy be identical. Since the pha 
shift introduced in a signal in being transmitted through a reactive netwo 
invariably a function of the frequency, we have the following importa 
principle: 

The frequency at which a sinusoidal oscillator will operate is the freq 


Fig. 17-38 An amp 
with transfer gain A am 
feedback network 6 not 
yet connected to 
closed loop. (Compare 
with Figs. 17-8 and 17-% 
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for which the total phase shift introduced, as a signal proceeds Srom the input 
terminals, through the amplifier and feedback network, and back again to the input, 
is precisely zero (or, of course, an integral multiple of 2m). Stated more simply, 
the frequency of a sinusoidal oscillator is determined by the condition that the 
hase shift is zero. 
4 Although other principles may be formulated which may serve equally to 
determine the frequency, these other principles may always be shown to be 
identical with that stated above. It might be noted parenthetically that it is 
not inconceivable that the above condition might be satisfied for more than a 
single frequency. Insuch a contingency there is the possibility of simultaneous 
oscillations at several frequencies or an oscillation at a single one of the allowed 
uencies. 
i The condition given above determines the frequency, provided that the 
circuit will oscillate at all. Another condition which must clearly be met is 
that the magnitude of x, and x; must be identical. This condition is then 
embodied in the following principle: y 
Oscillations will not be sustained #f, at the oscillator Srequency, the magnitude 
of the product of the transfer gain of the amplifier and the magnitude of the Seedback 
factor of the feedback network (the magnitude of the loop gain) is less than unity. 
The condition of unity loop gain —A6 = 1 is called the Barkhausen 
criterion. This condition implies, of course, both that |4@| = 1 and that the 
phase of — Af is zero. The above principles are consistent with the feedback 
formula Ay = A/(1 +A). For if —BA = 1, then Ay— 2, which may be 
interpreted to mean that there exists an output voltage even in the absence of 
an externally applied signal voltage. 


Practical Considerations Referring to Fig. 17-8, it appears that if 
\8A| at the oscillator frequency is precisely unity, then, with the feedback 
signal connected to the input terminals, the removal of the external generator 
will make no difference. If |8A| is less than unity, the removal of the external 
generator will result in a cessation of oscillations. But now suppose that |A| 
is greater than unity. Then, for example, a 1-V signal appearing initially at 
the input terminals will, after a trip around the loop and back to the input 
terminals, appear there with an amplitude larger than1V. This larger voltage 
will then reappear as a still larger voltage, and so on. It seems, then, that 
if \@A| is larger than unity, the amplitude of the oscillations will continue to 
increase without limit. But, of course, such an increase in the amplitude can 
continue only as long as it is not limited by the onset of nonlinearity of opera- 
tion in the active devices associated with the amplifier. Such a nonlinearity 
becomes more marked as the amplitude of oscillation increases. This onset 
of nonlinearity to limit the amplitude of oscillation is an essential feature of 
the operation of all practical oscillators, as the following considerations will 
Show: The condition |8A| = 1 does not give a range of acceptable values of 
\@A|, but rather a single and precise value. Now suppose that initially it 
Were even possible to satisfy this condition. Then, because circuit components 
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and, more importantly, vacuum tubes and transistors change characteris} 


(drift) with age, temperature, voltage, etc., it is clear that if the entire oscilla the phase shift introduced by the RC network will be precisely 180°, and at 
is left to itself, in a very short time |8A| will become either less or larger this frequency the total phase shift from the gate around the circuit and back 
unity. In the former case the oscillation simply stops, and in the latter to the gate will be exactly zero. This particular frequency will be the one at 
we are back to the point of requiring nonlinearity to limit the ampli which the circuit will oscillate provided that the magnitude of the amplification 
An oscillator in which the loop gain is exactly unity is an abstraction comp! is sufficiently large. : : 
unrealizable in practice. It is accordingly necessary, in the adjustmen From classical network analysis we find for the transfer function of the 
a practical oscillator, always to arrange to have |8A| somewhat larger RC network, which is also the (negative of the) feedback factor, 

5 percent) than unity in order to ensure that, with incidental variati hitige Vo es 1 17-64 
transistor, tube, and circuit parameters, |@A| shall not fall below unity. I Vi 1— 5a? — ja — ad) ( ) 


the first two principles stated above must be satisfied on purely theoret 


grounds, we may add a third general principle dictated by practical consider where a = 1/wRC. The phase shift of V./V; is 180° for a = 6 or f= 


ined’ 1/(2rRC /6). At that frequency of oscillation 6 = +ys. In order that 
) Le. 7 y ins Mgt 5 }A| shall not be less than unity, it is required that |A t least 29. H 
In til practical oscillator’ the loop gain is slightly larger than ‘unity, ana . oe or tube with « < 29 1 aor vali to pen in a ideas 
the amplitude of the oscillations is limited by the onset of nonlinearity. : It should be pointed out that it is not always necessary to make use of an 
3 The treatment of oscillators, taking into account the nonlinearity; a amplifier with transfer gain |A| > 1 to satisfy the Barkhausen criterion. It is 
difficult on account of the innate Jl page a of nonlinearities aioe ; only necessary that |@A| > 1. Passive network structures exist for which the 
In many cases the extension into the range of nonlinear operation is small, ai 


transfer function |8| is greater than unity at some particular frequency. In 
Prob. 17-55 we show an oscillator circuit consisting of a cathode follower and 
the RC circuit of Fig. 17-39 appropriately connected. 


we simply neglect these nonlinearities altogether. 


17-16 THE PHASE-SHIFT OSCILLATOR™ " Transistor Phase-shift Oscillator If a transistor were used for the active 
F : 4 F element in Fig. 17-39, the output R of the feedback network would be shunted 
We select the so-called phase-shift oscillator (Pig. 17-39) as a first exan 'P by the ieee ait low input ferighihhe of the transistor. Hence, GA of 
because it exemplifies very simply the principles set forth above. Hi employing voltage-series feedback as in Fig. 17-39, we 3 iG el 
FET (or vacuum-tube) amplifier of conventional design is followed by feedback for a transistor phase-shift sacthce ‘eS ah eae, ; how mee ie 
cascaded arrangements of a capacitor C and a resistor R, the output of For the circuit we that hak < 0.1 ree pone “in oe 
last RC combination being returned to the gate. If the loading of the phas ApRU NE, e S 0.1, so that we may use the approximate 
shift network on the amplifier can be neglected, the amplifier shifts b; 
the phase of any voltage which appears on the gate, and the network of 
and capacitors shifts the phase by an additional amount. At some fre 


Voo 


Fig. 17-39 A FET phase- 
shift oscillator. 


x 


Fig. 17-40 (a) Transistor phase-shift oscillator. (b) The Norton's equivalent cir- 
Sit for this oscillator. 
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hybrid model to characterize the small-signal behavior of the transistor, a 
in Fig. 17-40b. The resistor Rs = R — Rj, where R; ~ hi. is the input resi 
ance of the transistor. This choice makes the three RC sections of the p 
shifting network alike and simplifies the calculations. We assume that 
biasing resistors Ri, Rz, and R, have no effect on the signal operation and 
neglect these in the following analysis. 

Since the signals x, and x; represent currents in the circuit of Fig. 17-4 
we must evaluate the current gain around the loop. Hence we imagine 
loop broken at the base between B: and Bs, but in order not to change 
loading on the feedback network, we place R; from B, to ground. If we ass 
a current J; to enter the base at B1, the loop current gain equals I3/Js, an 
found by writing Kirchhoff’s voltage equation for the three meshes (Prob 
17-56). The Barkhausen condition that the phase of I;/J, must equal zer 
leads to the following expression for the frequency of oscillation: 


9 Vee 


‘on 1 1 (17-68 Fig. 17-41 A resonant-circuit oscillator using (a) a vacuum tube (or 
IRC +/6 + 4h FET) and (b) a bipolar transistor. 


where k = R./R. The requirement that the magnitude of J;/J, must 
unity in order for oscillations to start leads to the inequality winding (of inductance L) in order to account for the losses in the transformer. 
LA olee 29 (17-6 If these losses are negligible, so that r can be neglected, then at the frequency 
ra o=1/ VIC, the impedance of the resonant circuit is arbitrarily large and 
purely resistive. In this case the voltage drop across the inductor from plate to 
ground is precisely 180° out of phase with the applied input voltage to the 
vacuum tube, independently of the size of the tube plate resistance. If the 
direction of the winding of the secondary of the transformer (connected to 
the grid) is such as to introduce an additional phase shift of 180° (it is assumed 
that the secondary is not loaded), the total loop phase shift is exactly zero. 
At this frequency, then, the phase-shift condition for oscillation will have been 
Satisfied. Again, since the transformer is considered to be unloaded, the ratio 
of the amplitude of the secondary to the primary voltage is M/L, where M 
is the mutual inductance. Since A = —y for an amplifier with an intimate load 
impedance, the condition —BA = 1is equivalent ton = Z/M. More exactly, 
taking into account the finite size of the resistance r, we find 


The value of k which gives the minimum hy, turns out to be 2.7, and for # , 
optimum value of R./R, we find hy, = 44.5. A transistor with a small-s 
common-emitter short-circuit current gain less than 44.5 cannot be 
this phase-shift oscillator. 


Variable-frequency Operation The phase-shift oscillator is part 
larly suited to the range of frequencies from several hertz to several hw 
kilohertz, and so includes the range of audio frequencies. At freque 
the megahertz range, it has no marked advantage over circuits (dise 
the following sections) employing tuned LC networks. The frequene, 
oscillation may be varied by changing any of the impedance elements in | 
phase-shifting network. For variations of frequency over a large range; 


three capacitors are usually varied simultaneously. Such a variation keeps ® 1 fs 
input impedance to the phase-shifting network constant (Prob. 17-48) Lis Ie (1 - £) (17-67) 
also keeps constant the magnitude of 6 and Af. Hence the amplitu * 
oscillation will not be affected as the frequency is adjusted. The phase 4s the frequency-determining condition and 
oscillator is operated in class A in order to keep distortion to a minimum urC 
{eM — 2 (17-68) 


88 the condition which is equivalent to —8A = 1. 

5 se that there igno a priori connection between the oscillation frequency 
be e steady-state resonance” frequency. The frequency of oscillation is 
“ermined solely by the consideration that the loop phase shift is zero. In 
18 sense, the suggestive near agreement of the frequency of the oscillator 


17-17 RESONANT-CIRCUIT OSCILLATORS 


Figure 17-41 shows the tuned-plate oscillator in which a resonant cire : 
used to determine the frequency. Other oscillators of this type are cons 
in Sec. 17-19. In Fig. 17-41a, r represents a resistance in series with t 
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and the frequency of a natural oscillation or steady-state resonance is to be 
considered, superficially at least, as a pure coincidence. In the light of these 
last remarks it appears, too, that the designation of the oscillator of Sec. 17-1 

as a “phase-shift oscillator,” as opposed to the present designation, “resonant 
circuit oscillator,” is entirely artificial. All oscillators, those discussed above 
as well as those to be considered below, could be called phase-shift oscillato 


Self-bias and Amplitude Stabilization The bias for a resonant~ ireuit 
oscillator is obtained from an R,C;, parallel combination in series with the 
grid, as in Fig. 17-412. The grid and cathode of the tube act as a rectifi 
and if the R,C, time constant is large compared with one period, the grid 
capacitor will charge up essentially to the peak grid swing. This voltage 
across C, acts as the bias, and the grid is therefore driven slightly positiy 
only for a short interval at the peak of the swing. The voltage at the grid 
is a large sinusoid, and since its peak value is approximately at ground potential, 
we say that the grid is “clamped” to ground, Since the grid base of the tub 
is traversed in a small fraction of one cycle, the operation is class C. 

When the circuit is first energized, the grid bias is zero and the tub 
operates with a large gm, one greater than that given by Eq. (17-68). Th 
loop gain is therefore greater than unity, and the amplitude of oseill tio 
starts to grow. As it does so, grid current is drawn, clamping takes pl vc 
and the bias automatically adjusts itself so that its magnitude equals the p 
value of the grid voltage. As the bias becomes more negative, the value o 
decreases, and finally, the amplitude stabilizes itself at that value for whit 
loop gain for the fundamental is reduced to unity. Since the operation 
class C, the use of the linear equivalent circuit is at best a rough approxim tio 
In view of the foregoing discussion, the value of gm in Eq. (17-68) may bec 
sidered to be the minimum value required at zero bias in order for oseillatic 
to start. It may also be interpreted as the average value of transconductan 
which determines the amplitude of oscillation. r 


A Transistor Tuned-collector Oscillator The transistor circuit of FI 
17-41b is analogous to the tube oscillator of Fig. 17-41a. The quiescent 
is determined by Ri, Re, and R, (Sec. 10-4). If R: were omitted, then initis 
the transistor currents would be zero, gm would be zero, and the cireuit 
not oscillate. With R, in place, the transistor is biased in its active regit 
oscillations build up, and the dynamic self-bias is obtained from the Rel 
combination due to the flow of base current. As explained above, this acl 
results in class C operation. 


17-18 A GENERAL FORM OF OSCILLATOR CIRCUIT 


Many radio-frequency oscillator circuits fall into the general form 
in Fig. 17-42a. The active device may be a bipolar transistor or a ¥ 
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Fig. 17-42 (a) The basic configuration for many resonant-circuit 
oscillators. (b) The linear equivalent circuit using a FET. 


tube or a FET. In the analysi 
ibe or a FE h lysis that follows we assume an active devi 
bee te input resistance such as a FET or a vacuum tube. iv 
‘ows the linear equivalent circuit of Fig. 17-42a using a FET. 


The Loop Gain The value of —Ag will be i 
| , obtained by two diff 
— First, we consider the circuit of Fig. 17-42a to be a fg 
pli ae hey taken from terminals 2 and 3 (D and 8) and with input 
lsninole - an 384 and §). The load impedance Z, consists of Zs in parallel 
a - srs oycxege of Z; and Z;. The gain without feedback is 
- Ta). i 
ile —— = feedback factor is 6 = —4/(Z, + Zs). The 
el Appraise 0 MB 08 ih 
ra(Z1 + Z2 + Zs) + Z(Zi + Za) 
A second approach is to assume an input voltage V, 


1 : 8 : » between gate 
Source but with the junction point G’ of Z; and Z; not iponistead 1 the barn 


. The loop gain is then the vol * 
It: d 
G. hi age developed across Z, divided by V,. 


(17-69) 


17-42b are 
Ves. - = 
ang thet Hite + Zs) — Tad = 0 (17-70a) 
—hZ; + IZ, + Z2+ Z:) =0 (17-70b) 


The loop gain is defined b; 
Y Vore/Von = 120 Ven; i 
(17-70a) and (17-706) gives the result, Eq. apn fnew fom te 
Reactive Elements Z;, Ze, and Zs If thei 
. ‘ t 1» Za, impedances a: 
prither inductive or capacitive), then Z; = 7X1, Z: = jX:, ha 2. ie a. he 
inductor, X = wl, and fora capacitor, X = —1/w#C. Then ; 
By rp +uXiXs 
B= - 
Stal Xy + X2+ X;) rr XAX + Xs) 


(17-71) 
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In order for the loop gain to be real (zero phase shift), 


Xi+ X%.+X%s=0 
and 


me p&iX2 xs 
a aS 8 eS AO ee 


From Eq. (17-72) we see that the circuit will oscillate at the resonant frequency 
of the series combination of Xi, X:, and X3. 
Using Eq. (17-72) in Eq. (17-73) yields 


eX (17-74) 
Xs 


—AB = 


Since — Ag must be positive and at least unity in magnitude, then X; and X, 


must have the same sign. In other words, they must be the same kind 
reactance, either both inductive or both capacitive. Then, from Eq. (17-' 


X; = —(X1 + Xz) must be inductive if X; and Xz are capacitive, or vice versa 


If X; and X are capacitors and X; is an inductor, the cireuit is ! 
Colpitts oscillator. If X; and X; are inductors and X; is a capacitor, the ct 
is called a Hartley oscillator. In this latter case, there may be mutual couplii 


between X, and X; (and the above equations will then not apply). If X 


and X» are tuned circuits and X;3 represents the gate-to-drain (grid-to 
interelectrode capacitance, the circuit is called a tuned-drain tuned-gate ose 


lator (tuned-plate tuned-grid oscillator). The foregoing theory indicates hs 


both gate and drain circuits must be tuned to the inductive side of eson 


Practical Considerations One form of a Hartley oscillator is shown i 


Fig. 17-43a. The supply voltage is applied to the plate through the induct 


L, whose reactance is high compared with X. The capacitor C has a low 


9 Vee 


Fig. 17-43 (a) A vacuum-tube Hartley oscillator. (b) A transistor 
Colpitts oscillator. 
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reactance at the frequency of oscillation. At zero frequency, however, it acts 
as an open circuit. Without this capacitor the supply voltage would be short- 
circuited by L in series with Zz. The parallel combination of C, and R, acts 
to supply the bias. The circuit operates in class C, and the grid current 
charges up C;, as explained in Sec. 17-17. 

A modified form of Hartley circuit employs mutual coupling between Li 
and Lz and places C; in parallel with L2. 

Transistor versions of all the above types of LC oscillators are possible. 
As an example, a transistor Colpitts oscillator is indicated in Fig. 17-43b. 
Qualitatively, this circuit operates in the manner described above. However, 
the detailed analysis of a transistor oscillator circuit is much more difficult 
than that of a tube or FET circuit, for two fundamental reasons. First, the 
low input impedance of the transistor shunts Z; in Fig. 17-42a, and hence 
complicates the expressions for the loop gain given above. Second, if the 
oscillation frequency is beyond the audio range, the simple low-frequency 
h-parameter model employed in Fig. 17-40b is no longer valid. Under these 
circumstances the more complicated high-frequency hybrid-r model of Fig. 
13-5 must be used. 


17-19 CRYSTAL OSCILLATORS 


Tf a piezoelectric crystal, usually quartz, has electrodes plated on opposite faces 
and if a potential is applied between these electrodes, forces will be exerted on 
the bound charges within the crystal. If this device is properly mounted, 
deformations take place within the crystal, and an electromechanical system 
is formed which will vibrate when properly excited. The resonant frequency 
and the Q depend upon the crystal dimensions, how the surfaces are oriented 
with respect to its axes, and how the device is mounted.!® Frequencies rang- 
ing from a few kilohertz to a few megahertz and Q’s in the range from several 
thousand to several hundred thousand are commercially available. These 
extraordinarily high values of Q and the fact that the characteristics of quartz 
are extremely stable with respect to time and temperature account for the 
exceptional frequency stability of oscillators incorporating crystals (Sec. 17-20). 

The electrical equivalent circuit of a crystal is indicated in Fig. 17-44. 
The inductor L, capacitor C, and resistor R are the analogs of the mass, the 
Compliance (the reciprocal of the spring constant), and the viscous-damping 
factor of the mechanical system. Typical values® for a 90-kHz crystal are 
L = 137 H, C = 0.0235 pF, and R = 15K, corresponding to @ = 5,500. The 
dimensions of such a crystal are 30 by 4 by 1.5 mm. Since C’ represents the 
electrostatic capacitance between electrodes with the crystal as a dielectric, 
tts magnitude (~3.5 pF) is very much larger than C. 

If we neglect the resistance R, the impedance of the crystal is a reac- 
tance 7X whose dependence upon frequency is given by 
w? — w,? 


a ee (17-75) 


Ryeerrcntdis 
jx a a? =o, 
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that X1 cannot be too small. Hence the circuit will oscillate at a frequency 
which lies between w, and w, but close to the parallel-resonance value. Since 
@, ~ » the oscillator frequency is essentially determined by the crystal, and 


not by the rest of the circuit. Figure 17-45 is the crystal version of the tuned- 
drain tuned-gate oscillator. 


17-20 FREQUENCY STABILITY 


An oscillator having initially been set at a particular frequency will invariably 
not maintain its initial frequency, but will instead drift and wander about in 
frequency, sometimes uniformly in one direction, sometimes quite erratically. 
The frequency stability of an oscillator is a measure of its ability to maintain 
as nearly a fixed frequency as possible over as long a time interval as possible. 
These deviations of frequency arise because the values of the circuit features, 
on which the oscillator frequency depends, do not remain constant in time. 
(We use here the term “circuit features” to include circuit components, tran- 
sistor parameters, supply voltages, stray capacitances, etc.) Accordingly, an 
obvious but clearly useless solution of the problem of making a frequency- 
stable oscillator is to keep constant all the circuit features. In the first place, 
the number of circuit features is very large, in general; second, some of the 
circuit features, such as transistor parameters, are inherently unstable and 
extremely difficult to keep constant; and third, it is hard enough to know 
where stray circuit elements and couplings are located and how to estimate 
their magnitudes without having to devise schemes to maintain them constant. 

But we recognize also that in every oscillator circuit there are a relatively 
few circuit features on which the frequency is sensitively dependent, whereas 
the frequency dependence of the far larger number of remaining features is 
comparatively slight. For example, in the circuit of Fig. 17-39, the frequency 
is for the most part determined by R and C, and the other features of the 
Circuit affect the frequency to a much smaller extent. We shall then have 
taken a long step in the direction toward frequency stability if we take pains 
to ensure the stability, at least, of these relatively few passive elements which 
influence the frequency markedly. The principal cause of drift in these is the 
Variation of temperature. Measures for maintaining the temperature con- 
Stant and for balancing the temperature-induced variation in one such ele- 
Ment against that in another can be taken.'7 


(a) (6) (c) 


Fig. 17-44 Apiezoelectric crystal. (a) Symbol. (b) Electrical model. 
(c) The reactance function (if R = 0). 


where w,? = 1/LC is the series resonant frequency (the zero impedance fr 
quency), and w,? = (1/L)(1/C + 1/C’) is the parallel resonant frequency (t 
infinite impedance frequency). Since C’ > C, thenw, ~ w. For the 
whose parameters are specified above, the parallel frequency is only thr 
tenths of 1 percent higher than the series frequency. For w, < w < wy, t 
reactance is inductive, and outside this range it is capacitive, as indicated 
Fig. 17-44c. y 

A variety of crystal-oscillator circuits is possible. If in the basic 
figuration of Fig. 17-42a a crystal is used for Z:, a tuned LC combination f 
Z;, and the capacitance Cz, between drain and gate for Zs, the resulting cir 
is as indicated in Fig. 17-45. From the theory given in the preceding 
the crystal reactance, as well as that of the LC network, must be indue 
In order for the loop gain to be greater than unity, we see from Eq. (17-7 


Fig. 17-45 A 1-MHz FET crystal oscil 
(Courtesy of Siliconix Co.) Stability Criterion If in an oscillator there exists one set of elements which 

the property that at the oscillation frequency these components introduce a 
large variation of phase @ with frequency, then d0/dw serves as a measure of the 
independence of the frequency of all other features of the circuit. The frequency 
stability improves as d8/dw increases. In the limit, as d@/dw becomes infinite, 

oscillator frequency depends only on this set of elements and becomes com- 
Pletely independent of all other features of the circuit. 
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The proof of the foregoing principle is almost self-evident, and is r 
arrived at from the following considerations: Suppose that a variation 
place in some one feature of the oscillator other than one of the components 
of the set of elements described above. Then, if initially the phase condition for 
oscillation was satisfied at the frequency of oscillation, it will, in general, n 
longer be satisfied after the alteration of the circuit feature. The frequency 
must accordingly shift in order once again to restore the loop phase shift to 
the exact value zero. If, however, there is a set of elements which, at 
nominal oscillator frequency, produces a large phase shift for a small frequen 
change (that is, d@/dw large), it is clear that the frequency shift required 
restore the circuital phase shift to zero need be only very small. 

In a parallel-resonant circuit the impedance changes from an induct 
to a capacitive reactance as the frequency is increased through the reson 
point. If the Q is infinite (an ideal inductor with zero series resistance), 
change in phase is abrupt, d0/dw — ©, because the phase changes abru 
from —90 to +90°. Hence a tuned-circuit oscillator will have excellent fi 
quency stability provided that Q is sufficiently high and that L and C 
stable (independent of temperature, current, etc.). t 

These ideas about tuned-circuit oscillators can be carried over to a 
for the exceptional frequency stability of crystal oscillators. From Fig. 17-4 
we see that for a crystal with infinite Q the phase changes discontinuousl} 
from —90 to +90° as the frequency passes through w, and then abruptl 
back again from +90 to —90° as w passes through w,. Of course, infinite | 
is unattainable, but since commercially available crystals have values of 
of tens or hundreds of thousands, very large values of d0/dw are realizabl 
Hence, if a crystal is incorporated into a circuit (such as that of Fig. 17-46 
an oscillator is obtained whose frequency depends essentially upon the ery 
itself and nothing else. The crystal frequency does, however, still dep 
somewhat on the temperature, and regulated-temperature ovens must b 
employed where the highest stability is required. 

To compare the frequency stability of two different types of ose! ; 
d0/dw is evaluated for each at the operating frequency. The circuit givil 
the larger value of d@/dw has the more stable oscillator frequency. 


17-21 NEGATIVE RESISTANCE IN OSCILLATORS 


Our study of oscillators thus far has been based on a steady-state analysis 
the Barkhausen criterion. It is instructive to consider an alternative, DY 
usually much more complicated, approach based on a transient analysis. ™ 
this method the oscillator is replaced by its linear equivalent circuit, and! 

differential equations are written for the resultant network. The solu 
for the output voltage (or for one of the mesh currents) will be of the fo 
Ke sin (wt + ¢), where s = o + jw are the roots of the characteristic equi 

(s is also the complex-frequency, or the Laplace transform, variable). — 


Sec. 17-21 


FEEDBACK AMPLIFIERS AND OSCILLATORS / 539 


symbols K and ¢ are constants of integration. Since the excitation to an 
oscillator is zero, then in order for an output to build up, it is necessary that 
o be a positive number. Ifo were negative, any spurious voltage introduced 
into the circuit would quickly be damped out. If ¢ is positive, this spurious 
signal will cause the output amplitude to increase exponentially with time pro- 
vided that the system remains linear. However, as we have already empha- 
sized, the oscillator must enter a nonlinear region as its amplitude grows. As 
it does so, ¢ must decrease, and when the stable amplitude is reached, « = 0, 
so that the steady-state output is given by K sin (wt + 9). 

A transient excited in a circuit containing resistance must die down with 
time because of the losses in the resistor. Hence an interesting interpretation 
of the fact that the amplitude first builds up in an oscillator is that, during 
this process, the circuit exhibits a negative resistance. In order to carry this 
concept further, consider the parallel RLC circuit of Fig. 17-46, with no exter- 
nal excitation. The differential equation for the voltage v across this combi- 
nation is 

dy , Ldv 


Wate te=0 (17-76) 
For this equation we find 
1 1 1 
° = —3RG w= 56 — aRca (17-77) 


Hence, in order for ¢ to be positive (for a positive C), it is necessary that R be 
negative. In an oscillator circuit R is not a constant, but as the amplitude 
builds up, the device enters its nonlinear region and R— «, o-+0, and 
wo > 1/LC. 

On the basis of this discussion, we can conclude that all oscillators might 
be called “‘negative-resistance oscillators.” This classification is no more use- 
ful than it is to designate all oscillators “phase-shift oscillators” because the 
Barkhausen condition requires that the steady-state phase shift around the 
loop be zero. Perhaps the term “negative-resistance oscillator” should be 
reserved for use in connection with a two-terminal device which, because of 
its internal physics, exhibits a negative resistance. One such device is the 
tunnel diode whose volt-ampere characteristic is given in Fig. 6-21. We see 
that over a portion of the characteristic the current decreases as the voltage 
increases, and hence this device exhibits negative resistance. If a circuit con- 
sisting of a resistor Ri, a capacitor C, and an inductor L in parallel is con- 
nected across the device whose negative resistance has a magnitude Re, the 
circuit of Fig. 17-46 results, where R represents R; and Rz in parallel and 


Fig. 17-46 A parallel RLC circuit. 


rT. = eo (a-_s = -- -—. - ee 
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hence is given by 
—Rik, Mi 
R apt (17-78) 


If R: > Rs, then F is negative and oscillations can build up. The amplitude 
increases until the nonlinear portion of the volt-ampere characteristics 
reached. The steady-state output is obtained when the average value of R 
has increased so that it equals R:. Under these circumstances R = »,¢ = 0, 
and the frequency is given by f = 1/(2r +/ZC). 
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1 8 LARGE-SIGNAL 
AMPLIFIERS 


An amplifying system usually consists of several stages in cascad 
The input and intermediate stages operate in a small-signal class A_ 
mode. Their function is to amplify the small input excitation 
value large enough to drive the final device. This output stage 
a transducer such as a cathode-ray tube, a loudspeaker, a servomo! 
etc., and hence must be capable of delivering a large voltage or 
swing or an appreciable amount of power. This chapter con 
such large-signal amplifiers. 

Each active device in the small-signal stages is replaced by 
linear model, and the overall response is determined by linear cireui 
analysis, as in Chaps. 8 and 12. In the final stage, however, 
output voltage and current swings are so large that the transis 
tube cannot be represented by a linear model, and the analysis 
be performed graphically, using the experimentally determined 
output characteristics. It is now found that a new type of distortion 
due to the device nonlinearity, manifests itself by introducing 
quency components into the output which are not present in the inp 
signal. 

Only large-signal audio-frequency amplifiers are considered in 
chapter. Particular emphasis is placed on the types of circuit used al 
calculations of the distortion components, the power output, and t 
efficiency. Bias-stabilization techniques and thermal-runaway 
siderations are very important with power amplifiers. These toplt 
are discussed in Chap. 10, and hence they are not conside: here. 


18-1 CLASS A LARGE-SIGNAL AMPLIFIERS 

A simple transistor amplifier that supplies power to a pure san 
load Rz is indicated in Fig. 18-1a, and the corresponding tube circuit! 
542 


Sec. 18-1 


(2) (0) 


Fig. 18-1 The schematic wiring diagram of a simple series-fed 
amplifier with (a) a transistor and (b) a tube. 


Fig, 18-16. The general analysis of both circuits (or similar configurations with 
a FET or a pentode) is identical, and is made simultaneously by choosing 
appropriate notation. The input excitation is designated by the symbol z, 
which represents base current if a transistor is under consideration, grid voltage 
if the active device is a tube, or gate voltage if a FET is used. The output 
circuit is identified by the subscript y. Thus, using the notation in Table 
9-1, Iy represents quiescent collector, plate, or drain current; iy gives the total 
instantaneous collector, plate, or drain current; v, designates the instantaneous 
variation from the quiescent value of the collector, plate, or drain voltage; etc. 

Let us assume that the static output characteristics are equidistant for 
equal increments of input excitation, as indicated in Fig. 18-2. Then, if the 


(a) (6) 


Fig. 18-2 The output characteristics and the current and voltage waveforms for a 
Series-fed load for (a) a transistor or (b) a triode amplifier. Compare with Fig. 7-18. 


th is ee on i ks po ee a 
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where the G’s are constants. Actually, these two terms are the beginning 
of a power-series expansion of i, as a function of a. 
If the input waveform is sinusoidal and of the form 


input signal is a sinusoid, the output current and voltage are also sinusoidal, 
as shown. Under these circumstances the nonlinear distortion is negligible, 
and the power output may be found graphically as follows: 


Ps Vly = I'he (18-1) xz = Xm cos wt (18-7) 
the substitution of this expression in Eq. (18-6) leads to 
iy = GiX,, cos wt + G2Xn? cos? wt 


Since cos? wl = ++ 4 cos 2wt, the expression for the instantaneous total cur- 
rent zy reduces to the form 


where V, and J, are the rms output voltage and current, respectively, and 
Rzis the load resistance. The numerical values of V, and J, can be determine d 
graphically in terms of the maximum and minimum voltage and cun 

swings, as indicated in Fig, 18-2. If I (Vm) represents the peak sinusoidal 
current (voltage) swing, it is seen that 


1, = 2m 2 Lowe = Inn oa dy = Ty + 4 = Ty + By + Bi c08 wt + Be cos uot (18-8) 
ones Eve where the B’s are constants which may be evaluated in terms of the @’s. 


= The physical meaning of this equation is evident. It shows that the applica- 


—— 18-3) tion of a sinusoidal signal on a parabolic dynamic characteristic results in an 

v2 2V2 a output current which contains, in addition to a term of the same frequency 

that th b as the input, a second-harmonic term, and also a constant current. This 

earn Finesse constant term B, adds to the original de value Jy to yield a total de component 

pis Vols | Tate’ Vat of current Jy + B.. Parabolic nonlinear distortion introduces into the output 

- a Rr a component whose frequency is twice that of the sinusoidal input excitation. 

which may also be written in the form Also, since a sinusoidal input signal changes the average value of the output 
current, rectification takes place. , ‘ . 

The amplitudes B,, B:, and By for a given load resistor are readily deter- 

mined from either the static or the dynamic characteristics. We observe 

from Tig. 18-2 that 


When wt = 0: iy = Imax 


When wt = 3 ty =Ty (18-9) 


pis (Vinex = Venta) (Imax — Teri) 
8 


This equation allows the output power to be calculated very simply. 
that is necessary is to plot the load line on the volt-ampere characteri 
of the device and to read off the values of Vimax; Vininy Imax, And Tinine 


18-2 SECOND-HARMONIC DISTORTION 


In the preceding section the active device is idealized as a perfectly li 
device. In general, however, the dynamic transfer characteristic (See. 
is not a straight line. This nonlinearity arises because the static o} 
characteristics are not equidistant straight lines for constant increments 
input excitation. If the dynamic curve is nonlinear over the operating ra 
the waveform of the output voltage differs from that of the input si 
Distortion of this type is called nonlinear, or amplitude, distortion. ; 
In order to investigate the magnitude of this distortion we assume th 

the dynamic curve with respect to the quiescent point Q can be represente@ 
by a parabola rather than a straight line. Thus, instead of relating 

alternating output current t, with the input excitation x by the equa’ 
t, = Gz resulting from a linear circuit, we assume that the relationship bet 
t, and z is given more accurately by the expression 


iy = Gre + Oya? as 


When wt =r: ty = Imin 
By substituting these values in Eq. (18-8), there results 
Trax = Ty + Bo + By + Ba 
Ty = Iy + Bo — Ba (18-10) 
Imin = Iy + Bo — Bi + Ba 


This set of three equations determines the three unknowns B,, By, and Bo. 
t follows from the second of this group that 


Bo = Bz (18-11) 
By subtracting the third equation from the first, there results 


ee Tmax 7 Trnin (18-12) 


————— a eee Pl 
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With this value of Bi, the value for B, may be evaluated from either the f cycle of the output-current curye as the operating point moves from point 
or the last of Eqs. (18-10) as Q to point 1 is similar to the shape of the curve that is obtained as the operating 
point moves back from point 1 to point Q@. Similarly, the waveshape of the 
current generated by the operating point as it moves from point Q to point 2 
is Symmetrical with that generated as it moves from point 2 back to point 
Q. These conditions are true regardless of the curvature of the characteristics. 
Since zy is an even function of time, the Fourier series in Eq. (18-16), representing 
a periodic function possessing this symmetry, contains only cosine terms. (If 
D,= [Bil 8-1 any sine terms were present, they would destroy the symmetry since they are 
. , odd, and not even, functions of time.) 

If we assume, as is frequently done in the literature, that the excitation 
is a sine instead of a cosine function of time, the resulting output current is 
no longer expressed by a series of cosine terms only. Though a sine function 
differs from a cosine function in the shift of the time axis by an amount 
wt = 1/2, nevertheless such a shift destroys the above-noted zero-axis sym- 
metry. It is found in this case that the Fourier series representing the output 
current contains odd sine components and even cosine components. 


B,= B= eS ee fain = 


The second-harmonic distortion, De, is defined as 


(To find the percent second-harmonic distortion, D2 is multiplied by 1 
The quantities Imax, Jmin, and Jy appearing in these equations are ob 
directly from the characteristic curves of the transistor, tube, or FET a 
the load line. 

If the dynamic characteristic is given by the parabolic form (18-6) f 
if the input contains two frequencies w; and w2, then the output will consist 
a de term and sinusoidal components of frequencies w1, w2, 2w1, 2w2, 1 + 
and ; — w: (Prob. 18-1). The sum and difference frequencies are ¢ 


Z e 
Spdemuntdlaesoas ar come aotceecrecuanten. Calculation of Fourier Components Any one of a number of methods: 


may be used in order to obtain the coefficients B,, B:, Bs, ete. The method 
due to Espley, which is simply an extension of the procedure of the last section, 

f is described here. It is assumed in the foregoing section that only three terms, 
18-3 HIGHER-ORDER HARMONIC GENERATION \ B., B;, and Bs, of the Fourier series are different from zero. These three 
components are evaluated in terms of the three measured currents, Imax, Imin, 


The analysis of the previous ‘section wear asealin parabolic dynamic cha and Jy, As the next approximation, it is assumed that only five terms, B,, 
teristic. This approximation is usually valid for amplifiers where the vi By, B:, Bs, and Bs, exist in the resulting Fourier series. In order to evaluate 
is small. For a power amplifier with a large input swing, however, it these five coefficients, the values of the currents at five different values of x 
necessary to express the dynamic transfer curve with respect to the Q pol are needed. These are chosen at equal intervals in input swing. Thus Imax, 


by a power series of the form I,, Iy, I_4, and Imin correspond, respectively, to the following values of x: the 


Maximum positive value, one-half the maximum positive value, zero, one-half 


ty = Gyr + Goa? + Gor? + Gat + 8- the maximum negative value, and the maximum negative value. These values 
| Je-#)) : i i are illustrated in Fig. 18-3. 
If we assume that the input wave is a simple cosine function of time, Assuming an input signal of the form z = X,, cos of as illustrated, then 


form in Eq. (18-7), then the output current will be given by 
When wt =0: iy = Imax 


iy = Iy + B, + Bi cos wt + Bz cos 2wt + Bs; cos 3wi + - - - 


i 
& 
i] 


y=]; 


This equation results when Eq. (18-7) is inserted in Eq. (18-15) 
proper trigonometric transformations are made. 

That the output-current waveform must be expressible by a rela' 
of this form is made evident from an inspection of Fig. 18-2. It is ol 
from this figure that the output-current curve must possess zero-azis 8 P 
or that the current is an even function of time. Expressed mathema When wt = 7: ty = Imin 


(wt) = i(—wt). Physically, it means that the waveshape for every 4U By combining these conditions with Eq. (18-16), five equations containing 


ty = Iy (18-17) 


colgp SY oats 


eI, 
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However, the total power output is 
Ri 


P= (BP+BP+Bi+ + -) = (1+De+De+--)Pi 


P=(1+ DP, (18-21) 


‘ where the total distortion, or distortion factor, is defined as 
Fig. 18-3 The values of signal — Da JDP DESDE (18-22) 
excitation and the corresponding 3 i 
Valdes Of conor cirfedt useage If the total distortion is 10 percent of the fundamental, then 


five-point schedule for determinin P = [1 + (0.1)"}P; = 1.01P; 


Bie TOUNSE SOMBOEIaS i, ma The total power output is only 1 percent higher than the fundamental power 

Bs, and B, of the current. when the distortion is 10 percent. Hence little error is made in using only 
the fundamental term P; in calculating the power output. - Considerable error 
may be made, however, if Eq. (18-5), rather than Eq. (18-20), is used to caleu- 
late the power. The former is based on the assumption that the fundamental 
component B; may be calculated from Eq. (18-12) rather than from the more 
accurate formula (18-18). 

In passing, it should be noted that the total harmonic distortion is not 
necessarily indicative of the discomfort to someone listening to music. Usu- 
ally, the same amount of distortion is more irritating, the higher the order of 
the harmonic frequency. 


Excitation 


five unknowns are obtained. The solution of these equations yields 


Bo = (Imax + 20y + 20-4 + min) — Ty 18-4 THE TRANSFORMER-COUPLED AUDIO POWER AMPLIFIER 
By = $(max + Ty — Ty — Imin) If the load resistance is connected directly in the output circuit of the power 
F Stage, as shown in Fig. 18-1, the quiescent current passes through this resist- 
Bz = ¢(Imax — 2Iy + Inia) nce. This current represents a considerable waste of power, since it does not 
Contribute to the ac (signal) component of power. Furthermore, it is generally 

Bs = 3(Imax — 2 - + . 
2 = ¥(Tmex Ty + 214 — Inia) | inadvisable to pass the de component of current through the output device, for 
By = Ya(Imax — 41, + 6ly — 4024 + Inia) xample, the voice coil of a loudspeaker. For these reasons an arrangement 
Using an output transformer is usually employed, as in Fig. 18-4. Although 
The harmonic distortion is defined as the input circuit also contains a transformer, it is possible to feed the exci- 
|B. \B,| \B.| 3 tation to the power stage through an RC coupling, particularly if the active 

D,= IBil D; iBil R= Bl ( device is a tube or a FET which requires very little driving power. 
1 1 

where D, (s = 2, 3, 4, . . .) represents the distortion of the sth harionies Impedance Matching In order to transfer a significant amount of power 


to a load such as a loudspeaker with a voice-coil impedance of 5 to 15 Q, it is 
Necessary to use an output matching transformer. This follows from the fact 
that the internal device resistance may be very much higher than that of the 
Speaker, and so most of the power generated would be lost in the active device. 

The impedance-matching properties of an ideal transformer follow from 
the simple transformer relations 


Power Output If the distortion is not negligible, the power deliver 
the fundamental frequency is 


= BYR; 


Py 3 


i le, el 
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Fig. 18-4 A transfo 
coupled transistor o 
stage. 


Via els and h=Wih 


where V; (V:) = primary (secondary) voltage 
J; (J:) = primary (secondary) current 
N, (N2) = number of primary (secondary) turns 
When N; < Nj, these equations show that the transformer reduces the vo 
in proportion to the turns ratio n = N,/N, and steps the current up in 
same ratio. The ratio of these equations yields 


Since, however, V1/J; represents the effective input resistance Ri, wh 
V>/I; is the output resistance Rz, then 


Maximum Power Output A practical problem is to find the tran 
turns ratio n (for a given value of Rz) in order that the power output 
maximum for a small allowable distortion. This problem is solved graphit 
as follows: First the quiescent operating point Q is located, taking int 
sideration the bounds discussed in Sec. 10-1 and indicated in Fig. 10-2. 
quiescent current is J¢ = Pc/Vc, where Pc is the value of collector dissip 
specified by the manufacturer, and V¢ is a value of quiescent collector 
which locates Q somewhere near the center of the Vcg scale. The ch 
Vc is somewhat arbitrary, but is subject to the restriction that Veg 2 
less than Vc¢(max) even if the transistor is driven to cutoff. For the tr 
tor whose characteristics are plotted in Fig. 18-5, the manufacturer 
Pc =10 W and Vce(max) = 30 V. A reasonable quiescent po 
Vc = —7.5 V and Ic = —1.1 A. A static load line passing throug! 
Q point with a slope corresponding to the small transformer de primary: 


Fig. 18-5 (a) The collector characteristics for a power transistor. A static load 
line for a transformer-coupled load is indicated. Also shown are load lines for 
dynamic resistances of 10 and 209. (b) The input characteristic. 


ance plus the small value of 2, is shown in Fig. 18-5a. The intersection of this 
line with the voltage axis gives the required power-supply voltage Vcc. { 
The base current at the Q point is seen to be —15 mA. If we were to drive 
the transistor too close to cutoff, an unacceptable amount of distortion would 
Tesult. Hence the peak-to-peak voltage swing »%, is limited to 140 mV. We 
are here assuming that the input transformer in Fig. 18-4 represents voltage 
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18-5 POWER AMPLIFIERS USING TUBES? 


The discussion of the preceding section is applicable to a triode, beam power 
tube, or pentode, as well as to a transistor. A power pentode or beam tube is 
capable of delivering a large amount of power with a small grid swing (high 
power sensitivity), at a high efficiency, and with low distortion. Under ordi- 
nary conditions of operation of a triode, the second harmonic is the principal 
component of distortion. It is shown below that it is possible to eliminate 


Fig. 18-6 Power output ¢ 
distortion for the transisto 
30 of Fig. 18-5 as a function 


we ‘i 
Spine: completely, by the proper choice of the load resistance, the second-harmonic 
distortion component in a multielectrode tube. The third-order distortion 
a term is then the most important. 

0 
a ” 20 30 40 Zero Second-harmonic Distortion Consider the pentode whose character- 
Haapa nba pony BE istics are indicated in Fig. 18-7, operating at the Q point Vp = 200 V and 
Vc = —15V. In this figure are shown three load lines corresponding to load 
drive for the power transistor and that the source resistance R, reflected in resistances of 3, 5.5, and 8 K. Suppose that a signal voltage having a peak 
the secondary circuit of the input transformer is negligible. From the inp value of 15 V is impressed on the grid. The grid will then swing from 0 to 
characteristic of Fig. 18-5b we see that the corresponding base current extreme -30 V. Oscillograms of the output-current waveforms reveal the following 
are Tyme = —30 mA and Iy,min = —6.5 mA, Note that the input currel characteristics: The waveform closely resembles a sine wave for the case 
swing is not symmetric with respect to the quiescent point Jp = —15 mA. R', = 5.5 K. For R, = 8 K, the upper half of the wave is decidedly smaller 


Sec. 9-13 we show that the nonsymmetric base current swing compensate than the lower loop, whereas for R, = 3 K, the upper half is larger. The 
the nonsymmetric collector voltage swing, and thus we have less distortion wit lower half of the current wave is identical for all three resistances. 

voltage drive than with current drive. If the effect of R, is not negligible, th An inspection of the static characteristics reveals the reason for these 
input characteristic of Fig. 18-5b must be modified by constructing the dynam Baul, . The Dottben Teall of tp wane ie obpaisieg: We tbe’ grid. wveinigs thes 


input characteristic corresponding to the given R,, as discussed in Sec. 4-9 an } -15to —30V. At the quiescent point (—15 V) the current is the same for 
Fig. 4-8. 7 all three loads. At —30 V the current is still practically the same for all loads, 

A series of load lines are drawn through @Q for different values of Ri, for this characteristic is approximately a horizontal line, as seen in Fig. 18-7. 
two indicated in Fig. 18-5a correspond to R’, = 10 and 209. For each sut Consequently, the lower halves of the current waves are almost identical for 
load line the dynamic transfer characteristic of Fig. 18-3 is constructed usin the three loads. 


Fig. 18-5a and b, and the output power and distortion are calculated using t The upper loop of the output-current wave is obtained as the grid swings 
formulas in Sec. 18-3. For example, we see from Fig. 18-5) that when # from —15 V to zero. Since the characteristic for Vg = 0 is a rapidly varying 
input excitation voltage is at its maximum, the base current is J = —30 one in the region of low values of vp, the peak current depends critically upon 
and from Fig. 18-5a and the Ri, = 20 @ load line, the maximum collector ¢ the point of intersection of the load line with this characteristic. For low 
rent is Tomax = —1.45 A. Similarly, we obtain the value I cy = —1.35 resistances the point of intersection will be on the upper portion of the Vo = 0 
noting from Fig. 18-5) that J, = —21 mA when the input excitation voltag 
at half its positive swing, or 35 mV above the Q point. The intersection of 


load line Ri, = 20 9 with the J, = —21 mA base current line in Fig, 18 Fig. 18-7 The plate char- 
pes in Icy = —1.35 A. The results of such calculations are plotted in F Scteristics for a power 
fs Pentode. Dynamic load 
For Ri, very small, the voltage swing, and hence the power out lines are shown for resist- 


approach zero. For Ri, very large, the current swing is small, and 
approaches zero. Therefore, in Fig. 18-6 the plot of P versus R’, has a 
mum. Note also that this maximum is quite broad. By choosing Ri, = 1 
a total distortion of less than 10 percent is obtained with a power outpul 
2.1 W, a value which is only 20 percent less than 2.5 W, the peak power poss 


Snces of 3, 5.5, and 8 K 
Passing through the Q 
Point (200 V, 37 mA). 
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sec. 18-6 


curve, resulting in a peaked output wave. For high resistances, the point 
intersection will be on the rapidly falling portion of this curve, and gives 
to a flat-topped curve. , 

The choice of Rj, = 5.5 K was determined by the requirement that t] 
second-harmonic distortion be zero. From Eqs. (18-18), 


Bz = 4(Imax — 21p ++ Imin) 


fig. 18-8 Power output and dis- 
tortion of a 6L6 beam tube as a 
function of load resistance. 
(Operating conditions: Vp = Vax = 
950 V, Ip = 72 mA, and Vai = 
-14V.) 


and Imax must equal 22» — Imin in order that By = 0. It is found from Fi 
18-7 that Zp, under the prescribed conditions of operation, is equal to 37 m 
Also, Imin (corresponding to Ve = —30 V) is substantially independent of th 
load line, and is found to be 7 mA. Hence 


Power output, W 


Tmax = 2 X 387 — 7 = 67 mA 


The corresponding value of vp = Vmmnin is 35 .V. It follows that 


Ry = 3 = 55K 


The other two values of load resistance were arbitrarily chosen in order t 18-6 SHIFT OF DYNAMIC LOAD LINE 
illustrate the distortion. 


i 5 sh tlle * lightly if 
With current excitation, it is not possible to eliminate second-harmo! The rer ee ba male Sonia frre st  aldeatamtt 
distortion in a transistor. The plate characteristics of a pentode become nor Map as ae aera et a ic characteristic. Consider Fig. 18-9, on 
widely spaced (Vig. 18-7) as the grid voltage increases because gm in By. the “nonlinearity” of tite’ dynam st load lines of a pentode or a transistor 
With increasing current. It is this feature of the output curves which which are indicated the static and dynamic lo , ‘a Point'@ is the quiescent 
possible a choice of Ri, to give zero second-harmonic distortion. On th working into i transformer coupled rine ta reveals that B, ¥ 0, then it 
hand, the collector characteristics of a transistor crowd together at the h pore ks phot Segall ak by ag vie vont h the point Q. Instead, 
currents because hrz decreases with increasing current for large currents ag LS seagate deta ete wake val r D of Me static load line. The 
9-12), With such a bunching of the curves at high currents it is not po Ai oust ele tek bag pico reg pabdlbd to the original dynamic line 
(with a base current swing which is symmetrical about the Q point) to find ale Rew dynamic fond i nd A point Q’ is located on the quiescent 
for which Imax — Io = I¢ — Imin, the necessary condition for By = 0. through the point D. The new ‘peer bones ent current is 'y. The point 
voltage drive, the second-harmonic distortion in a transistor may be mini pees ag acl in isgrualiamie’ WE: correct location is that for 
by the proper choice of load (Fig. 18-6). If two identical devices (tran must SRT ties 


or tubes) are used in a push-pull configuration (Sec. 18-8), then the s 


ly 
harmonie distortion may be eliminated completely. 


Dynamic load line 


Beam Power Amplifier The power output and harmonic distorti 
a 6L6 beam power tube operating at the quiescent point Vp = Vax = 
and a plate dissipation of 19 W are shown in Fig. 18-8. We see that t 
maximum in the power-output curve is quite broad. For example, it is po 
ble to obtain at least 6.5 W of output power with less than 10 percen' 
tortion for any load resistance in the range from 2.5 to 4.5 K. Note thatt 
optimum value of Ri, for a beam power tube or a pentode is a small fr: 
of the plate resistance (22.5 K for the 6L6), whereas for a triode the optim! 
value of 2, turns out to be several times Tp: 


Fig. 18-9 The operating point shifts 
when rectification occurs because of 
© nonlinear dynamic curve. 
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which Zac = I'y + Bi. The component B’, due to rectification may be eit If the distortion components are negligible, then 
positive or negative. (18-29) 


fen. . A i he 
llector-circuit efficiency differs from the overall efficiency because t 
Ter EFFICIENCY comer aha by the base is not included in the denominator of Eq. pepe 
The various components of power in an amplifier circuit are now exami For a tube the overall efficiency must include the grid power, the cathode- 
Suppose that the stage is supplying power to a pure resistance load. | heating power, and (for a pentode) the screen power. 
average power input from the de supply is VyyJy. The power absorbed : é " tate 
the output circuit is Zy*R: + I,V,, where I, and V, are the rms output cur Maximum Value of Efficiency It is possible Aa apevlees case 
and voltage, respectively, and where R; is the static load resistance. If expression for ” if certain idealizations are made 2 rf nent oe a 
denotes the average power dissipated by the active device, then, in acco) n These assumptions, of course, introduce errors in the ana i ne "a 
with the principle of the conservation of energy, results permit a rapid estimate to be made of the numerical value of 7 ‘ : 
particular, furnish an upper limit for this figure of merit. It is assumed tha 
Vee = TPR EVs + Pp (1s the static curves are equally spaced in the region of the load line for equal 
Since, however, increments in excitation (grid voltage or base current). Thus, in Fig. pana 
the distance from 1 to Q is the same as that from Q to 2. Tt is also assum 
a9 Tre that the excitation is such as to give zero minimum current. The ete 
Pp may be written in the form in Fig. 18-10 may be used to analyze either a series-fed or a transformer-f 
load. The only difference between the two circuits is that the supply voltage 
Pp = Vyly — Vil, ( Vy equals Vinex in the series-fed case, whereas Vyy is equal to the ae 
If the load is not a pure resistance, Vl, must be replaced by Vyly ¢0 gee SRN 
where cos @ is the power factor of the load. 7 transformer-coupled amplifier. The reader should compare Fig. 
Equation (18-26) expresses the amount of power that must be Q Figs. 18-2, 18-5, and 18-7. t rk, 
by the active device. It represents the kinetic energy of the electrons Under the foregoing idealized conditions, 
is converted into heat upon bombardment of the collector or plate by ti Vinax — Vinin 
electrons. If the ac power output is zero, i.e., if no applied signal exi Iy=In and Va = ay a 
then Pp has its maximum value of VyI. y. Otherwise, the heating of the 
is reduced by the amount of the ac power converted by the stage and 80 that Eq. (18-29) becomes 
to the load. Hence a device is cooler when delivering power to a lo — 25(Vinax — Vain) 


% (18-30) 
when there is no such ac power transfer. Obviously, then, the maxim 7 Vry 
dissipation is determined by the zero-excitation value. The type of coupling used must now be taken into account. For the series-fed 


convert the de power of the supply into the ac (signal) power deli 
the load is called the conversion efficiency, or theoretical efficiency. This 
of merit, designated 7, is also called the collector-circutt efficiency for a tra 
amplifier and the plate-circuit efficiency for a tube stage. By definit 
percentage efficiency is 


signal power delivered to load x 100% 
de power supplied to output circuit = 


Fig. 18-10 Pertaining to the calcu- 
lation of the conversion efficiency of 


25 Gn ideal distortionless amplifier. 


In general, 


_ __4BeR;, 
1 Wet EBS Ry X 100% 


_~—_ ~~” ee. ee, ee eee _— 
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load, Vyy = Vinax, and 
ain ins — Vass) % 


The corresponding input signal to Q2 is 


(18-37) Zo = —% = Xm cos (wl + x) 


The output current of this transistor is obtained by replacing wt by wt +r 
in the expression for i;. That is, 


ia(wt) = ix(wlt + 7) (18-34) 


This result indicates that the upper limit of the conversion efficiency is 2 
percent, and even this low value is approached only if Viin is negligible co 
pared with Vinax. 

Tf the load is coupled to the stage through a transformer, then 


whence 
Vinex + Virin 
2 


Vry = Vy = ty = Io + B, + Bi cos (wt + m) + Ba cos 2(ot-+m) + °° > 
and Eq. (18-30) reduces to which is 


Vinex — Vinin ; is = Ic + B. — Bi cos wt + Bz cos 2ut — Bs cos 3ut + °° 
plicit (18-82 : 
max min 
This result shows that the upper limit of the theoretical efficiency for a trai 
former-coupled power amplifier is 50 percent, or twice that of the serie 
circuit. For a transistor amplifier Visin occurs near the saturation region, an 
hence Vinin << Vmax, and the collector-circuit efficiency may approach the upp 
limit of 50 percent. For beam power tubes operating near the peak of the 
curve, ~ 40 percent. Finally, for a triode, where V min is usually not negli 
compared with Vinax; a value of 7 of less than 30 percent may be expected. 
The numerical value of the conversion efficiency must be calculated fi 

Eq. (18-28). The use of Eqs. (18-31) and (18-32) may Jead to large errors 
since these equations are derived using the highly idealized conditions indicat 
in Fig. 18-10. 


(18-35) 


As illustrated in Fig. 18-11, the current 7; and 72 are in opposite directions 
through the output-transformer primary windings. The total output current 
is then proportional to the difference between the collector currents in the 
two transistors. That is, 


i = k(iy — ts) = 2k(B: cos wt + Bs cos 3ut + - * -) (18-36) 


This expression shows that a push-pull circuit will balance out all even har- 
monics in the output and will leave the third-harmonic term as the principal 
source of distortion. This conclusion was reached on the assumption that the 
two transistors are identical. If their characteristics differ appreciably, the 
appearance of even harmonics must be expected. y 

The fact that the output current contains no even-harmonic terms means 
that the push-pull system possesses “half-wave,” or “mirror,” symmetry, in 
addition to the zero-axis symmetry. Half-wave symmetry requires that the 
bottom loop of the wave, when shifted 180° along the axis, will be the mirror 
image of the top loop. The condition of mirror symmetry is represented 


18-8 PUSH-PULL AMPLIFIERS‘ 


A great deal of the distortion introduced by the nonlinearity of the dyna 
transfer characteristic may be eliminated by the circuit shown in Fig. 18-1 
know as a push-pull configuration. In the circuit the excitation is introdue 
through a center-tapped transformer. Thus, when the signal on transis! 
Q1 is positive, the signal on Q2 is negative by an equal amount. Any 
circuit that provides two equal voltages which differ in phase by 180° 
used in place of the input transformer. 

Although the active devices are indicated as transistors in Fig. 18 
FETs, triodes, beam power tubes, etc., may also be used in this pu 
arrangement. And the discussion to follow applies equally well re; 
the particular power device employed. 

Consider an input signal (base current) of the form 2: = Xm 008 
applied to Q1. The output current of this transistor is given by Eq. (18 
and is repeated here for convenience: 


4: = Ic + B, + By cos wt + Bz cos 2wt + Bs cos 30t + --- 


(18 Fig. 18-11 Two transistors in a push-pull arrangement. 
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mathematically by the relation 4 cated in Fig. 18-12. Note that for a sinusoidal excitation the output is sinus- 

, : oul oidal during one-half of each period and is zero during the second half cycle. 

Hut) = —i(wt + 7) as The effective load resistance is R’, = (Ni/N;)*Rz. This expression for R’, is 

If wt + « is substituted for wt in Eq. (18-36), it will be seen that Eq. (18-3 the same as that in Eq. (18-24), where now N; represents the number of pri- 
is satisfied. mary turns to the center tap (Fig. 18-11). 

The waveforms illustrated in Fig. 18-12 represent one transistor Q1 only. 

Advantages of a Push-Pull System Because no even harmonics re The output of Q2 is, of course, a series of sine loop pulses that are 180° out of 


present in the output of a push-pull amplifier, such a circuit will give mo phase with those of Q1. The load current, which is proportional to the differ- 
output per active device for a given amount of distortion. For the same reaso) ence between the two collector currents, is therefore a perfect, sine wave for 


a push-pull arrangement may be used to obtain less distortion for a giv the ideal conditions assumed, The power output is 
power output per transistor. 

Another feature of the push-pull system is evident from an inspection P (18-38) 
Fig. 18-11. It is noticed that the de components of the collector ci 
oppose each other magnetically in the transformer core. This eliminates The corresponding direct collector current in each transistor under load is the 
tendency toward core saturation and consequent nonlinear distortion th; average value of the half sine loop of Fig. 18-12. Since Ja, = Inm/« for this 


might arise from the curvature of the transformer magnetization 
Another advantage of this system is that the effects of ripple voltages that: Lv 
be contained in the power supply because of inadequate filtering will I Ping (18-39) 
balanced out. This cancellation results because the currents produced 7 

this ripple voltage are in opposite directions in the transformer winding, ar The factor 2 in this expression arises because two transistors are used in the 
so will not appear in the load. Of course, the power-supply hum will als push-pull system. 


act on the voltage-amplifier stages, and so will be part of the input to the por Taking the ratio of Eqs. (18-38) and (18-39), we obtain for the collector- 
stage. This hum will not be eliminated by the push-pull circuit. 


waveform, the de input power from the supply is 


18-9 CLASS B AMPLIFIERS® 


The circuit for the class B push-pull system is the same as that for the 
A system except that the devices are biased approximately at cutoff. 
transistor circuit of Fig. 18-11 operates class B if Ry = 0 because a tra 
is essentially at cutoff if the base is shorted to the emitter (Sec. 9-15). 
advantages of class B as compared with class A operation are the followin 
It is possible to obtain greater power output, the efficiency is higher, and thet 
is negligible power loss at no signal. For these reasons, in systems where tl 
power supply is limited, such as those operating from solar cells or a batter} 
the output power is usually delivered through a push-pull class B transist 
circuit. The disadvantages are that the harmonic distortion is higher, 
bias cannot be used, and the supply voltages must have good regulation. 


Power Considerations In order to investigate the conversion efficient} 
of the system, it is assumed, as in Sec. 18-7, that the output characteristi 
equally spaced for equal intervals of excitation, so that the dynamic ti 
curve is a straight line. It is also assumed that the minimum current is 
The graphical construction from which to determine the output-current Fig. 18-12 Graphical construction for determining the output waveforms of a 
voltage waveshapes for a single transistor operating as a class B stage is ind Single class B transistor stage. 


wt 
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circuit efficiency 


a= px 100=F pe =F (1 Fe") x 100% 

Fig. 18-13 A class B push- 
This expression shows that the maximum possible conversion efficiency j pull circuit which does not 
25r = 78.5 percent for a class B system compared with 50 percent for class use an output transformer. 


operation. Fora transistor circuit where Vinin < Vce, it is possible to approa 
this upper limit of efficiency. This large value of 7 results from the fact th 
there is no current in a class B system if there is no excitation, whereas there 
a drain from the power supply in a class A system even at zero signal, 
also note that in a class B amplifier the dissipation at the collectors is zen 
in the quiescent state and increases with excitation, whereas the heating o Distortion The output of a push-pull system always possesses mirror 
the collectors of a class A system is a maximum at zero input and decre symmetry (Sec. 18-8), so that Iy = Ic = 0, Imz = — Seif a 

as the signal increases. Since the direct current increases with signal in Under these circumstances, Eqs. (18-18) reduce to iy : ie 
class B amplifier, the power supply must have good regulation. ' 


The collector dissipation P¢ (in both transistors) is the difference betwe Bo= Br =Bi=0 Br = (Imax +I;) Bs = $(Imax — 214) 
the power input to the collector circuit and the power delivered to the lo: (18-45) 
Since In = Vin/Ri, - 
2 gelatine: chee N ote that there is no even-harmonic distortion. The principal contribution 
Py ple ps =—S - opr (18 to distortion is the third harmonic, given by D; = |Bs|/|B,|. The values Imax 
L Ue and J; are found as follows: A load line corresponding to R’, = (Ni/N+)*Rz is 
This equation shows that the collector dissipation is zero at no signal (Vm = 0 drawn on the collector characteristics through the point Ic = 0 and Vez = Vee. 
rises as Vm increases, and passes through a maximum at Vm = 2Vcc/m (Prot Tf the peak base current is Zs, then the intersection of the load line with the 
18-23). The peak dissipation is found to be Ty curve is Imax and with the 2/2 characteristic is J, y a8 indicated in Fig. 18-12. 
ons The power output, taking distortion into account, is 
Pc(max) = (18-43 2RY 
7R, P= (1 + Dy BR (18-46) 
The maximum power which can be delivered is obtained for V, = Veo 
Vin = 0), or Special Circuits® A class B configuration which dispenses with the output 
oi ol Veo? transformer is shown in Fig. 18-13. This arrangement requires a power supply 
QR, whose center tap is grounded, a condition which is not difficult to obtain with 
ance batteries, 
Piney & P(max) ~ 0.4P(max) 8-4 5 A circuit which requires neither an output nor an input transformer is 
Pp own in Fig. 18-14. This arrangement uses transistors having complemen- 


tary symm -p~ i 
If, for example, we wish to deliver 10 W from a class B push-pull amplifi y symmetry (one n-p-n and one p-n-p type), and hence there is no vacuum- 


then Po(max) = 4 W, or we must select transistors which have collector 
pations of approximately 2 W each. In other words, we can obtain @ 
pull output of five times the specified power dissipation of a single transl 
On the other hand, if we paralleled two transistors and operated them clas Fig, Cre 
to obtain 10 W out, the collector dissipation of each transistor would S14 Wi patil cheek 
be at least 10 W (assuming 50 percent efficiency). And at no excitation 
would be a steady loss of 10 W in each transistor, whereas in class 
standby (no-signal) dissipation is zero. This example clearly indica 
superiority of the push-pull over the parallel configuration. 


_ Using transistors having comple- 
Mentary symmetry. 
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tube counterpart of this circuit. The difficulty with the circuit is that the construction used to obtain the output current (assumed proportional to 
obtaining matched complementary transistors. If there is an unbalance jj the base current) is shown. In the region of small currents (for vs < V,) the 
the characteristics of the two transistors in Fig. 18-14 (or also in Figs. 18-1 output is much smaller than it would be if the response were linear. This 
and 18-13), then considerable distortion will be introduced; even h ¢ effect is called crossover distortion. Such distortion would not occur if the 
will no longer be canceled. Very often negative feedback is used in powe driver were a true current generator, in other words, if the base current (rather 
amplifiers to reduce nonlinear distortion. In Fig. 18-14 the power suppl than the base voltage) were sinusoidal. 


“floats” with respect toground. (Neither side of the power supply is grounded, In order to minimize crossover distortion, the transistors must operate in 
a class AB mode, where a small standby current flows at zero excitation. In 
the circuit of Fig. 18-11, the voltage drop across Rz is adjusted to be approxi- 


LASS mately equal to V,. Class AB operation results in less distortion than class B, 
18-10 q ‘AB- OPERATION é but the price which must be paid for this improvement is a loss in efficiency 
In addition to the distortion introduced by not using matched transistors an and a waste of standby power. The calculations of the distortion components 


that due to the nonlinearity of the collector characteristics, there is one in a class AB or class A push-pull amplifier due to the nonlinearity of the col- 
source of distortion, that caused by nonlinearity of the input cha i lector characteristics is somewhat involved since it requires the construction of 
As pointed out in Sec, 9-15 and Fig. 9-20, no appreciable base current flo composite output curves for the pair of transistors.’ 
until the emitter junction is forward-biased by the cutin voltage V,, which 
0.1 V for germanium and 0.5 V for silicon (Table 9-2). Under these cireu 
stances a sinusoidal base-voltage excitation will not result in a sinusoidal o 
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1 9 PHOTOELECTRIC 
DEVICES 


The liberation of electrons from matter under the influence of 
is known as the photoelectric effect, first observed by Hertz in 1 
Today, many commercial devices are based on this discovery. 
The photoelectric effect includes (1) the liberation of elect 
from a metallic surface, and (2) the generation of hole-electron pail 
in semiconductors when these solids are subjected to radiation. Th 
first phenomenon is called the photoemissive effect and is exploited i 
vacuum and gas phototubes. Photoeffects in semiconductors may b 
subdivided into two types: (1) the photoconductive effect; i.e., i 
electrical conductivity of a semiconductor bar depends upon the ligh 
intensity; and (2) the junction photoeffect; i.e., the current across & 
reverse-biased p-n junction is determined by the intensity of the 
illumination. If the p-n junction is open-circuited, an emf is genera’ 
This latter phenomenon is called the photovoltaic effect. 
This chapter discusses photoelectric theory, considers practical 
photodevices, and shows how these are used in a circuit. 


19-1 PHOTOEMISSIVITY 


Using the experimental arrangement indicated in Fig, 19-1, the fo 
ing characteristics of the photoemissive effect are obtained: 


1. The photoelectrons liberated from the photosensitive surtt 
possess a range of initial velocities. However, a definite 
potential when applied between the collector and the emitting s 
will retard the fastest-moving electrons. This indicates that # 
emitted electrons are liberated with all velocities from zero to a defi 
maximum value vmax- The maximum velocity of the emitted ele 
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Cathode Anode 
(photoemitter) — (electron collector) 
Fig. 19-1 The photoelectric current J is oe Radiation 
measured as a function of the voltage V od 


between photoemitter and collector. us 


is given by the relation 
4nvi,.. = eV, (19-1) 


where V, is the retarding potential, in volts, necessary to reduce the photo- 
current to zero. As the accelerating potential is increased, the number of 
electrons to the collector increases until saturation occurs. In Fig. 19-2a are 
plotted curves showing the variation of photocurrent J versus anode poten- 
tial V with the light intensity j as a parameter. These curves indicate that 
V,, and hence vmax, are independent of the light intensity. 

2. If the photoelectric current is measured as a function of the anode 
potential for different light frequencies f and equal intensities of the incident 
light, the results* obtained are essentially those illustrated in Fig. 19-2b. It 
is observed that the greater the frequency of the incident light, the greater 
must be the retarding potential to reduce the photocurrent to zero. This 
means, of course, that the maximum velocity of emission of the photoelectrons 
increases with the frequency of the incident light. Experimentally, it is found 
that a linear relationship exists between V, and f. 


The experimental facts 1 and 2 may be summarized in the statement 
that the maximum energy of the electrons liberated photoelectrically is independent 
of the light intensity but varies linearly with the frequency of the incident light. 


ANh>hs 
j= constant 


(0) 


Fig. 19-2 Photocurrent vs. anode voltage. (a) With light intensity j 
asa parameter. The frequency f of the incident light is a constant. 
(b) With the frequency of incident light as a parameter. The light 
intensity is a constant, 
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Sec. 2-3, Planck made the fundamental assumption that radiant energy is 
not continuous, but can exist only in discrete quantities called quanta, or 
photons. Bohr used this same theory of photons to explain the spectra of 
wavelength for the alkali atoms (Sec. 2-1). Einstein applied the same hypothesis to explain photo- 
metals. (E.F. Seiler, emission, as we now demonstrate. Planck’s basic assumptionis that, associated 
Astrophys. J., vol. 52, p. with light of frequency f (hertz) are a number of photons, each of which has an 
129, 1920.) energy hf (joules), where h (joule-seconds) is called Planck’s constant (Appendix 

A). The greater the intensity of the light, the larger the number of photons 
Ultraviolet —>{«——visible——>}«— Infrared present, but the energy of each photon remains unchanged. Of course, if 
the light beam is heterogeneous rather than monochromatic, the energy of 
the photons therewith associated will vary and will depend upon the frequency. 


Fig. 19-3 Spectral sensi- 
tivity as a function of 


a 
3. If the saturation current is plotted as a function of the light intensity, 
we find that the photoelectric current is directly proportional to the intensity 
of the light. ; Einstein Equation If monochromatic light of frequency f falls upon a 
rath ee foregoing Photoelectric characteristics are practically, indepen metal whose work function is Hy (electron volts), corresponding to Uw (joules), 

of temperature, within wide ranges of temperature. 


the velocity of the emitted electron is, according to Einstein,® 
5. The electrons are emitted immediately upon the exposure of the surf: ea 4 8 


to light. The time lag has been determined experimentally* to be less th dmv? < hf — Uw (19-2) 
4 me Photoelectric cells are selective devices. This means that a gi The significance of this equation becomes apparent if the electronic theory of 
intensity of light of one wavelength, say red light, will not liberate the same matter is taken into consideration. Since photoelectric devices are operated 
number of electrons as an equal intensity of light of another wavelength, at low (room) temperature, the completely degenerate distribution function 
blue light. That is, the photoelectric yield, defined as the photocurrent (in must be employed. Figure 19-4 shows the energy distribution function at low 
amperes) per watt of incident light, depends upon the frequency of the temperatures, and also the potential-energy barrier at the surface of the metal 
Alternative designations of the term ‘photoelectric yield’ to be found in the (Fig. 8-14), erie har ur 
literature are spectral response, quantum yield, spectral sensitivity, specific pho Figure 19-4 indicates that the electrons within the metal exist in energy 
sensitivity, and current-wavelength characteristic. The relative response ; levels ranging from zero to a maximum energy given by the Fermi level Ee 
for the alkali metals are shown in Fig. 19-3. eV, but none has energies greater than this value. If an electron possessing 
Curves of these types are obtained experimentally in the following way! the Fermi energy receives the photon of light energy Ay and travels normal 
Light from an incandescent source is passed through the prism of a mon to the surface of the metal, the kinetic energy that it will have, upon escaping 
chromator for dispersion, a narrow band of wavelengths being selected from the metal, will be Af — Uw (joules). This follows from the significance 
means of an appropriately placed slit system. The current given by of the work: function Uw, which is the minimum energy that must be supplied 
photoelectric surface when exposed to the light passing through the sys at O°K in order to permit the fastest-moving surface-directed electron just to 
of slits is noted. The current given by a blackened thermopile when expos Surmount the potential-energy barrier at the surface of the metal and to 
to the same light is also noted. The ratio of these two readings is plott escape, u ? ; 
vs. the wavelength of the incident light. Blackened thermopiles are used Since some of the electrons which have energies less than the Fermi level 


because they absorb all radiation incident upon them equally, regardless May absorb the incident photons, an energy greater in magnitude than Uw 
the wavelength. This procedure permits a measure of the energy con ne 

in any part of the spectrum to be made. An automatic spectral-sensitivity- 
curve tracer has been designed for obtaining these curves quickly with the Fig. 19-4 Energy-level 
aid of a cathode-ray tube.4 


Energy, eV 


diagram for the free 
electrons within a metal. 
19-2 PHOTOELECTRIC THEORY The potential-energy bar- 
The foregoing experimental facts find their explanation in the electronic theo rier at the surface of the 
of metals and in the light-quantum hypothesis of Planck. As dis Metal is also shown. 


Inside of metal Outeide’ of 


metal 


Zero level 
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i h . This fact lains the inequalit; 
thy ae ee ees nage “ EXAMPLE A tungsten surface having a work function of 4.52 eV is irradiated 
According to Eq. (19-2), the retarding potential V, that will just repel per ae cad line, 2,537 A. What is the maximum speed of the emitted 


the fastest-moving electron is given by ‘ 
Solution The electron-volt equivalent of the energy of the incident photons is 


eV, = 4mvi.,, = hf — Uw (19 3) 12,400/2,537 = 4.88 eV. According to the Einstein equation, the maximum 


which is in agreement with the experimental facts 1 and 2 of Sec. 19-1. SnecE yin ba emitted electromais 


result shows that the maximum energy of the escaping electrons varies linear! y 4.88 — 4.52 = 0.36 eV 

with the frequency and is independent of the airs cee “7 latter From Eq. (1-13) the corresponding velocity is 
condition follows from the fact that the intensity of the incident light doe om 5 i ‘ 

not enter into this expression. Equation (19-3) was verified experimentally Ynax = 5.93 X 10° 70.36 = 3.56 X 105 m/sec 
by Millikan. He plotted retarding voltage vs. frequency and obtained a 


straight line. The slope of this line gives the value of the ratio h/e. Th 4 If it is remembered that the distribution function of electrons in metals 
value of this ratio found by this method agrees very well with that from oth varies very little with temperature, then fact 4 of Sec. 19-1 is evident. Strictly 
experiments. The intercept of the Einstein line with the V, axis gives Uw/e speaking, however, the totally degenerate distribution function applies only 
(provided that corrections are made for contact difference of potential). h at the temperature 0°K. At room temperature, therefore, a few electrons 
value of the work function obtained photoelectrically agrees well with tht will have emission velocities greater than those predicted by Eq. (19-3). 
measured thermionically for the same emitter. Hence no absolutely sharp long-wavelength limit exists for any substance, 

The fact that the photoelectric current is strictly proportional to since the curves, such as those of Fig. 19-1, approach the axis asymptotically. 
light intensity is readily explained. A greater light intensity merely den Fowler’ investigated this matter theoretically, and this theory provides a 
the presence of a larger number of photons. Further, since each pho! method of determining the photoelectric work function independent of the 
equally effective in ejecting electrons, the number of electrons per secor temperature of the surface. For most practical purposes the use of the com- 


ejected must be proportional to the light intensity. ~ pletely degenerate distribution function even at room temperature is quite 
reasonable. Hence it is justifiable to consider cutoff to occur sharply for 


Threshold Wavelength The minimum frequency of light, known as th frequencies below the critical value f.. 


threshold frequency fo, that can be used to cause photoelectric emission can 


found from Eq. (19-3) by setting the velocity equal to zero. The result i Spectral Response A qualitative explanation for the shapes of the curves 


of Fig. 19-3 is readily found. There can be no response for frequencies below 


Uw (194 Je; hence cutoff occurs at the point f = f.. As f increases above f., the energy 
te = an of the incident photon hf increases, and some electrons in levels below the 
AN maximum energy state are permitted to escape. As a result, the response 
The corresponding wavelength, known as the long-wavelength limit, or ‘ increases as pri Ani Saseace or Pern 6 ae the Seven 
threshold wavelength, or the cutoff wavelength d. (meters) beyond which p decreases. However, a point of maximum response must exist. This conclu- 
electric emission cannot take place, is sion follows from the fact that if the energy of the light is U (joules), the number 
4 ch of photons in the light beam is U/hf. The photocurrent must decrease as 
= | Aegie f increases because of the decreased number of photons present and because, 
ee. as f increases, other photon-absorption processes occur which do not lead to 
If the work function Uy in joules is converted to Zw in electron volts and if th emission. A second peak is sometimes found to occur at the short waye- 
wavelength \, is expressed in angstrom units, A (Appendix B), we obtain lengths. A complete quantitative explanation for the shapes of these curves 
: has not yet been given. 
N= 12,400 
Ew 

For response over the entire visible region, 3,800 to 7,600 A, the work functi 19:3 DEFINITIONS OF SOME RADIATION TERMS 

of the photosensitive surface must be less than 1.63 V. This statement foll A beam of light which strikes a surface consists of a stream of photons. If we 


directly from Eq. (19-5). know the number of photons per second striking the surface and in addition 
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the energy of each photon in joules, we can calculate the radiant flux, which the lumen. The lumen is defined so that 1 W of light at \ = 0.55 4 is equal to 
gives the number of joules per second, or the power in watts of the beam. 680 lumens. Conversely, 1 lumen = 0.0016 W for yellow-green light. From 
Trradiation is defined as the total radiant power density incident upon a the standard luminosity curve we see that 1 W of light at 0.61 » is equal to 
receiving surface in milliwatts per square centimeter. The concept of illumi= 340 lumens. One candlepower corresponds to a total light flux of 47 lumens. 
nation is based on the ability of the human eye to see different: wavelength: One lumen per square foot is called the foot-candle. 
of radiation. Figure 19-5a shows a plot of the relative spectral response of Figure 19-5) shows the relative spectral distribution of a tungsten light 
the human eye of a so-called standard observer, and is referred to as th source operating at a temperature of 2900°K. In order to compute the illumi- 
standard luminosity curve. From this curve it can be seen that the hum nation from this source, the spectral response of the light source (at a given _ 
eye responds to light between 0.38 and 0.76 » and has a maximum respo wavelength) is multiplied by the ordinate of the standard luminosity curve 
at a wavelength of 0.55 4, where » denotes the micron (Appendix B). Ifa. (at the same A), and the area under the product curve is obtained. 


white surface is illuminated with the same intensity light at 0.55 and 0.61 
respectively, only half the brightness will be seen at 0.61 as at 0.55 pu. 0, 


a song a” response is extremely small outside the range 0.4 to 0.7 u (4,000 19-4 PHOTOTUBES 
A radiant power density which is weighted in proportion to the stand Fr The essential elements of a phototube are a sensitive cathode surface of large 
luminosity curve is called illwmination. The unit of luminous flux is called area and a collecting electrode, contained in a glass bulb. Many of the 


present-day phototubes consist of a semicylindrical metallic cathode on which 
the photosensitive substance has been evaporated. The anode is a straight 
wire that is practically coaxial with the cathode. 


Volt-Ampere Characteristics The curves for a vacuum phototube are 
shown in Fig. 19-6a. The current that exists at zero accelerating potential 
results from the initial velocities of the electrons. Note that a retarding 
potential must be applied in order to reduce the current to zero. 

As the anode-cathode potential is increased, the current to the anode 
increases very rapidly at first, the nonsaturation resulting from the possible 
Fig.19-5. (0) The space-charge effects, and also from the fact that some electrons are missing 

1@, ta the wire anode on their journey from the cathode, since the attractive field is 
ard luminosity curve for small at these low potentials. The current very soon reaches a saturation 
the eye; (b) the relatiy 
response curve for an 
incandescent lamp at — 
2900°K. (Courtesy of 
Texas Instruments, Inc.) 


(a) 


Plate voltage, V Plate voltage, V 
(a) (6) 


Fig. 19-6 Volt-ampere characteristics with light intensity as a parameter (a) of a 
Vacuum phototube, (b) of a gas-filled phototube, 
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value, for the field becomes sufficient to attract all the electrons liberated from 
the cathode under the influence of the incident light. The continued increase 
in photocurrent as the anode potential is increased results from the more com- 
plete collection of the electrons. 

By filling the glass envelope with an inert gas, such as neon or argon, at 
pressure of the order of 0.5 mm, the current yield for a given intensity of 
illumination is greatly increased, as illustrated in Fig. 19-6b. The ine: d 
current is produced by ionization of the gas for voltages in excess of the 
ionization potential V;. The additional electrons generated by ionizati 
give rise to the so-called Townsend discharge.* It is important never to raise 
the potential across the tube to the point where a glow discharge occurs, for 
that will cause cathode sputtering, with a consequent permanent damage to 
the cathode surface. 


Sensitivity Commercial phototubes are now available with photoel 
yields® that have peaks in various portions of the radiation spectrum. : 
19-7 shows the spectral response of the three most common photosurfaces. 
Surface S-1 consists of a composite silver-cesium oxide—cesium surface. Such 
a surface is sensitive throughout the entire visible region and has a high sensi- 
tivity in the infrared. As a result, this composite surface is used extensi 
in commercial phototubes. Surface S-3 is a silver-rubidium oxide-rubidi 
surface which has a sensitivity largely confined to the visible region, altho 


ees 
1P21, 1P37, 1P39, 1P42, | 
929, 931-A, 934, 5581, 


Relative sensitivity, arbitrary units 


12,000 


Angstrom units 


Fig. 19-7 The relative response of three commercial surfaces as a function of 
wavelength. The phototubes using these surfaces are listed on each diagram. 
The visible region is shaded. (From V. K. Zworykin and G. A. Ramberg, “Pho 
electricity and Its Applications,’ John Wiley & Sons, Inc., New York, 1949.) 
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it has its greatest sensitivity in the blue end of the spectrum. Surface S4 
shows the response of an antimony-cesium surface that is very sensitive to the 
green, blue, and near ultraviolet and is insensitive to red and infrared radi- 
ation. The tube has a sensitivity of 120 zA/lumen when daylight is used as 
the source. When a tungsten lamp, operating at a filament temperature of 
2870°K, is the source of light, the sensitivity of the S-1 surface is 20, of the 
8-3 surface 6.5, and of the S-4 surface 45 »A/lumen. 


Practical Considerations It should be kept in mind that the curves 
shown in this chapter, and also those supplied by the phototube manufac- 
turers, are typical rather than specified for any particular tube type. Large 
variations may exist in the characteristics of phototubes manufactured under - 
presumably identical conditions. This results from the fact that the number 
of photoelectrons emitted for a given illumination varies appreciably for even 
slight changes in the surface preparation of the cathode. For the same reason, 
it is often found that different portions of the same emitting surface may 
possess different sensitivities. It is advisable, therefore, to illuminate a large 
part of the cathode uniformly whenever possible, rather than to focus the light 
source on only a portion of the photoemissive surface. 

In any particular application, careful consideration must be given to the 
choice of the light source, as well as to the photocell characteristics. For 
example, it is desirable that the source emit strongly in the frequency range in 
which the photocell is most sensitive, if large photocurrents are to be obtained. 

A gas photocell has greater sensitivity than a comparable vacuum tube. 
However, the current from the gas-filled device increases more rapidly than 
the illumination for anode voltages that are higher than the ionization poten- 
tial of the gas (Fig. 19-6). This nonlinearity of the current with incident flux 
must be taken into account in applications using a gas tube. 


19-5 APPLICATIONS OF PHOTODEVICES 


The basic circuit employing a light-sensitive device is the same for a photo- 
emissive device (Fig. 19-8a) as for a semiconductor device (Fig. 19-8b or ¢). 

As the luminous flux that is incident on the cell varies, the output current 
changes, and a changing voltage appears across the load resistor Ry. Although 
the basic circuits are the same, there are three important types of application 
of phototubes, just as there are with amplifiers: (1) A definite fixed amount 
of illumination is to be measured. This application involves a de, or quiescent, 
value calculation. (2) Rapid variations in light intensity are to be faithfully 
reproduced. This mode of operation is a small-signal application. (3) A 
definite large change in light intensity is to be detected. This represents a 
large-signal or switching-mode application. 

The field of photometry and colorimetry offers many examples of the first 
type of application. In such cases, Rz might simply be the internal resistance 
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A Fig. 19-9 Volt-ampere char- [__| tighe ux, tumens = 0.1] 
4 R acteristics of an RCA 929 +H mane 
v v yacuum phototube. The mas Bal Bl ; 
ry * Vip e load lines for Vpp = 250 V : | 
K ond Rx = 1.0, 25, and 50 M —t : 
(b) (c) and also the line for Vpp = 
100 V and Ry = 50 M are 
Fig. 19-8 The basic circuit using a photoelectric device consists of a supply shown. (Courtesy of RCA 
voltage Vpp in series with the load Rx across the device. The symbol in (a) Manufacturing Co.) 
represents a phototube, in (b) a p-n junction photodiode, and in (c) a photo- 
conductive cell. 


of the indicating instrument. If the incident light is too small to be measur- 


able directly, a de amplifier might be used. In this case, Hz will be the input that the volt-ampere characteristics of Fig. 19-9 are essentially horizontal lines 
resistance of the amplifier. The light beam of varying intensity that has been that are equally spaced for equal intervals of light flux. Since, for a given 
modulated by the sound track of a motion-picture film or by the scanning light intensity, the plate current is nearly independent of voltage, except for 
process in a television tube is of the second class. Applications of the third small voltages, the vacuum photocell may be considered to be a constant-current 

type are exemplified by on and orr circuits. In such cases the phototube is, generator. This characteristic is made use of in certain applications. 
used in conjunction with a relay, so that some circuit is either energized o Tf the load resistance is too high, or if the plate supply voltage is low, 
deenergized when the light intensity exceeds or falls below some preassigned the load line will intersect the volt-ampere curves for the higher intensities in 
value. Many of the common applications of the “electric eye” belong to this the region near the origin, where the curves are close together. Under these 
third class. A few illustrations are the counting or sorting of objects on a circumstances, a curve of current vs. light flux will no longer be linear. In 
conveyor belt, the automatic opening of a door as it is approached, devices fact, it will show a saturation value, as indicated by the lower curve in Fig. 
for the protection of human life, and fire-alarm systems. 19-10, and bottoming is said to have taken place, This expression arises from 
; the fact that the tube voltage remains at the bottom of the characteristic 
Circuit Analysis In order to determine the current that will flow in the (approximately zero voltage), although the excitation is increased. Where 
circuit of Fig. 19-8 for a given light flux, supply voltage, and load resistance, modulated light is to be translated into proportional electrical voltages, this 
it is necessary to use the volt-ampere device characteristics. The straight line, condition is to be avoided. However, such a characteristic may be highly 

expressed by the relation desirable in certain special applications. 
si iR The analysis of a circuit containing a semiconductor device is performed 
nd re L o 


is superposed on this set of static characteristics. ‘This is the same load line 
that is discussed in connection with the diode rectifier in Sec. 4-9. It is 
drawn through the point i = 0, » = Vpp, and with a slope determined by 
load resistor Rz, as shown in Fig. 19-9. Fig. 19-10 Photocurrent as a function of 
The intersection of the load line with each volt-ampere curve gives the light flux (dynamic curves). The upper 

current output at the value of intensity for which that curve was construe linear) characteristics are for Vepp = 

Tn this way a curve of current vs. intensity or flux for each value of load 
ance can be found. The curves for R, = 1, 25, and 50 M and Vpp = 250 ; 
for the RCA 929 vacuum phototube are reproduced in the upper sections of 
Fig. 19-10. It is noted that these curves are practically linear and almost 
independent of the load resistance. This result is a consequence of the fac! 


250 V, and the lower (nonlinear) curve is 
for Vep = 100V. 


Anode current, »A 


Light flux, lumens 
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in exactly the same manner as described above. The volt-ampere characte ‘Transparent 
isties of such cells must, of course, be used in this analysis. These character. ooo, photocathode 
istics are obtained later in this chapter. 7 


19-6 MULTIPLIER PHOTOTUBES 


Very weak light intensities must be measured in many applications, such ag 
nuclear-radiation detection, television pickup devices, colorimetry, astronomy 
and many industrial processes. A very sensitive device suitable for suel 
applications is obtained by amplifying the current from a photoelectric surfa 
by means of secondary emission. 
The principle of operation of a photomultiplier tube is illustrated in 
19-11, Light impinges upon the cathode and emits photoelectrons which a 
directed toward a plate A called a dynode. Upon collision with A, secondar 
electrons are liberated. These, in turn, travel to dynode B, where n 
secondary electrons are released. The charges leaving B are directed to 
the next plate (if more are included), and the electrons from the last dynod Fig. 19-12 (a) A circular photomultiplier. (Courtesy of Radio Corpo: 
are finally collected by the anode. If the ratio of the number of secondary ration of America.) (b) A linear photomultiplier. (Courtesy of A. B. 


primary electrons is 6, and if there are n dynodes, the current at the collector Du Mont Laboratories, Inc.) 


t= 6" 

; one emitter to the next. This deforming imposes a practical limitation upon 
the number of emitters that may be used, and so upon the subsequent gain 
of the unit. 

Because of the need for a magnetic field as well as an electric field, a 
great deal of attention has been given to the development of electrostatic 
secondary-emission multipliers. These use no magnetic field, but the shapes 
and the orientations of the electrodes are such that the electrons pass progres- 
sively from one dynode to the next. Two different types of electrostatic 
multipliers are illustrated in Fig. 19-12. 

The RCA type 931-A tube with nine dynodes has a current amplification 
of 200,000 and a sensitivity of 2 A/lumen, This tube is about the size of a 
small receiving tube. The Du Mont tube uses an end window with a semitrans- 
parent cesium-antimony photoemissive surface. Light impinges on one side, 
and the photoelectrons emitted from the other side are focused onto the first 
dynode by means of the focusing shield. The box-type dynodes are in the 
shape of one-fourth of a “pill box,” as indicated in Fig. 19-13. The secondary- 


where 7, is the initial current at the photocathode. The overall current gi 
is 6", 

One of the earliest photomultiplier tubes’ employed a configuration | 
perpendicular electric and magnetic fields both to focus and to direct ¢ 
beam from dynode to dynode. In Fig. 19-11 the magnetic field is perp 
ular to the plane of the paper, and the electrons move in practically cyclo’ 
paths, as shown. However, if an electron starts from rest at the cathoc 
it will have zero velocity when it reaches the first dynode. Under th 
circumstances, the electrons from the cathode could cause no secondary emis 
at this emitter. For this reason, an additional potential gradient must. 
from the cathode to the first dynode and from the first to the second emitt 
ete. The addition of this field distorts the original field, making an 
determination of the paths of the particles very difficult. The effect of 
initial velocities is to cause a slight defocusing of the beam in passing fro 


Fig. 19-11 The approximate cycloidal 
path in a magnetic secondary-emi: 
electron multiplier. The magnetic fi 
perpendicular to the plane of the pap® 


Fig. 19-13 Box-type dynodes. The sketch is drawn assuming 
$=2, 


580 / ELECTRONIC DEVICES AND CIRCUITS Sec. 19.7 
emission surfaces are of silver-magnesium, for which 6 equals about 3 or 4 at 
the recommended operating voltages. Tubes with photocathode diame 
ranging from ? to 14 in. are available, and most of these are built with 1¢ 
secondary emitters. The dynode voltages (100 to 150 V per stage) are obtained 
by means of a resistive divider arrangement from a high-voltage power supply. 
With these Du Mont multiplier phototubes it is possible to obtain a ct 
amplification of 3,000,000 and a sensitivity of 100 A/lumen. 


3 


19-7 PHOTOCONDUCTIVITY#:2 


If radiation falls upon a semiconductor, its conductivity increases. T| 
photoconductive effect is explained as follows: The conductivity of a mai 
is proportional to the concentration of charge carriers present, as indica 
in Eq. (5-1). Radiant energy supplied to the semiconductor causes cov: 
bonds to be broken, and hole-electron pairs in excess of those generated th 
mally are created. These increased current carriers decrease the resistan 
of the material, and hence such a device is called a photoresistor, or phot 
conductor. For a light-intensity change of 100 ft-c the resistance of a com. 
mercial photoconductor may change by several kilohms. 

In Fig. 19-14 we show the energy diagram of a semiconductor ha 
both acceptor and donor impurities. If photons of sufficient energies illun 
nate this specimen, the following transitions are possible: An electron-hol 
pair can be created by a high-energy photon, in what is called intrinsic 
tion; a photon may excite a donor electron into the conduction band; o 
valence electron may go into an acceptor state. The last two transitiot 
are known as impurity excitations, Since the density of states in the eondt 
tion and valence bands greatly exceeds the density of impurity states, pl 
conductivity is due principally to intrinsic excitation. 


Spectral Response The minimum energy of a photon required f 
intrinsic excitation is the forbidden-gap energy Eg (electron volts) of 1 


D 


Ep —+---| Donor level 
Fig. 19-14 Photoexcitation in 
semiconductors. 


Ey —1-~ + Acceptor level 
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Fig. 19-15 Relative spectral 
response of Si and Ge. (Courtesy 
of Texas Instruments, Inc.) 
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semiconductor material. The long-wavelength threshold of the material is 
defined as the wavelength corresponding to the energy gap Hg, and is given 
by Eq. (19-5), namely, 


(19-8) 


if \. is expressed in microns. For Si, Hg = 1.1 eV and \, = 1.13 », whereas 
for Ge, Eg = 0.72 eV and \, = 1.73 » at room temperature (Table 5-1). 

The spectral-sensitivity curves for Si and Ge are plotted in Fig. 19-15 
and are similar in shape to those given in Fig. 19-3 for a metal. Note that 
the long-wavelength limit is slightly greater than the values of \, calculated 
above, because of the impurity excitations. As the wavelength is decreased 
(\ < \. or f > f.), the response increases and reaches a maximum. 


The Photoconductive Current The carriers generated by photoexcitation 
will move under the influence of an applied field. If they survive recombina- 
tion, they will reach the ohmic contacts at the ends of the semiconductor bar, 
and thus they will constitute the device current. This current may be cal- 
culated if we know the rate P, at which carriers are produced by light, and 
the average lifetime r of the newly created carriers. The steady-state photo- 
current is then given by 


re ePt 
Tr 


(19-9) 
Where 7, is the average transit time for carriers to reach the ohmic contacts. 


Commercial Photoconductive Cells The photoconducting device with the 
Widest application is the cadmium sulfide cell. The sensitive area of this 
device consists of a layer of chemically deposited CdS, which may contain a 
Small amount of silver, antimony, or indium impurities. Figure 19-16 shows 
the relationship between illumination and resistance for six different CdS 
Photoconductors. In absolute darkness the resistance may be as high as 2 M, 
8nd when stimulated with strong light, the resistance may be less than 10 @. 
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19-8 THE SEMICONDUCTOR PHOTODIODE**:* 


10° g 
Color temperature of, If a reverse-biased p-n junction is illuminated, the current varies almost 
pote ete jinearly with the light flux. This effect is exploited in the semiconductor 
10* bs . . 2g jotodiode. This device consists of a p-n junction embedded in a clear plastic, 
S coca ek eb é a indicated in Fig. 19-18. Radiation is allowed to fall upon one surface 
8 [Guba eFsyivania Elect across the junction. The remaining sides of the plastic are either painted 
é 10° Prod if uA oe black or enclosed in a metallic case. The entire unit is extremely small 
3 recluctey Inc:) compared with a phototube. The semiconductor photodiode has dimensions of 
3 the order of tenths of an inch. 
10? 
Volt-Ampere Characteristics If reverse voltages in excess of a few tenths 
of a volt are applied, an almost constant current (independent of the magnitude 
8 of the reverse bias) is obtained. The dark current corresponds to the reverse 
1 10 100 1,000 saturation current due to the thermally generated minority carriers. As 
Illumination, foot-candles explained in Sec. 6-2, these minority carriers “fall down” the potential hill 
Tie eeetila Fie ate ; at the junction, whereas this barrier does not allow majority carriers to cross 
hip ta ae response of the cadmium sulfide photoconductor is the junction. Now if light falls upon the surface, additional electron-hole 
eh realy e the human eye, the response is best over the visible sp pairs are formed. Since the concentration of majority carriers greatly exceeds 
and tapers off toward the infrared and ultraviolet. that of minority carriers, the percent increase in majority carriers is much 
The primary advantages of CdS photoconduetors are their high di i smaller than the percent increase in minority carriers. Hence it is justifiable 
capability, their excellent sensitivity in the visible spectrum, and to ignore the increase in majority density and to consider the radiation solely 
Maas? when stimulated by light. These photoconductors are designe as a minority-carrier injector. These injected minority carriers (for example, 
sipate safely 300 mW, and can be made to handle safely power le electrons in the p side) diffuse to the junction, cross it, and contribute to the 
several watts. Hence a CdS photoconductor can operate a relay directly, W current, 
out rate pss amplifier circuits. \ ‘ f From Eq. (6-27) we see that the reverse saturation current J, in a p-n 
Cott acsache’ pag ceaaapaie devices are available for specific diode is proportional to the concentrations Pn and Ny» of minority carriers in 
d h Segue (CEU AS, &, peak on the sensitivity curve at 2 the n and p region, respectively. If we illuminate a reverse-biased p-n junction, 
and hence is used for infrared-detection or infrared-absorption measurem the number of new hole-electron pairs is proportional to the number of incident 


A selenium cell is sensitive throughout the visible, and particularly to} photons. Hence the current under large reverse bias is 7 = I, + J,, where J,, 


the blue end of the spectrum. 
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the short-circuit current, is proportional to the light intensity. Hence the 
volt-ampere characteristic is given by 


T=1,+1,(1 — e¥0¥r) (19-10) 


where J, J,, and I, represent the magnitude of the reverse current, and V is 


Fig. 19-17 Spectral respo Clear plastic 
a CdS photoconductor com ; 
with the standard luminosity 


. (Court ia 
eed (Courtesy of Sylvani¢ Fig. 19-18 The construction of a semiconduc- 
lectric Products, Inc.) tor photodiode. 
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800 


600 
< r 
Fig. 19-19 Volt-ampere charac. 
i al teristics for the IN77 germanium 
photodiode. (Courtesy of 
3 Sylvania Electric Products, Inc.) 
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20 30 
Reverse voltage, V 


0 10 


positive for a forward voltage and negative for a reverse bias. The parame 
7 is unity for germanium and 2 for silicon, and Vr is the volt equivalent 
temperature defined by Eq. (3-34). — 
A typical photodiode volt-ampere characteristic is indicated in Fig. 19 
The curves (with the exception of the dark-current curve) do not pass throt 
the origin. The characteristics in the millivolt range and for positive 
are discussed in the following section. The slope of the curves of Fig. i 
(for voltages greater than a few volts) corresponds to a dynamic resist: ne 
the order of a megohm to hundreds of megohms. . 
Small-signal Model In view of the foregoing discussion, a model for 
p-n photocell is that indicated in Fig. 19-20. In Fig. 19-200 an ideal june 
diode is indicated in parallel with a current source which is proportion L 
the light intensity. In Fig. 19-20 it is assumed that the diode is hea’ 
reverse-biased, and hence that the diode may be replaced by its reve 
resistance R. The transition capacitance C@ and ohmic resistance r are al 


Fig. 19-20 Circuit 
for a p-n photodiode. 
In (a) an ideal p-n ji 
tion diode D is indicate 
and J, is the short-circull 
current proportional to 
the illumination. _ In (6) 
reverse bias is ass! 
and the parasitic ele- 
ments C, R, and r are 
taken into consideration 
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jncluded. The barrier capacitance C, the reverse resistance R, and the bulk 
ohmic resistance r have the following order of magnitudes: 


C = 10 pF R= 50M r= 1002 


The symbol L represents light flux in lumens, and K is a proportionality constant 
jn the range 10 to 50 mA/lumen. Incidentally, the spectral response of the 
semiconductor photodiode is the same as that for a photoconductive cell, and 
is indicated in Fig. 19-15. 


Sensitivity with Position of Illumination The current in a reverse-biased 
semiconductor photodiode depends upon the diffusion of minority carriers to 
the junction. If the radiation is focused into a small spot far away from the 
junction, the injected minority carriers can recombine before diffusing to the 
junction. Hence a much smaller current will result than if the minority 
carriers were injected near the junction. The photocurrent as a function of 
the distance from the junction at which the light spot is focused is indicated 
in Fig. 19-21. The curve is somewhat asymmetrical because of the differences 
in the diffusion lengths of minority carriers in the p and n sides. 


Comparison of Semiconductor and Vacuum Photodiodes Although the 
characteristics in Fig. 19-19 resemble those of a vacuum tube, there are several 
important differences between semiconductor and vacuum photodiodes. A 
comparison between these devices is summarized in Table 19-1. In particular, 
note that the semiconductor photocell is about 200 times as sensitive as is 
the vacuum tube to the same illumination (from a tungsten lamp as the light 
source). The open-circuit operation of the p-n photodiode is discussed in 
Sec. 19-10. 

The p-n photodiode and, particularly, the improved n-p-n version des- 
cribed in the following section find extensive application in high-speed reading 
of computer punched cards and tapes, light-detection systems, reading of 
film sound track, light-operated switches, production-line counting of objects 
which interrupt a light beam, etc. 


Current, pA 


Fig. 19-21 Sensitivity of a semi- 
conductor photodiode as a func- 
tion of the distance of the light 
Spot from the junction. 
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TABLE 19-1 Comparison of vacuum and semiconductor photodiodes 


ewe yea Re bp 20 , 
I, doubles every 10°C. 
10 


Open-circuit operation. . . sbriaes 


19-9 MULTIPLE-JUNCTION PHOTODIODES!?:" 
The n-p-n junction photoconduetive cell is a much more sensitive semi 


ductor photodevice than the p-n photodiode. This cell, also known by t 


trade name Photo-duo-diode, is shown in Fig. 19-22. 
The operation of this device can best be understood if we recogniz 


junction J; in Fig, 19-22 is biased slightly in the forward direction, and j 


tion Js is biased in the reverse direction. The reader should refer to F 
which represents potential energy for holes in a p-n-p structure and hen 
potential energy for electrons in the n-p-n photocell. The current J cons 
principally of electrons moving from the left-hand n-type region, over the 
ward-biased barrier of J, into the p-type region, and then over the re 
biased junction J», The main obstacle to this flow is the left-hand b: 
photon absorbed in the p-type region liberates an electron-hole pair. : 
trons will diffuse to either the left or the right junction, and since no barri 
their motion is presented at these junctions, they will leave the p-type 1 
However, the holes are trapped in the p-type region by the potential- 
hills at junction J; and Js. These trapped holes form a positive space 


in the p-type region which causes an additional forward bias to appear at 


The effect on the right-hand junction is to reduce slightly the large re\ 


Radiation 


Fig. 19-22 An 
diode. (a) Cons! 
and (b) circuit s 


(a) (6) 


‘gec. 19-10 
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pias across that junction. The increase in the forward bias of J; enhances the 
flow of electrons from the left-hand n-type material to the right. Formaximum 
sensitivity the illuminated area should be close to the reverse-biased junction J 2. 


The foregoing qualitative discussion indicates that the primary holes 
liberated photoelectrically act as a trigger, enabling many more electrons to 
move from left to right. With proper choice of materials, about 100 times the 
current (for the same illumination) is collected from the Photo-duo-diode than 


from the simple p-n photodiode. 


Volt-Ampere Characteristics The basic circuit employing the n-p-n 
photocell is the same as that given in Fig. 19-86; namely, the device is con- 
nected in series with a load resistor Rz and a supply voltage Vr. Typical 
yolt-ampere characteristic curves are shown in Fig. 19-23 for a symmetrical 
n-p-n diffused silicon Photo-duo-diode for different values of illumination 


intensities. 


19-10 THE PHOTOVOLTAIC EFFECT!*'® 


In Fig. 19-19 we see that an almost constant reverse current due to injected 
minority carriers is collected in the p-n photodiode for large reverse voltages. 
If the applied voltage is reduced in magnitude, the barrier at the junction is 
reduced. This decrease in the potential hill does not affect the minority cur- 
rent, (since these particles fall down the barrier), but when the hill is reduced 
sufficiently, some majority carriers can also cross the junction. These carriers 
correspond to a forward current, and hence such a flow will reduce the net 
(reverse) current. It is this increase in majority-carrier flow which accounts 
for the drop in the reverse current near the zero-voltage axis in Fig. 19-19. 
An expanded view of the origin in this figure is indicated in Fig. 19-24. (Note 


Fig. 19-23 The volt- 
ampere characteristics of 
the 1N2175 silicon n-p-n 
Photocell. Light source is 
9 tungsten filament lamp 
°Pperated at a color tem- 
Perature of 2870°K. 
(Courtesy of Texas Instru- 
Ments, Inc.) 
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The photovoltaic voltage Vmax corresponds to an open-circuited diode. 
jf J = 0 is substituted into Eq. (19-10), we obtain 


Tul agryin (: + 3) (19-11) 


Forward 
current, mA 


0.05 | 0.05 0.15 0.25 0.35 0.45 


| SOS 
aS 
CS al 


Fig. 19-24 Volt-ampere characteristics for the L$222 and L$223 pn 
junction photodiodes at a light intensity of 500 ft-candles. (Courtesy 
of Texas Instruments, Inc.) 


Reverse 
voltage 


Since, except for very small light intensities, Z,/J,>>1, then Vmax increases 
logarithmically with J,, and hence with illumination. Such a logarithmic 
relationship is obtained experimentally, as indicated in Fig. 19-25a. 


Maximum Output Power If a resistor 2, is placed directly across the 
diode terminals, the resulting current can be found by drawing a load line 
corresponding to Rz and passing through the origin, as shown in Fig. 19-24. 
If R, = 0, then the output voltage V is zero, and for Ry = ~, the output 
current I is zero. Hence, for these two extreme values of load, the output 
power is zero. If for each assumed value of Rz, the values of V and J are 
read from Fig. 19-24 and P = VI is plotted versus Rz, we can obtain the 
optimum load resistance to give maximum output power. For the types 
LS222 and LS223 photovoltaic light sensors, this optimum load is 3.4 K and 
Puss ~ 34 «W. When the p-n photodiode is used as an energy converter 
(to transform radiant energy into electric energy), the optimum load resist- 
ance should be used. 


that the first quadrant of Fig. 19-19 co ids to i 
Farteans rrespon the third 


The Short-circuit Current We see from Fig. 19-24 and Eq. (19-10) that 
a definite (nonzero) current is obtained for zero applied voltage. Hence a 
junction photocell can be used under short-circuit conditions. As already 
emphasized, this current I, is proportional to the light intensity. Such a 
linear relationship is obtained experimentally, as indicated in Fig. 19-25b. 


Open-circuit voltage 1] 
Seer eal 


F Voltage at optimum load 


The Photovoltaic Potential If a forward bias is applied, th 
barrier is lowered, and the majority current increases rapidly. 
majority current equals the minority current, the total current is 
zero. The voltage at which zero resultant current is obtained is 
Photovoltaic potential. Since, certainly, no current flows under ope 
conditions, the photovoltaic emf is obtained across the open te 
p-n junction. 

An alternative (but of course equivalent) physi ion of 
photovoltaic effect is the followings In Sec. ay sg p aoe ae 
the potential barrier at an open-circuited (nonilluminated) p-n juncti ; 
itself 80 that the resultant current is zero, the electric field at the jun 
being in such a direction as to repel the majority carriers, If light fal 
the surface, minority carriers are injected, and since these fall down the bar. 
the minority current increases. Since under open-circuited condi n 
total current must remain zero, the majority current (for example, 


current in the p side) must increase the same amount as the minority $ ‘ die 
ERE mE 7 ; i 100 ‘000 ‘000 . 000 3,000 4,000 
a in majority current is possible only if the retarding field at th Light intensity, foot-candles F Light nteneiy, foot 
ion is reduced. Hence the barrier height is automatically lowered as @! (a) (0) 


of the radiation. Across the diode terminals there a) j 
; ppears a voltage ju 1 
to the amount by which the barrier potential is decreased. This potential 
the photovoltaic emf and is of the order of magnitude of 0.5 V for a siliet 
and 0.1 V for a germanium cell. 


Fig. 19-25 (a) Open-circuit voltage output as function of light intensity, and (b) 
short-circuit current as function of light intensity, for the LS223 photovoltaic cell. 
(Courtesy of Texas Instruments, Inc.) 


ll ae ce a la OE ea 
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SpectralResponse The spectral sensitivity of a photovoltaic cell, 
upon the semiconductor material. The response for the LS223 cell is egs 
tially that indicated in Fig. 19-15 for silicon. Such a device has excelle 
sensitivity over the entire visible range. Cells of other semiconductor ma 
rials have their maximum response outside the visible region.” Fore 
an indium antimonide photovoltaic diode is most sensitive in the in 
(2 to 5 un). r a 

Solar-energy Converters!® The current drain from a photovoltaic ¢ 
may be used to power electronic equipment or, more commonly, to ¢ 
auxiliary storage batteries. Such energy converters using sunlight as 
mary energy are called solar batteries and are used in satellites like the Tels 
A silicon photovoltaic cell of excellent stability and high (~14 percent) 
version efficiency" is made by diffusing a thin n-type impurity onto a pt 
base. In direct noonday sunlight such a cell generates an open-circuit vo 
of approximately 0.6 V. A report on the research on photovoltaic s 


energy converters made from semiconductors other than silicon is co 
in Ref. 16. . 
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where ua 

a= ot In = 5 ee) (20-2) 
The transformer secondary waveform »; is shown in Fig. 20-1b, and the recti- 
fied current 7 is pictured in Fig. 20-1c. Note that the output current is uni- 
directional and has a nonzero average value. 


Reading of a DC Ammeter It is important to know what a measuring 
instrument, such as a de ammeter, an ac voltmeter, a wattmeter, etc., will read 
when inserted into a rectifier circuit. We illustrate below how to calculate 
what each such meter should indicate. 

A de ammeter is constructed so that the needle deflection indicates the average 
value of the current passing through it. By definition, the average value of a 
periodic function is given by the area of one cycle of the curve divided by the 
base. Expressed mathematically, 


20 RECTIFIERS AND 
POWER SUPPLIES 


Almost all electronic circuits require a de source L fri 
of power. For: Tag = =~ do ao 
seh low-power systems batteries may be used. More freq! lighhet h i ia 
rich electronic equipment is energized by a power supply, a p For the half-wave circuit under consideration, it follows from Eqs. (20-1) that 
of equipment which converts the alternating waveform from the p 1 1 
lines into an essentially direct voltage. ‘This process of ac-to Tee = 5 i Tn sin ada = seins 


version is studied in this chapter. 
Note that the upper limit of the integral has been changed from 2m to r since 


the instantaneous current in the interval from to 2r is zero and so con- 
tributes nothing to the integral. 


Reading of an AC Ammeter An ac ammeter is constructed so that the 
needle deflection indicates the effective or rms current passing through it. Such a 


og 


20-1 A HALF-WAVE RECTIFIER 


a sinusoidal input waveform, whose average value is zero, into a 
directional (though not constant) waveform, with a nonzero a: 
component. The basic circuit for half-wave rectification is sho 
Fig. 20-la. The rectifying device is usually a semiconductor d 
(or for very high voltages, a vacuum-tube diode). The piece’ 
linear approximation for the diode is given in Fig. 6-11, and ind 
that the device has essentially infinite resistance in the reverse di 
tion (for a voltage v less than the cutin voltage V,) and a small 
constant resistance R, in the forward direction (for v > V,). 

a rectifier circuit the input 5 = Vm sin wt has a peak value V», w! 
yery large compared with the offset voltage V,, we assume in 
following discussion that V, = 0, Subject to this idealization of tht 
diode characteristic, the current 7 in the diode or load Rz is given 


% 


7 27 a=wt 


(b) 


t=, sina whereO<a<r (ce) 
t=0 where r < a < 27 “| Fig. 20-1 (a) Basic circuit of half-wave rectifier, (b) Transformer sinusoidal 


592 Secondary voltage v;. (c) Diode and load current i. 
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This result is negative, which means that if the voltmeter is to read upscale, 
its positive terminal must be connected to the cathode of the diode. Since 
Tac = In/z, the de diode voltage is seen to be equal to —J4.fz, or to the 
negative of the de voltage across the load resistor. This result is evidently 
correct because the sum of the de voltages around the complete circuit must 
add up to zero. 

It should be noted that the voltmeter reading does not equal the product 
of the direct current J. times the diode resistance R,. The reason for this is 
that the tube is a nonlinear device whose resistance is constant (and equals Ry) 
only when the anode voltage is positive. On the other hand, the de voltage 
across the load does equal the product of direct current J. times the output 
resistance R;, because the load is a truly constant resistor. 


“square-law” instrument may be of the thermocouple type. By definitj 
the effective or rms value squared of a periodic function of time is given | 
the area of one cycle of the curve which represents the square of the functic 

divided by the base. Expressed mathematically, " 


-(E [ru 


By use of Eqs. (20-1), it follows that 


Tims = & ff 02 sint ada)! ain 

It should be noted that the rms value of this wave is different from the rm 

value of a sinusoidal wave (Im/+/2). 

Reading of a Wattmeter This instrument is built to indicate the average 

value of the product of the instantaneous current through its current coil and the 

instantaneous voltage across its potential coil. Hence the power read by a watt- 
meter, whose voltage coil is placed across the transformer secondary, is 


Pom gf," vide (20-9) 


Reading of a DC Voltmeter This instrument reads the average va 
the voltage across its terminals. If the voltmeter is across the diode, the insta 
taneous diode voltage must be plotted, and the area under one cycle of th 
curve must be found. When the diode is conducting, it has a resistance 
and the voltage across it isiR,. When the device is nonconducting, the 
is zero, and from Fig. 20-1a it is seen that the transformer secondary voltage 
appears across the diode. Thus 


v = iR, = I,,R; sin a O<sa<cr 
v=V, sina rSasdr a 
A plot of the voltage across the rectifier is shown in Fig. 20-2. The read 
of the de voltmeter is 


Va=x(l Inky sin ada + f™* V. sin ada) 


Since »; = i(R; + Rx) forO Sa<zn, 
P= a fy Py + Rr) da = zk Tn? sin? a(Rs + Rr) da 


The equation may be written, by virtue of Eq. (20-6), as 
P; = 7?,,,(R; + Rx) (20-10) 


This result could have been written down immediately by arguing physi- 
cally that all the power supplied by the transformer must be used to heat the 
load and the device resistances. 

The above general method of calculating what de or ac instruments will 
read in any electronic circuit is not restricted to the simple diode rectifier. The 
waveforms, in general, may be more complicated than those of the simple cir- 
cuit considered above, but the method is the same. For assistance in the caleu- 
lations, rough sketches of the curves are made, and the readings of the instru- 
ments are obtained from an evaluation of the area under the curve (for a de 
instrument) or the area under the squared function (for an ac instrument). 
If a wattmeter reading is desired, the curve representing the current through 
its current coil is multiplied by the curve representing the voltage across its 
Potential coil, and the area under the product curve is then evaluated. 


- 2 (nly — Vn) = LUA, — In(R; + Rx)) 


where use has been made of Eqs. (20-2). Hence 
Inki 
rT 


2a « Fig. 20-2 The voltage across the die 
Fig. 20-1. Peak Inverse Voltage For each rectifier circuit there is a maximum 
Voltage to which the diode is subjected. This potential is called the peak 
inverse voltage, because it occurs during that part of the cycle when the diode is 
Ronconducting. From Fig. 20-2 it is clear that for the half-wave circuit (with- 
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out a filter) the peak inverse voltage is V,,, the peak transformer secon 20-2 RIPPLE FACTOR 
voltage. 
Although it is the purpose of a rectifier to convert alternating into direct cur- 


Regulation The variation of dc output voltage as a function of de logg rent, the simple circuit considered above does not achieve this. Nor, in fact, 

current is called regulation. The percentage regulation is defined as do any of the more complicated rectifier circuits have a truly constant output. 

: Vee). — rinks d What is accomplished is the conversion from an alternating current into a uni- 

% regulation = oe PRET Tea X 100% 1 directional current, periodically fluctuating components still remaining in the 

game uv output wave. It is for this reason that filters are frequently used in order to 

For an ideal power supply the output voltage is independent of the load (th decrease these ac components. A measure of the fluctuating components is 
output current) and the percentage regulation is zero. given by the ripple factor r, which is defined as 

The variation of Vac with Ja. for the half-wave rectifier is obtained a 
follows: From Eqs. (20-4) and (20-2), . = Ms value of alternating components of wave 

I Var average value of wave 
: a ee 
we Ry+Rr 
Solving Eq. (20-12) for Vac = Jaefx, we obtain 
2 (20-14) 
Vac = = — TaRy 
: where the terms J/,,, and V‘,,, denote the rms value of the ac components of 
This result (which is consistent with Thévenin’s theorem) shows that V. the current and voltage, respectively. 
equals V,,/r at no load and that the de voltage decreases linearly wit! In order to measure the ripple factor of a given rectifier system experi- 
increase in de output current. The larger the magnitude of the diode forwai mentally, the measurement of the ripple voltage or the ripple current in the 
resistance, the greater is this decrease for a given current change. Clear output should be made with instruments that respond to higher than power 
the effective internal resistance of the power supply is Ry. In practice, t frequencies, so that the contributions from the higher-harmonic terms will be 
resistance R, of the transformer secondary is in series with the diode, an recorded. A capacitor must be used in series with the input to the meter in 
Eq. (20-13) R, should be added to Ry. The best method of estimating th order to “‘block” the de component. This capacitor charges up to the average 
diode resistance is to obtain a regulation plot of Va. versus Jue in the labo value of the voltage, and only the ripple components in the wave are recorded 
ratory. The negative slope of the resulting straight line gives Ry + Re by the meter. 

As an illustration, consider a 12-V 100-mA supply with Ry + R, = _ An analytical expression for the ripple factor, defined in Eq. (20-14), 
The no-load voltage is 12 V, the full-load voltage is 12 — (0.1)(20) = is possible. By noting that the instantaneous ac component of current is 
and from Eq. (20-11), the percentage regulation is given by 

12 — 10 tm ¢ 
X 100 = 20 ‘ w=t— Ta 
10 He then 

Power-supply Specifications The most important characteristics wit Ti ™ 4 Ie c. (i — Tac)? da = 4 BR i} ss (@# — 2Tact + Tac?) da 
must be specified for a power supply are the following: 2x Jo 2x Jo 

1. The required output de voltage 1 rhe first term of the integral becomes, simply, J?,,, of the total wave. Since 

2. The regulation 5 Sf ida is Ia by definition, the second term under the integral sign is 

3. The average and peak currents in each diode ; 

4. The peak inverse voltage of each diode (—22ac)(Tac) = —2T ac? 


5. The ripple factor 


The rms ripple current then bi 
The first four requirements are considered above, and the fifth is the su® He Princ ont i 


of the following section. a Tong = W Thin — 2Lac® F Tat = VE, — Tact 
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By combining this result with Eq. (20-14), 
VE = Tat RY = 
ya omerthgh (6 og ow “a 


This result is independent of the current waveshape and is not restricted to ; 
half-wave configuration. In the case of the half-wave rectifier, the ratio 
fm = re = 5 = 187 
from Eqs. (20-4) and (20-6). Hence r 
r= V1.57 —1 = 121 (20-1 
This result indicates that the rms ripple voltage exceeds the de output volt 


and shows that the half-wave rectifier is a relatively poor circuit for convert 
alternating into direct current. 1 


20-3 A FULL-WAVE RECTIFIER 


The circuit of a full-wave rectifier is shown in Fig. 20-3a. This circuit 
to comprise two half-wave circuits which are so connected that conducti 
takes place through one diode during one half of the power eycle and thi 
the other diode during the second half of the power cycle. 4 
The current to the load, which is the sum of these two currents, has 
form shown in Fig. 20-3b. The de and rms values of the load current in 


¥ 


7. 


(a) 


i = 
0 7 o 


Fig. 20-3 (a) A full-wave rectifier circuit. (b) The individual diode currents o 


load current i. The output voltage is », = iRz. 
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a system are readily found, from the definitions (20-3) and (20-5), to be 


2le do 
Tao = = Dies V3 (20-17) 
where 
jeg (20-18) 
Ry + Rt 


and V» is the peak transformer secondary voltage from an end to the center 
tap. Note, by comparing Eqs. (20-4) with (20-17), that the direct current 
supplied to the load for the full-wave connection is twice that for the half-wave 
circuit. 

A little thought should convince the reader that the input power supplied 
to the circuit in the full-wave case is given by the same expression as for the 
half-wave case, viz., 


Pi = Peag(Ry + Rx) (20-19) 
Ripple Factor The required current ratio that appears in the expression 
for the ripple factor is 


Teme _ Im/ V2 _ lll 
Tac 21/3 i" 


The ripple factor for the full-wave circuit is, from Eq. (20-15), 
r= S111? —1 = 0.482 (20-20) 


A comparison of this value with the value given by Eq. (20-16) for the half- 
wave circuit shows that the ripple factor has dropped from 1.21 in the half- 
wave case to 0.482 in the present case. 


Regulation The dc output voltage is given by 


Vidor az pera g (20-21) 


Peak Inverse Voltage Let us consider the circuit of Fig. 20-3a from the 
point of view of peak inverse voltage. At the instant of time when the trans- 
former secondary voltage to midpoint is at its peak value V,, diode D1 is 
conducting and D2 is nonconducting. If we apply KVL around the outside 
loop and neglect the small voltage drop across D1, we obtain 2V,, for the peak 
inverse voltage across D2. Note that this result is obtained without reference 
to the nature of the load, which can be a pure resistance Ry or a combination 
of Rz and some reactive elements which may be introduced to “filter” the 
ripple. We conclude that, in a full-wave circuit, independently of the filter used, 
the peak inverse voltage across each diode is twice the maximum transformer 
voltage measured from midpoint to either end. 
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Semiconductor-junction power diodes are packaged in pairs for full-w, 
rectification. Vacuum-tube diodes are also constructed to contain both diode 
within a single envelope for use in full-wave rectifier circuits. 


20-4 OTHER FULL-WAVE CIRCUITS 


A variety of other rectifier circuits find extensive use. Among these are ¢] 
bridge circuit, several voltage-doubling circuits, and a number of vol 1 
multiplying circuits. The bridge circuit finds application not only for po 
circuits, but also as a rectifying system in rectifier ac meters for use over 
fairly wide range of frequencies. 7 


The Bridge Rectifier The essentials of the bridge circuit are shown 
Fig. 20-4. In order to understand the action of this circuit, it is n 
only to note that two tubes conduct simultaneously. For example, durin 
that portion of the cycle when the transformer polarity is that indicated 
Fig. 20-4, tubes 1 and 3 are conducting, and current passes from the positive 1 
the negative end of the load. The conduction path is shown on the figu r 
During the next half cycle, the transformer voltage reverses its polarity, 
tubes 2 and 4 send current through the load in the same direction as duri 
the previous half cycle. 

The principal features of the bridge circuit are the following: The 
rents drawn in both the primary and the secondary of the supply transforn 
are sinusoidal, and therefore a smaller transformer may be used than for 
full-wave circuit of the same output; a transformer without a center 
used; and each tube has only transformer voltage across it on the inv 
cycle. The bridge circuit is thus suitable for high-voltage applications. F 
example, if the output is 10,000 V, the peak inverse voltage across each t 


Fig. 20-4 Full-wave bridge circuit. 
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Fig. 20-5 The rectifier voltmeter. 


is 10,000 V. However, if a full-wave circuit were used, the peak inverse 
voltage would be 20,000 V. The transformers supplying the heaters of the 
tubes must be properly insulated for the high voltage. 


The Rectifier Meter This instrument, illustrated in Fig. 20-5, is essen- 
tially a bridge-rectifier system, except that semiconductor elements replace the 
tubes, and of course no transformer is required. Instead, the voltage to be 
measured is applied through a multiplier resistor R to two corners of the 
bridge, a de milliammeter being used as an indicating instrument across the 
other two corners. Since the de milliammeter reads average values of current, 
the meter scale is calibrated to give rms values when a sinusoidal voltage is 
applied to the input terminals. As a. result, this instrument will not read 
correctly when used with waveforms which contain appreciable harmonics. 


Voltage Multipliers A common voltage-doubling circuit, which delivers 
a de voltage approximately equal to twice the transformer maximum voltage 
at no load, is shown in Fig. 20-6. This circuit is operated by alternately 
charging each of the two capacitors to the transformer peak voltage Vm, 
current being continually drained from the capacitors through the load. The 
capacitors also act to smooth out the ripple in the output. 

This circuit is characterized by poor regulation unless very large capacitors 
are used. The inverse voltage across the diodes during the nonconducting 
cycle is twice the transformer peak voltage. The action of this circuit will 
be better understood after the capacitor filter is studied in Sec. 20-7. 


Fig. 20-6 The bridge voltage- 
doubler circuit. This is the single- 
Phase full-wave bridge circuit of 
Fig. 20-4 with two capacitors 
replacing two tubes. 
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Circuits for obtaining n-fold multiplication,! n even or odd, are give 
Probs. 20-8 and 20-9. 


20-5 THE HARMONIC COMPONENTS IN RECTIFIER CIRCUITS 


An analytical representation of the output current wave in a rectifier is obtain t 
by means of a Fourier series. The result of such an analysis for the half-way 
circuit of Fig. 20-1 leads to the following expression for the current waveforn 


i=1n|+ 43 sin ut —2 one het 
mle +3 Fahy EF DEAD 


The lowest angular frequency present in this expression is that of the prima 
source of the ac power. Except for this single term of angular frequency w, § 
other terms in the final expression are even harmonics of the power frequenc 
The corresponding expression for the output of the full-wave 
illustrated in Fig. 20-3, may be derived from Eq. (20-22). By recalling 
the full-wave circuit consists essentially of two half-wave circuits which 
so arranged that one circuit conducts during one half cycle and the seco! 
operates during the second half cycle, it is clear that the currents are funi 
tionally related by the expression i;(a) = i:(a +7). The total load curr 
. t=%+ % attains the form 


sist [? _4 cos ket | 
noma &+DE-D 
k0 

We observe that the fundamental angular frequency w has been elit 
nated from the equation, the lowest frequency in the output being 2a, 
second-harmonic term. This offers a definite advantage in the effectivene 
of filtering of the output. A second desirable feature of the full-wave ci 
is the fact that the current pulses in the two halves of the transformer windin 
are in such directions that the magnetic cycle through which the iron of th 
core is taken is essentially that of the alternating current. This e t 
any de saturation of the transformer core, which would give rise to addit 
harmonics in the output. 

A power supply must provide an essentially ripple-free source of pow 
from an ac line. It is demonstrated above that the output of a if 
contains ripple components in addition to a de term. Hence it is neces ‘i 
to include a filter between the rectifier and the load in order to 
these ripple components. In the following sections we make a detailed stud 
of such filters. 

Because the rectifier is a nonlinear device, no simple exact me 
solution of the power-supply problem exists. However, for each type of 
used, a reasonable linear approximation is made which allows the circuit. 
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Fig. 20-7 Half-wave recti- 
fier with choke filter, 


be analyzed by the usual methods of ac circuit theory. Hence the results 
obtained are not exact, but do represent good engineering approximations. 


20-6 INDUCTOR FILTERS 


The operation of the inductor filter depends on the fundamental property 
of an inductor to oppose any change of current. As a result, any sudden 
changes that might occur in a circuit without an inductor are smoothed out 
by the presence of an inductor in the circuit. 


Half-wave Rectifier Suppose that an inductor, or “choke” filter, is con- 
nected in series with the load in a half-wave circuit, as illustrated in Fig. 
20-7. For simplicity in the analysis, assume that the diode and choke resist- 
ances are negligible. Then the controlling differential equation for the current 
in the circuit during the time that current flows is 


w= Va sin wt = LE + Ryi (20-24) 
An exact solution of this differential equation may be obtained subject to the 
initial condition that i = 0 at f= 0. The solution is valid only as long as it 
yields a positive value of current, since the diode can conduct only in one direc- 
tion. The time at which the current falls to zero is called the cutout point. 
The solution is given in Prob. 20-11, and the results are illustrated graphically 
in Fig. 20-8, with wl/Rzasaparameter. The effect of changing the inductance 
on the waveform of the current is clearly seen. The simple inductor filter is 
seldom used with a half-wave circuit. 


Fig. 20-8 The effect of changing the 
inductance on the waveform of the output 
circuit in a half-wave rectifier with an 
inductor filter. The load resistance Rz is 
assumed constant. 
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Full-wave Rectifier Suppose that a choke input filter is applied to { 
output of a full-wave rectifier. The circuit is given in Fig. 20-94. The lo 
current waveforms obtained with and without an inductor are shown in Fi 
20-9b. 

An exact solution of the circuit differential equation can be obtaing 
(Prob. 20-12). However, since no cutout occurs in the load current, it is ni 
simpler to proceed by finding an approximate solution. The results will 
sufficiently accurate for most applications and will be in a much more u 
form than the exact solution. 

The voltage applied to the circuit comprising the load resistor an 
inductor filter is that given in Eq. (20-23), with the current replaced b 
voltage (J, is replaced by V,,). The amplitudes of the ac terms beyond t} 
first are small compared with the amplitude of the first term in the seri 
Thus the fourth-harmonic-frequency term is only 20 percent of the secc 
harmonic term. Further, since the impedance of the inductor increases 
the frequency, better filtering action for the higher-harmonic term resu 
It is therefore expected that the waveform in the output will be principa 
of second-harmonic frequency, and we may neglect all harmonies exce 
first ac term. That is, the equivalent circuit of the rectifier under 
circumstances is assumed to be that illustrated in Fig. 20-10. For the s: 
of simplicity, and because they introduce little error, the diode drop and 
diode resistance are neglected in the ripple calculations of this section. 
addition, the resistance and leakage inductance of the transformer 
resistance of the inductor are likewise neglected. mn 

We note that only linear elements exist in the equivalent circuit and tht 
the input voltage consists of a battery 2V,,/x in series with an ac source whi 
emf is (—4V,,/3r) cos 2wt. The load current will then be, in accordance wi 
elementary circuit theory, 7 


= 2¥m _ 4Vm cos (2ut — y) 
aR, Oe 4/Ri? + 4o'L? 


Fig. 20-9 (a) The schematic wiring diagram of a full-wave choke-input-fil 
rectifier. - (b) The load-voltage waveforms for L = 0 and L ¥ 0. 
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Fig. 20-10 The equivalent circuit ofa 
full-wave choke-input-filtered rectifier. 


A + 
dase Boch s 
where = 
tany = (20-26) 


The load-current curve in Fig. 20-9b is expressed by Eq. (20-25). The load 
voltage is vp = iRx. 


The Ripple Factor From the definition in Eq. (20-14) we have 
4Vin 1 
34/2 -VRi? + 40D? _ 2Rr 1 
= Wn/eR 3/2 VR + 40D? 


which may be expressed in the form 


2 1 
"32 V1 + LR 
This expression shows that filtering improves with decreased circuit resistance, 
or correspondingly, with increased currents. At no load, Ri = &, whence 
the filtering is poorest, and r = 2/(3 »/2) = 0.47. This result that applies 
when no choke is included in the circuit should be compared with Eq. (20-20), 
which gives 0.482. The difference arises from the higher-order terms in the 
Fourier series that have been neglected in the present calculation. 
If the ratio 4w%Z?/Rz? is large compared with unity, the ripple factor 
reduces to 


r 


(20-27) 


1B 
i 84/2 ol 
This result shows that at any load the ripple varies inversely as the magnitude 
of the inductance. Also, the ripple is smaller for small values of Rz, that is, 
for high currents. 


r (20-28) 


Regulation The de output voltage is given by 


Veron oe 


. 


= 0.637Vn = 0.90V rms (20-29) 
where Vrms is the transformer secondary voltage measured to the center tap. 
Note that, under the assumptions made in the analysis, the output voltage 
is a constant, independent of the load; i.e., perfect regulation exists. Because of 
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voltage v is given by 
v=%—% (20-31) 


Hevwnifs Fig. 20-11 A half-wave 

} capacitor-filtered rectifier, We see from Fig. 20-12 that the diode voltage is always negative and that 

c 4 ; the peak inverse voltage is twice the transformer maximum. Hence the 
. presence of the capacitor causes the peak inverse voltage to increase from a 


value equal to the transformer maximum when no capacitor filter is used to 

a value equal to twice the transformer maximum value when the filter is used. 

A ; . 3 Suppose, now, that the load resistor Rz is finite. Without the capacitor 

byw cia choke bale the resistance of the diode, and the resis input filter, the load current and the load voltage during the conduction period 

penne preg ete on . “4 as equation represents the output 0 will be sinusoidal functions of the time. The inclusion of a capacitor in the 

Aaeottiside Hein es Gant tage crease as the current increases circuit results in the capacitor charging in step with the applied voltage. Also, 

the capacitor must discharge through the load resistor, since the tube will pre- 

Vas = 2m TaoR : vent a current in the negative direction. Clearly, the diode acts as a switch 

hd which permits charge to flow into the capacitor when the transformer voltage 

exceeds the capacitor voltage, and then acts to disconnect the power source 
when the transformer voltage falls below that of the capacitor. 

The analysis now proceeds in two steps. First, the conditions during 

conduction are considered, and then the situation when the diode is non- 

20-7 CAPACITOR FILTERS? . conducting is investigated. 


Filtering is frequently effected by shunting the load with a capacitor. e 
action of this system depends upon the fact that the capacitor stores energy 
during the conduction period and delivers this energy to the load during th 


where R is the total resistance in the circuit, exclusive of the load. 


Diode Conducting If the diode drop is neglected, the transformer volt- 
age is impressed directly across the load. Hence the output voltage is 
v = Vm sinwt. The question immediately arises: Over what interval of 


i ducts f ‘ ; 7 i 
d ich diese coliah Gls lisa tee! way, bo time a which “ time is this equation applicable? In other words, over what portion of each 
eae) prolonged, and the ripple is considerably cycle does the diode remain conducting? The point at which the diode starts 
hee d. ade ae Rai et * r P to conduct is called the cutin point, and that at which it stops conducting is 
nsider the half-wave capacitive rectifier of Fig. 20-11. Suppose, called the cutout point. The latter will first be found in the same manner as 


that the load resistor R, = ©. The capacitor will charge to the pote 
Vm, the transformer maximum value. Further, the capacitor will main 
this potential, for no path exists by which this charge is permitted to les 


that indicated for obtaining the cutout point for a half-wave inductor filter. 
The expression for the diode current is found, and the instant where this cur- 
rent falls to zero is the cutout time. 


off, since the diode will not pass a negative current. The diode resi e Th ressi urre! written down dire 

. . . . a . = > e i i i i . Bi 

ee gp ec lege and no charge can flow during this portion the Sie ab mea 3 eel py prion eas mee! Ry aia 
- Consequently, the filtering action is perfect, and the capacitor C in parallel, the phasor current J is found by multiplying the phasor voltage V 


voltage v, remains constant at its peak value, as in seen in Fig. 20-12. 
The voltage v, across the capacitor is, of course, the same as the volta 
across the load resistor, since the two elements are in parallel. The diod I= ( + iu) v 
: Ri 
Fig. 20-12 Voltages in a half. 


(G+ 
= p-) + °C? /tan wCR,| V 
capacitor-filtered rectifier atno [ ( . 


load. The output voltage visa Since V has a peak value V,,, then the instantaneous current is 
constant, indicating perfect sn T 

ing. The diode voltage v is neg t = Va qlw?C? + Re sin (wt + y) 

tive for all values of time, and thé where 

peak inverse voltage is 2Vn- vy = tan” wCRz 


by the complex admittance 1/Rz + jwC. Hence 


-“ee” -.~- .o.> 
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This expression shows that the use of a large capacitance to improve the 
filtering for a given load Rx is accompanied by a high peak diode current, 3 
The diode current has the form illustrated in Fig. 20-13. For a specified 
average load current, the diode current will become more peaked, and 
conduction period will decrease as the capacitance is made larger. 
It is to be emphasized that the use of a capacitor filter may imp 
serious duty conditions on the rectifying diode, since the average current may 
be well within the current rating of the diode, and yet the peak current may be 
excessive. 
The cutout time ¢; is found by equating the diode current to zero at this 
time. Thus, from Eq. (20-33), 
0 = sin (wt: + ¥) 
or 
ol + yp = nr 


where n is any positive or negative integer. The value of ¢; indicated in Fig. 
20-13 in the first half cycle corresponds to n = 1, or 


wl) = 97 — y = — tan“ wR, 
Diode Nonconducting In the interval between the cutout time 4 a 
the cutin time tz, the diode is effectively out of the circuit, and the c 


discharges through the load resistor with a time constant CRz. 
capacitor voltage (equal to the load voltage) is 


Vo = Ae HeR, 


To determine the value of the constant A appearing in this expression, 
it is noted from Fig. 20-13 that at the time ¢ = :, the cutout time, 


», = y= Vn sin ty 
whence 
A = (Va sin wly)eth! CR: 
Equation (20-36) thus attains the form 
Yo = (Voy Sin cols)emt-WICR, 


Fig. 20-13 Theoretical sketch of 
diode current i and output 
»v, in a half-wave capacito 
rectifier. 
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Since ¢; is known from Eq. (20-35), », can be plotted as a function of time. 
This exponential curve is indicated in Fig. 20-13, and where it intersects the 
sine curve V,, sin wt (in the following cycle) is the cutin point t. The validity 
of this statement follows from the fact that at an instant of time greater than fo, 
the transformer voltage v; (the sine curve) is greater than the capacitor voltage 
v, (the exponential curve). Since the diode voltage is »v = v; — v, then v will 
be positive beyond t, and the diode will become conducting. Thus é; is the 
cutin point. 


Graphical Solution The output voltage consists of a section of the input 
sine curve followed by an exponential section. The cutin time t, cannot be 
given by an explicit analytic expression, but must be found graphically by the 
method outlined above. 

In principle at least, the foregoing results permit a complete analysis of 
the capacitor filter to be effected. For given values of w, Rz, C, and Vm, the 
diode current is given by Eq. (20-33). If a = wt, a; = wt, and a: = wle, the 
output voltage is given by 


v% = Vy sin a fora: <a< a 


and by Eq. (20-38), 
Y = (Vm Sin ay)e-avloCR, = for ay < a < Qe + a 


In these equations a; and a represent the cutout and cutin angles in the first 
half cycle, respectively. The cutout angle is found from Eq. (20-35). 

The de output voltage, the ripple factor, the peak diode current, etc., 
may then be calculated. These quantities can be plotted as functions of the 
parameters w, Rz, C, and Vm. Such an analysis is quite involved, but it has 
been carried out, and the results are given in graphical form. 


(20-39) 


Full-wave Circuit The analysis of a full-wave rectifier with a capacitor 
filter requires a simple extension of that just made for the half-wave circuit. 
In Fig. 20-13 a dashed half-sinusoid is added between + and 2x. The cutin 
Point now lies between x and 2x, where the exponential portion of v, intersects 
this sinusoid. The cutout point is the same as that found for the half-wave 
rectifier. 


20-8 APPROXIMATE ANALYSIS OF CAPACITOR FILTERS 


It is possible to make several reasonable approximations which permit an 
analytic solution to the problem. This approximate solution possesses the 
advantage that it clearly indicates the dependence of the de output voltage 
and ripple factor upon the circuit component values. This analysis is suf- 
ficiently accurate for most engineering applications. 

We assume that the output-voltage waveform for a full-wave circuit with 


————. - ~~ ==. -— =  . 


Fig. 20-14 (a) The approximate load-voltage waveform », in a full-wave capaci 
filtered rectifier. (b) The ripple waveform. 


a capacitor filter may be approximated by a broken curve made up of 
of straight lines, as shown in Fig. 20-14a. The peak value of this wave is V 
the transformer maximum voltage. If the total capacitor discharge voltage 


Vac = Vn — > (20-41 


The instantaneous ripple voltage is obtained by subtracting Va. from # 
instantaneous load voltage. This result is indicated in Fig. 20-14b. The rr 
value of this “triangular wave” is independent of the slopes or lengths of tl 
straight lines and depends only upon the peak value. Calculation of this m 
ripple voltage yields 


, V, 
Virus = 28 
It is necessary, however, to express V, as a function of the load curren 
and the capacitance. If 72 represents the total nonconducting time, # 


capacitor, when discharging at the constant rate Jao, will lose an a 
charge IacJ'2. Hence the change in capacitor voltage is JacT'2/C, or 
a 1ufs 


The better the filtering action, the smaller will be the conduction time 7 a 
the closer 7’, will approach the time of half a cycle. Hence we assume th 
TT: = T/2 = 1/2f, where f is the fundamental power-line frequency. h 


Tac 
Ve= 3 
: HC 
gcmarte gles Leah angei, at Letine 
Vac 4°/3fCVa 4+~V/3fCRt 
Vas = Vn — 2 


7 a 
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The ripple is seen to vary inversely with the load resistance and with the 
capacitance. The effective output resistance R, of the power supply is given 
by the factor which multiplies Za. in Eq. (20-44), or Ro. = 1/4fC. This out- 
put resistance varies inversely with capacitance. Hence, in order to keep the 
ripple low and to ensure good regulation, very large capacitances (of the order 
of tens of microfarads) must be used. The most common type of capacitor 
for this rectifier application is the electrolytic capacitor. These capacitors 
are polarized, and care must be taken to insert them into the circuit with the 
terminal marked + to the positive side of the output. 

The desirable features of rectifiers employing capacitor input filters are 
the small ripple and the high voltage at light load. The no-load voltage is 
equal, theoretically, to the maximum transformer voltage. The disadvantages 
of this system are the relatively poor regulation, the high ripple at large loads, 
and the peaked currents that the diodes must pass. 

An approximate analysis similar to that given above applied to the half- 
wave circuit shows that the ripple, and also the drop from no load to a given 
load, are double the values calculated for the full-wave rectifier. 


20-9 L-SECTION FILTER 


The two types of filtering action considered above may be combined into a 
single L-section filter. This filter combines the decreasing ripple with increas- 
ing load of the series inductor with the increasing ripple with increasing load 
of the shunt capacitor. Such a filter is illustrated in Fig. 20-15. The induc- 
tor offers a high series impedance to the harmonic terms, and the capacitor 
offers a low shunt impedance to them. The resulting current through the 
load is smoothed out much more effectively than with either L or C alone in 
the circuit. 


Regulation The de voltage is readily calculated by taking, for the 
voltage impressed at the terminals AB of the filter of Fig. 20-15, the first two 
terms in the Fourier series representation of the output voltage of the rectifier, 
viz., from Fig. 20-10, 

20m 


4m 
fi eg — Bz 008 2ut 


(20-45) 


Thus the two diodes are replaced by a battery in series with an ac source 
having twice the power-line frequency. This is the same equivalent circuit 
that is used in Sec. 20-6 for a full-wave inductor filter. If the resistance in 
Series with the inductance is neglected, the de output voltage equals the de 
input voltage, or 

2Vn 


Waste inant 


Fig. 20-15 An L-section filter. 


If the sum of the diode, transformer, and choke resistances is R, then 


Van = 2¥= — Tak 


The Ripple Factor Since the object of the filter is to suppress the ha 
monic components in the system, the reactance of the choke must be larg 
compared with the combined parallel impedance of capacitor and resi 
The latter combination is kept small by making the reactance of the capac’ 
much smaller than the resistance of the load. Very little error is introduced 
therefore, by assuming that the entire alternating current passes through 1 
capacitor and none through the resistor. Under these conditions the n 
impedance across AB is approximately Xz = 2wL, the reactance of the in 
tor at the second-harmonic frequency. The alternating current through tl 
circuit is 

pit vl 

porn Ve 2. a bene 6 
where the resistance R in Eq. (20-46) has been neglected. The ac v 
across the load (the ripple voltage) is the voltage across the capacitor. 

, , v2 Xe 

Vind = Tease = “g—Ven ye 

where Xc = 1/2w€ is the reactance of the capacitor at the second-h 
frequency. The ripple factor is then given by 


which is, at 60 Hz, 


, = 083 
mae 7 


with C in microfarads and L in henrys. a 

It is noticed that the effect of combining the decreasing ripple arising W! 
a simple inductor filter and the increasing ripple arising with a simple capactt 
filter for increasing loads is a constant ripple independent of load. 


The Critical Inductance The foregoing analysis assumes that a curre® 
flows through the circuit at all times. If any cutout points of the type @ 
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cussed in the previous section exist, this analysis is no longer valid. Consider 
the conditions that exist when no inductor is used. As already found, current 
will flow in the diode circuit for a small portion of the cycle, and the capacitor 
will become charged to the peak transformer voltage in each cycle. Suppose 
that a small inductance is now inserted in the line. Although the time over 
which diode current will exist will be somewhat lengthened, cutout may still 
occur. As the value of the inductance is increased, a value will be reached for 
which the diode circuit supplies current to the load continuously, and no cut- 
out occurs. This value of inductance is referred to as the critical inductance 
L,.. Under these circumstances, each diode conducts for one-half of the cycle, 
and the input voltage to the filter circuit has the form given by Eq. (20-45). 
It is only under these circumstances that the above-developed L-section filter 
theory is applicable. 

Referring to Fig. 20-16, we see that, if the rectifier is to pass current 
throughout the entire cycle, the peak +/2 I',,, of the ac component of the 
current must not exceed the direct current, Tue = Vac/Rz- Therefore, for the 
diode current to exist during the entire cycle, it is necessary that 


Vac 2Va0e 1 
Rae V2 Dong = intone, 
where use has been made of Eq. (20-47). Hence 
xz > (20-51) 
and the value for the critical inductance is given by 
Ri 
L. = (20-52) 
For a 60-Hz input frequency, this becomes 
Ri 3 R. 
Moti he be = ap oh 


where Rz is expressed in ohms and L, is in henrys. 

It must be remembered that these values of critical inductance have been 
based not upon the true input voltage, but rather upon an approximate voltage 
made up of the de term and the first ac harmonic term in the Fourier series of 


Fig. 20-16 The diode current in a full-wave circuit 
when an L-section filter is used. 


Fig. 20-17 The regulation curve ; 
a rectifier with an L-section filter, 


the true input voltage. It is shown in Sec, 20-6 that this approxim 
introduces very little error in the calculation of the ripple factor. Ho 

the neglect of the higher harmonic terms introduces an appreciable 
the calculation of the critical inductance.t It is advisable for conse 
design to increase the values of L, calculated from Eq. (20-52) by 
25 percent. 


lation curve of the system for constant Z and a varying load current. Cle 
when the current is zero (Rz is infinite) the filter is of the simple capaci 
type, and the output voltage is V,,. With increasing load current, the vo 
age falls, until at J = 7, (the current at which L = L,) the output potentis 
that corresponding to the simple L filter with no cutout, or 0.636V,. F 
values of J greater than J., the change in potential results from the effee! 

the resistances of the various elements of the circuit. 


Design Considerations It is not possible to satisfy the conditions 
Eq. (20-51) for all values of load, since at no load this would require an infin 
inductance. If good voltage regulation is essential, it is customary to ust 
“bleeder’’ resistor in parallel with the load so as to maintain the conditi 
Eq. (20-51), even if the useful current is small. 

A more efficient method than using a small bleeder resistor, with its cons 
quent power dissipation, is to make use of the fact that the inductance 
iron-core reactor depends, among other things, upon the magnitude 
direct current in the winding. Reactors for which the inductance is 
low values of direct current and decreases markedly with increased di 
rents are called swinging chokes. Typically, such a reactor might h 
inductance which drops from 30 H at zero current to 4 H at 100 
choke whose inductance is constant at 30 H requires much more iron in or 
to avoid saturation, and hence is bulkier and more expensive than the swi 
choke. 


t If A represents the amplitude of the first ac term in the Fourier series of a Ww) 
= 0.14 represents the amplitude of the second term, then A +B=1.1A. Al0r 
error is made if B is neglected in calculating the sum. It is this general process | 
involved in the calculation of L-. However, the calculation of the ripple factor re 
evaluation of an expression of the form »/A? + B? = »/A? + (0.1A)? = 1.0054. 
if B is neglected, this results in an error of only 0.5 percent. 
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In designing an L-section filter, an inductance must be chosen so as to 
satisfy Eq. (20-52) for the specified bleeder resistance. Then a capacitance is 
chosen at least as large as that determined from Eq. (20-50) for the specified 
tolerable ripple. If a swinging choke is used, the minimum value of its induct- 
ance must be used in the calculation of the capacitance value needed. 


EXAMPLE A full-wave rectifier is to supply 100 mA at 350 V with a ripple that 
must be less than 10 V. Specify the elements of a rectifier using a single L-section 
filter that will provide the desired results. 


Solution The effective resistance of the load is 


350 
Rr =—— = 3,5002 
Ru o500°"* 


The ripple factor is 
r = gs = 0,0286 
From Eq. (20-53), the critical inductance for such a filter is 


3,500 IB 
L, = =31H aia 
1,130 : 


According to Eq. (20-50), the product LC must be at least as large as 


0.830 
at 0.0286 2 

These calculations specify the minimum values of L and LC that may be used 
to accomplish the desired filtering. The actual values that will be used are deter- 
mined by the commercially available inductors and capacitors. ‘The desirability 
of using standard commercial components is dictated both by availability and 
by economic considerations. 

Since 10-H chokes having the desired current rating are readily available, such 
an inductance will be chosen. The capacitance must therefore be about 3 pF. 
Since a 4-4F capacitance is readily available commercially, it is chosen. 

A search through a tube manual reveals several rectifier tubes having the 
proper ratings. One such tube is the 5Y3-GT with a maximum de output current 
rating of 125 mA, a maximum plate voltage per plate of 500 V rms, and a peak 
inverse voltage of 1,400 V. The plate characteristic of this tube (Fig. D-1) shows 
that the tube voltage is 50 V at 100 mA, corresponding to a resistance of approxi- 
mately 500 2. 

The resistance of a 10-H choke capable of carrying 100 mA is found in a 
manufacturer’s catalog. A reasonable value is 2002. Similarly, a reasonable 
value for the transformer resistance is 200 2. Hence the total resistance in series 
with the inductor is R = 500 + 200 + 200 = 9009. From Eq. (20-46) the peak 
transformer voltage is 


Vn = (Vee + Tae) = = [350 + (0.1)(900)] = 690 V 
F \ 2 
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and 


690 
Vine = —= = 488 V : 
v2 
A stock transformer would be purchased whose current rating is at 
100 mA and whose voltage to center tap is close to 488 V, say 500 V. If the exa 
value of choke and transformer resistances were known, a more accurate caley 
lation of the transformer voltage needed could be made. 4 
The peak inverse voltage is 2V, = (2)(690) = 1,380 V. Since the 
peak inverse voltage of the 5Y3-GT tube is 1,400 V, it is safe to use this tube in 
this application. 
If the load should be removed accidentally, the circuit will behave as if. 
has a capacitor input filter, and the voltage will rise to the peak transfort a 
voltage to center tap or to 690 V. Hence the insulation rating of the filamen 
heating transformer should be at least this high. 
‘The inequalities used in the derivation of the expression for the ripple fact 
are now checked: Rz = 3,500; Xz = 4nfl. = 7,540; and X¢ = 1/4nfC = 3329 
Hence Xc « Rx, X1 > Xo, thus verifying the inequalities assumed. 


20-10 MULTIPLE L-SECTION FILTER 


The filtering may be made much more complete through the use of tw 
L-section filters in cascade, as shown in Fig, 20-18. An approximate solutio 
that is sufficiently accurate for practical purposes can be obtained by proceed 
ing according to the development in Sec. 20-9. 

Tt is assumed that the reactances of all the chokes are much larger 
the reactances of the capacitors. Also, it is assumed that the reactan 
the last capacitor is small compared with the resistance of the load. U: 
these circumstances, the impedance between A; and B,is effectively Xc2. T! 
impedance between A» and By is effectively Xcx, and the impedance be 
A, and B,; is effectively Xz1. The alternating current J, is, approximal 
from Eq. (20-47), 


I V2 Vac 1 
1= — 


3 Xn 
The ac voltage across C; is approximately 
Vasee = I iXer 
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The alternating current I, is, approximately, 


in Vaspe 
ze 


The ac voltage across C2 and hence across the load is, approximately, 
Fh ally XeoXer _ V2 Vac Xe2 Xer 


Xia 3 XX 
The ripple factor is given by dividing this expression by Vac. Hence 
_ V2 Xe Xoo 
Tig? Wh Ras eas 


A comparison of this equation with Eq. (20-49) indicates the generalization 

which should be made in order to obtain an expression valid for any number 

of sections. For example, a multiple L filter of n similar sections has a ripple 

factor that is given by 

rae on Sebi ith 
3 \Xz 3 (6r7PLC)* 

For a multiple L filter of n similar sections, the product LC for a specified 
ripple factor may be evaluated from Eq. (20-55). The result is, at 60 Hz, 


LC = 1.76 (oa\" 


To the approximation that the impedance between A, and B, is simply Xz, 
the critical inductance is the same for the first inductor of a multisection 
filter as for a single-section unit. The remaining inductors may have any 
values, since they play no part in determining the cutout condition. 


(20-55) 


(20-56) 


20-11 TI-SECTION FILTER 


A very smooth output may be obtained by using a filter that consists of two 
capacitors separated by an inductor, as shown in Fig. 20-19. Such filters are 
characterized by highly peaked tube currents and by poor regulation, as for 
the simple capacitor input filter. They are used if, for a given transformer, 
higher voltage than can be obtained from an L-section filter is needed and if 


A, 
Ay [- 


B, 


Fig. 20-19 A II-section filter. 


—_ eS Se 
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Hence the upper limit of the rms second-harmonic voltage is 
Vi = TXe = V2 TacXe 

which agrees with the first method of analysis, in which it was assumed that 
the cutout took place over the complete half cycle. If this were true, the 
charging current could exist only for an infinitesimally small time near the 
peak of the input voltage or at the points for which cos 2« = 1. This shows 
the consistency of the two methods of attack. 

The voltage V; is impressed on an L section, and by using the same logic 
as in Sec. 20-9 the output ripple is V;Xe1/Xz1. Hence the ripple factor is 


lower ripple than can be obtained from a simple capacitor or an L-section filf, 
is desired. } 
The action of a I-section filter can best be understood by considering 
the inductor and the second capacitor as an L-section filter that acts 
the triangular output-voltage wave from the first capacitor. The o 
potential is then approximately that from the input capacitor [Eq. (20-44) 
decreased by the de voltage drop in the inductor. The ripple contained 
this output is reduced by the L-section filter. 4 
The ripple voltage can be calculated by analyzing the triangular wave 
Fig. 20-14a into a Fourier series and then multiplying each component bi 
Xei/X 1; for this harmonic. This procedure leads to rather involved expre 
sions. An upper limit to the ripple can, however, be more easily obtain 
Tf it is assumed that cutout takes place for the entire half cycle (for a full 
rectifier), Fig. 20-14a becomes a triangular wave with vertical sides. 
Fourier analysis of this waveform is given by 


= Vim . V2TeXe Xe _ pg XeXea 20-59 
. Vac Va Xn va Ri Xu ¢ ) 
where all reactances are calculated at the second-harmonic frequency. This 
expression gives the second-harmonic ripple, but, just as for the simple inductor 
filter, very little error is made in neglecting the higher harmonics, and we may 


om Va sin 2at — SO, consider this as the total ripple. 
3 For 60 Hz, Eq. (20-59) reduces to 
From Eq. (20-42b), 
ma ) p= —-3:300_ (20-60) 
v, = Je CC Wik, 
ve where the capacitances are in microfarads, the inductances in henrys, and the 


resistances in ohms. 
If the II section is followed by an L section whose parameters are Lz and 
C2, then the above reasoning leads to the expression 


The rms second-harmonic voltage is 


V, D 
| pte en a nag S Tox. 
een orcwase te po 9/9 Xe Ket Zon (20-61) 
Rr X11 Xia 
This analysis can be extended in an obvious fashion to include any number 
of sections. 

If a half-wave circuit is used, it can be shown that Eqs. (20-59) and (20-61) 
are still valid provided that all reactances are calculated at the fundamental 
instead of the second-harmonic frequency. Thus, for a single II section, the 
half-wave ripple is eight times that for a full-wave circuit. The de output 
voltage is that corresponding to the half-wave simple capacitor filter, minus 
the de voltage drop in the inductor. 


where X¢ is the reactance of C at the second-harmonic frequency. 

A second method of obtaining the same result, due to Arguimbau,' 
instructive. If the instantaneous current to the filter is 7, then the r 
second-harmonic current I; is given by the Fourier component 


1 px, 
V21; = = [." icos 2ada 


t 


The current 7 is in the form of pulses near the peak value of the cosif 
curve, and hence not too great an error is made by replacing cos 2a b: 
Since the maximum value of the cosine is unity, this will give the 
possible value of J;. Thus 


EXAMPLE Design a power supply using a Il-section filter to give de output of 
25 V at 100 mA with a ripple factor not to exceed 0.01 percent. 


Solution The load resistance is Rz = 25/(100 X 10) = 250 @. From Eq. 

(20-60), with © = Cs, r = 3,300/C*LRz, or 

_ 3,300 
10+ x 250 


1 
VIM; <= fp ida = 2a 
because, by definition, 


CL = 1.32 X 10 


1 fr. 
Te = 5- [, ida 
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There is no unique way of solving this equation for C and L. A reaso 
commercially available value of L is chosen, and then Cis calculated. If we choo 
a choke which has an inductance of 20 H at 100 mA and a de resistance of 375 9. 
the corresponding capacitances required have values ] 


1,32 x 10°\! 
Cot) ee SL 
inn ) = 812 


Tantulum electrolytic capacitors are available in this range. For example 
100-4F capacitance at 100 V de would be suitable. 7 
The de voltage drop in the choke is (100  10-*)(375) = 37.5 V. Hen 
de voltage across the first capacitor is 25 + 87.5 = 62.5V. The peak transfo 
voltage to center tap V», is given by Eq. (20-44), or 


0.100 


an eee 66.7 V 


aC (4)(60) (100 x 10-5) — 
Thus 
Vn 
Foner 
v2 


Hence a 50-0-50-V transformer would be used. A suitable diode for this ap 
cation would be the 1N485. It is rated at 125 mA average rectified current an 
peak inverse voltage of 175 V. The peak inverse for this circuit is2V, = 133.41 i 
which is well within the diode rating. 


20-12 II-SECTION FILTER WITH A RESISTOR 


REPLACING THE INDUCTOR 


Consider the network of Fig. 20-19 with the choke Z replaced by a resistor &. 
This type of filter is analyzed in the same manner as in Sec. 20-11. Thede 
put is the value given in Eq. (20-44) for a simple capacitor filter minus the J¢ 
drop in the resistor. The ripple factor is given by Eq. (20-59), with 
replaced by R. Thus, for a single section, t 


Hence, if the resistor 2 is chosen equal to the reactance of the choke W 
it replaces, the ripple remains unchanged. Since this means a saving in # 
expense, weight, and space of the choke, it is desirable to use the resi 
wherever possible. Such a replacement of a resistor for an inductor is often” 
practical only for low-current power supplies. Thus, for example, if in # 
full-wave circuit with an output current of 100 mA, a 20-H choke is to be 
replaced by a resistor to give the same ripple, its value must be 


R = Xz = 4rfL = 15,000 2 
The voltage drop in this resistor would be (15,000)(0.1) = 1,500 V! The de 
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power dissipated would be Ja.2R = (0.1)2(15,000) = 150 W! Hence such a 
substitution would not be a sensible one. However, if the rectifier is to furnish 
only 10 mA (perhaps for a cathode-ray-tube supply), the drop in the resistor 
is only 150 V, and the power loss in this resistor is 1.5 W. The resistor rather 
than the inductor should be used in such an application. 

Since very large capacitances (100 uF or more) are available, the I-section 
filter with a resistor replacing the inductor is quite popular even for high current 
supplies. Consider, for example, a load current of 100 mA at 300 V. If 
R = 100 Q, the drop in this resistor is 10 V and the power loss is 1 W, which 
are reasonable values. The load resistance is Rz = 3,000. If two 100-yF 
capacitors are used, we calculate from Eq. (20-62) that the ripple is 0.083 
percent, which may be satisfactory for some purposes. 


20-13 SUMMARY OF FILTERS 


Table 20-1 contains a compilation of the more important information relating 
to the various types of filters, when used with full-wave circuits. In all cases, 
diode, transformer, and filter-element resistances are considered negligible, and 
a 60-Hz power line is assumed. 


20-14 REGULATED POWER SUPPLIES 


An unregulated power supply consists of a transformer, a rectifier, and a 
filter. There are three reasons why such a simple system is not good enough 
for some applications. The first is its poor regulation; the output voltage is 
far from constant as the load varies. The second is that the de output voltage 


TABLE 20-1 


Summary of filter information} 


170, 
icon ail 


8,380 _ 
CCAR, 


2Vm 


+C isin microfarads, L in henrys, Rx in ohms, Vim in volts, and J, in amperes. 
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varies directly with the ac input. In many locations the line volta 
nominal value 115 V) may vary over as wide a range as 90 to 130 V, 
it is necessary that the de voltage remain essentially constant. The third 
that the de output voltage varies with the temperature, particularly if 

conductor devices are used. An electronic feedback or control circuit is u 
in conjunction with an unregulated power supply to overcome the above thn 
shortcomings and also to reduce the ripple voltage. Such a system is cal] 
a regulated power supply.® 


Stabilization Since the output de voltage V. depends on the input unre 
lated de voltage V;, load current Jz, and temperature 7’, then the change AV,i 
output voltage of a power supply can be expressed as follows: 


ov. 


AV = Leave: +o ve Aly + Soe AT 


wv. 
or 
AV, = Sy AV; + R, Al, + Sr AT 


where the three coefficients are defined as 
Stability factor: 
AV. 


AV: |ar=0 
AT=0 


Sy = 


Output resistance: 


AV. 
er een 
AT=0 


Temperature coefficient: 
Av. 


Sr= a7 


Avi=0 
4Iu=0 

The smaller the value of the three coefficients, the better the reg 
of the power supply. The input-voltage change AV; may be due to a nf 
in ac line voltage or may be ripple because of inadequate filtering. For t 
present we assume constant temperature, and thus the third term in 
(20-63) and (20-64) is zero. The temperature effect is considered | 
[Eq. (20-77)]. 


Emitter-follower Regulator If a power supply has poor regulati 
possesses a high internal impedance. This difficulty may be avoided by 
an emitter follower to convert from high to low internal impedance. 
Fig. 20-20. If the output resistance of the unregulated supply is ¢a 
then the output resistance R, after the emitter follower has been 
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ae 


@) 


Fig. 20-20 An emitter-follower regulator. 


approximately (Fig. 12-11e) 


R, + hie 
ipa ss 


where R, represents the dynamic resistance of the Zener or avalanche refer- 
ence diode D. A reasonable value of 7, is 100 2 (10 V drop for each 100 mA 
change in load). If 1+ hy = 100, hie = 1,000 9, and R, = 20 Q, then 
R. = 1,020/100 = 10.2 ©, which is a significant improvement over the 100-0 
output resistance of the unregulated power supply. 

For the simple emitter-follower regulator the voltage stabilization ratio 
is, approximately, 


Sy = Ave. Re 
v "Ovi R+R 


From Eq. (20-69) we see that improving Sy requires increasing R, with attend- 
ant increase in Vcg and power dissipated in the transistor. Other disadvan- 
tages of this circuit are the following: (1) no provision exists for varying the 
output voltage since it is almost equal to the reference voltage Ve of the 
avalanche diode, and (2) changes in Vz and Vz due to temperature variations 
appear at the output. A voltage regulator which is far superior to the simple 
emitter follower is discussed in the next section. 


R= 


(20-68) 


(20-69) 


20-15 SERIES VOLTAGE REGULATOR 


The physical reason for the improvement in voltage regulation with the cireuit 
of Fig. 20-20 lies in the fact that a large fraction of the increase in input volt- 
age appears across the control transistor, so that the output voltage tries to 
remain constant. If the input increases, the output must also increase (but 
to a much smaller extent), because it is this increase in output that acts to 
bias the control transistor toward less current. This additional bias causes 
an increase in collector-to-emitter voltage which tends to compensate for the 
increased input. 


Fig. 20-21 A semiconductor-regulated power supply. The series pass 
element or series regulator is QI, the difference amplifier is Q2, and 
the reference avalanche diode is D. 


From the foregoing explanation it follows that if the change in out P 
were amplified before being applied to the control transistor, better s 
zation would result. The improvement is demonstrated with reference t¢ 
Fig. 20-21. Here a fraction of the output voltage bV, is compared with th 
reference voltage Ve. The difference bV, — Ve is amplified by Q2. 
input voltage increases by AV; (say, because the power-line voltage incre: 
then V, need increase only slightly, and yet Q2 may cause a large cu 
change in R;. Thus it is possible for almost all of AV; to appear across 
(and since the base-to-emitter voltage is small, also across Q1) and for 
to remain essentially constant. These considerations are now made m 
quantitative. 


Simplified Analysis From Fig. 20-22 the output de voltage Vo is give 


Vo = Ve + Vaz2 + Vo 


Ri 
Rit Re 
or 

V. R; 
o = (Vz + Vez) ( oh RB 


Hence a convenient method for changing the output is adjusting the ratio 
R;,/Rz by means of a resistance divider as indicated in Fig. 20-21. 

An approximate expression for Sy (sufficiently accurate for most 
cations) is obtained as follows: The input-voltage change »; is very 2 
larger than the output change v,. Also, by the definition of Eq. (20 
AI, = 0, and to a first approximation we can neglect the ac voltage 
across ro. Hence AV; = x; appears as shown in Fig. 20-22. Neglecting 
small change in base-to-emitter voltage of Q1, the current change AJ = + ™ 


< . e 
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Fig. 20-22 Analysis of the series-regulated power supply. 


R; is given by 


i= 


“= ro Bas (20-71) 


R; 
Since Rz is fixed, constant output voltage requires that J,, and hence [1 
remain constant. Hence, for constant Is:, 


i = Aloo = ten (20-72) 
In Prob. 20-30 we find that, for small values of R;, 

* R2 Uo 

ta Me Rt Ba (Ria) Toa FO yale, Ome = (204738) 
Using Eqs. (20-71) to (20-73), we find 

= Me _ Ri + Re (ills) + hies + (1 + hyer)Re 

Sy Rs Kalix (20-74) 
In Prob. 20-31 the output impedance R, of the circuit of Fig, 20-22 is found 
to be 

dea Rs + hie 
1 + Ayer (20-75) 


By t+ Oa(Bs +) 


where G,, = .2/v. is obtained from Eq. (20-73). 
cated in the following illustrative example. 


A design procedure is indi- 


EXAMPLE (a) Design a series-regulated power supply to provide a nominal 
output voltage of 25 V and supply load current J, <1 A. The unregulated 
power supply has the following specifications: V; = 50 + 5 V and r, = 10 2. 
(0) Find the stability factor Sy. (c) Find the output resistance R,. (d) Com- 
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Fig. 20-23 The series regulator discussed in the example. 


pute the change in output voltage AV, due to input-voltage changes of +5 
and load current J;, variation from zero to 1 A. 
Solution a. Select a silicon reference diode with Vz ~ V./2. Two 1N755 
in series provide Vz = 7.5 + 7.5 = 15 V and R, = 12 Q at J, = 20 mA. 
to Figs. 20-22 and 20-23. Choose Je: ~ Ig: = 10 mA. The Texas Insta 
2N930 silicon transistor can provide the collector current of 10 mA. For 
transistor the manufacturer specifies J¢(max) = 30 mA and Vcg(max) = 45 ¥ 

At Ic: = 10 mA, the following parameters were measured: 


hye, = 220) hin = 200 ger = 8002 
Choose Jp = 10 mA, so that D1, D2 operate at J, = 10 + 10 = 20 mA. 
Vo— Va _ 25-15 
Ip 10 


The ratio 2,/R: may be found from Eq. (20-70). 
as follows: 


Ro = =1K 


Each resistor is determiner 


“gap = “5 wa » 


Since we require J, > Js2, we select J; = 10 mA; then, since Vax = 0.6 V, 
Va = Vos. + Ve = 15.6 V 
Vo—Vs _ 25 — 15.6 
qi 10 X 10-* 


V:_ 15.6 
1, 10x10" 


R= = 9402 


Ry = 1,5602 
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If we select the Texas Instruments 2N1722 silicon power transistor for Ql, we 
measure at Ic; = 1 A the following parameters: : 


hesi=125 hy = 100 hes = 200 
We thus have 
Im = BHAT L 1,000 +10-+10 ga 
hem 125 


The current J through resistor Rs is J = Ip; + Joo =8 +10 =18 mA. The 
value for Rs corresponding to V; = 45 and to J; = 1 A is given by 


R Vi — (Vex + V.) — 50 — 25.6 
ee eS A a at 
2 18 X 10 


The complete circuit is shown in Fig. 20-23. 
b. From Eq. (20-74) we find 


= 13602 


__ 2.50, 586 + 800+ (201)(12) _ 

Sy = 56 ~  — 200)(1,360) = 

c. The output resistance is found from Eqs. (20-73) and (20-75). Since 
(200) (1.56) 1 t 

Gm = “950 * 586-4 800-4 Goa ~ °° 

R 10 + (1,360 + 20)/101 = 0.512 


~ TF (0.033) 1,360 + 10) 


d. The net change in output voltage, assuming constant temperature, is 
obtained using Eq. (20-63): 


AV, = Sy AV; + R, Aly = 0.022 X 10 + 0.51 X 1 = 0.22 + 0.51 = 0.73 V 


The circuit designed in this example was built in the laboratory, and excellent 
agreement between measured and calculated values was obtained. 


Very often it is necessary to design a power supply with much smaller 
value for Sy. From Eq. (20-74) we see that Sy can be improved if Rs is 
increased. Since R; ~ (V; — V.)/I, we can increase R; by decreasing. The 
current I can be decreased by using a Darlington pair (Fig. 12-15) for Q1. 
For even greater improvement in Sy, Rs is replaced by a constant-current 
Source (so that R;—» «), as shown in Fig. 20-24 (see also Sec. 12-12). For this 
circuit, which incorporates a Darlington pair, values of Sy = 0.00014 and 
R, = 0.1 @ have been obtained.* The constant-current source in Fig. 20-24 is 
often called a transistor preregulator. Other types of preregulators (Prob. 20-35) 
are possible. The 0.01-uF capacitor in Fig. 20-24 is added to prevent high- 
frequency oscillation. 


Practical Considerations The maximum de load current of the power 
supply shown in Fig. 20-22 is restricted by the maximum allowable collector 


Fig. 20-24 Typical series regulator using preregulator and Darlington pair. (Co 
tesy of Texas Instruments, Inc.) 


current of the series transistor. The difference between the output and inpi 
voltages of the regulator is applied across Q1, and thus the maximum 
able Vox for a given Q1 and specified output voltage determines the maxim 
input voltage to the regulator. The product of the load current and Veg! 
approximately equal to the power dissipated in the series transistor. Conse 
quently, the maximum allowable power dissipated in the series transistor fur 
ther limits the combination of load current and input voltage of the regulate 
The reverse saturation current Ico of Q1 plays an important role 
determining the minimum load of the regulator. If I: = 0, the 
Is: = Icoi/(1 — a1). Hence, if the total emitter current of Q1 (Iz + In +1 
falls below Ico1/(1 — a1), then Vcg: cannot be controlled by Zs:, and th 
regulator cannot function properly. We thus see that, at high temperatur 
where Igo is high and 1 — a may be small, the regulator may fail w 
load current falls below a certain minimum level. Various techniques 
been proposed’ to reduce this minimum-load restriction due to Ico. The 30 
resistor in Fig. 20-24 is added to allow operation at low load currents. 
A power supply must be protected further from the possibility of d 
through overload. In simple circuits protection is provided by using @ 
element in series with r,. In more sophisticated equipment the series 
tor is such that it can permit operation at any voltage from zero to the 
mum output voltage. In case of an overload or short circuit, the cil 
Fig. 20-25 can provide protection. Here the diodes D1, D2 are noneond 
until the voltage drop across the sensing resistor Rs exceeds their 
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Zi. 
+ 


Fig. 20-25 Short-circuit overload-protection circuit. 


threshold voltage V,. Thus, in the case of a short circuit, the current Is 
would only increase up to a limiting point determined by 


Fp Var + Vo2 — Var 


Rs 
Under short-cireuit conditions the load current would be, approximately, 
feet pk ae Var (20-76) 


R; Rs 


Finally, an important practical consideration is the variation in output 
voltage with temperature. From Eq. (20-70) we see that, approximately, 


AV, (Ve 4 AVens) (, , Ri 
aT ~ (ar + ar Ore 
Thus cancellation of temperature coefficients between the reference diode 
D1 and the transistor Q2 can result in a very low AV,/AT. The GE reference 
amplifiers RA-1, RA-2, and RA-3 have been designed for this purpose. They 
are integrated devices composed of a reference diode and n~p-n transistor in 


asingle chip. Typical temperature coefficients for these units are better than 
+0.002 percent/°C. 


(20-77) 


20-16 VACUUM-TUBE-REGULATED POWER SUPPLY 


In many practical applications it is necessary to regulate voltages as high as 
500 V and currents in the range of 50 to 200 mA. For this application the 
vacuum-tube-regulated power supply shown in Fig. 20-26 is often used. An 
approximate expression for Sy is obtained as follows: The input-voltage 
change v; is very much larger than the output change v,. If ». is very small, 
the change in current is very small. Hence, to a first approximation, we can 
neglect the current change, and the ac voltage across r, may be taken as zero. 
Furthermore, from the definition of » it follows that the change in plate volt- 


Unregulated Regul 


Fig. 20-26 A regulated 


vacuum-tube power 
supply. 


age across the control tube is » times the change in grid voltage. If b < 
fraction of the output voltage v, fed to the grid of the amplifier V2, the output 
of the amplifier is A2bv,, where Az is the magnitude of the amplification of V2. 
Since the amplifier output is approximately the grid-to-eathode voltage of V1, 
then the plate-to-cathode voltage of V1 is ui:Asbu.. This voltage is approxi 


mately equal to v;. Hence 
% 1 
oro as et 


For a single-pentode amplifier an amplification of 150 is reasonable. Ifb = 0.5 
and yu: = 2, then Sy = yty, so that any input-voltage change is divided by 151 
before it appears at the output. 

To find the output impedance of the power supply, assume a voltage 0% 
applied to the output (with »; = 0) and find the current 7, drawn from c 
The current in Rs may be neglected because Rs is very high (~1 M) compar 
with the output impedance (~10 2). If y:A2b > 1, the output resi 
R, = »/% is found (Prob. 20-38) to be 


Re = (rp + 12) Sv O- 


For the numerical values used above, rz: = 300 2, r. = 1 K, and Sy = 4 
we find R, = 1,300/150 = 8.7 Q. 


Practical Considerations A commercial form of an electronically 
lated power supply is indicated in Fig. 20-27. Specific numerical values 
components and voltages are available in the literature. The importa 
components in the circuit are as follows: 


1. The reference voltage, which in the preceding diagrams was sho 
a battery, is usually a VR tube® connected to the regulated output th 
dropping resistor. The 0.1-uF capacitor across the VR tube tends to pi 
high-frequency oscillations. The most stable reference tube available is 
5651. An avalanche diode may be used in place of the VR tube. 
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Fig. 20-27 A complete regulated vacuum-tube power supply. 


2, The amplifier must have high gain, and hence a pentode (6AK5, 68J7, 
6SH7) is used. If better stabilization is desired, a multistage direct-coupled 
difference amplifier is used. 

3. The control tube must pass all the load current. If the rating of a 
single tube is exceeded, several tubes are connected in parallel. Two are indi- 
cated in Fig. 20-27. The small resistances in series with the cathodes of the 
control tubes tend to equalize the currents drawn by these tubes. The small 
resistors in series with the grids tend to suppress parasitic high-frequency 
oscillations. The unregulated voltage must exceed the regulated voltage by 
the drop in the control tube. Hence the ideal control tube is one which has 
a high perveance, so that it can supply large currents at low voltages. The 
6AS7 has been designed for this purpose. It is a double triode, each section 
of which is rated at 125 mA. The tube drop is less than 40 V at 125 mA and 
zero grid voltage. The plate resistance is only 300 2. Unfortunately, the 
amplification factor is only 2, and a high-gain amplifier must be used if a large- 
voltage stabilization is to be obtained. Other tubes suitable for control tubes 
are the 2A3, 6B4, 6L6, 6V6, and 6Y6, the last three being triode-connected. 

4. The 8-uF capacitor across the output lowers the ac output impedance. 
It also prevents the circuit from oscillating at a high frequency by reducing the 
loop gain below unity at that frequency for which the loop phase shift is zero. 

5. The potentiometer controls the value of the de output voltage at some 
definite current, say 100 mA. Thus the output voltage may be set at some 
specific value, say 300 V. The limits are set by the fact that if the potenti- 
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ometer is too far to one end, grid current will be drawn, and if it is too far to 
the other end, the tube may be cut off. 

6. The 0.1-u4F capacitor from the output terminal to the center of th 
potentiometer gives improved stabilization for fast changes in input y 
or lowered output impedance for fast changes in load. The reason 
improvement is that the voltage across a capacitor cannot change instar 
ously. Hence, for a fast change in output voltage, this voltage appears 
taneously from the grid of the amplifier to ground. In other words, b = | 
fast changes. On the other hand, if the potentiometer is set at its 
value, b = 0.5 for slow changes. As a result, for example, the 120-Hz 
from the power supply is cut in half by the addition of the 0.1-«F cay 
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APPENDIX 


A PROBABLE VALUES OF GENERAL 
PHYSICAL CONSTANTS' 


Electronic charge. 
Electronic mass. . 9.109 X 10-* kg 

Ratio of charge tor mass of an electron. . 1.759 X 10" C/kg 

Maas of atom of unit atomic weight (hypothetieal) fog 88 1.660 X 107" kg 

Mass of proton 1.673 X 10727 kg 

1,887  10* 

6.626 X 10-* J-sec 

1.381 X 10-*° J/°K 

8.620 X 10-5 eV/°K 

5.670 X 10-* W/(m*) (°K) 
6.023 X 10** molecules/mole 


1.602 X 10-" C 


Gas constant. .... 8.314 J/(deg) (mole) 
Velocity of light... 2.998 X 10® m/sec 
Faraday’s constant. 9.649 X 10? C/mole 
Volume per mole. .. 2.241 X 10-? m* 


Acceleration of gravity 


9.807 m /sec* 


} E. A. Mechtly, “The International System of Units: Physical Constants and Con- 
version Factors,” National Aeronautics and Space Administration, NASA SP-; 7012, Wash- 
ington, D.C., 1964. 
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-CHARACTERISTICS' 


TUBE 


Fig. D-1_ 5Y3-GT diode 
(6087). 


{ Courtesy of General Electric Company. 
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Plate voltage, V 
Fig. D-2 6CG7 (6SN7) negative-grid characteristics (each section). 
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Fig. D-3 6CG7 (6SN7) positive-grid characteristics (each section). 
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Fig. D-4 12AT7 (6664 and 7898) negative-grid characteristics (each 
section), 


Plate voltage, V 
Fig. D-5 12AU7 (5814, 5963, and 6135) negative-grid characteristics (each section). 
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Fig. D-7 616 triode (screen grid connected to plate). 


PROBLEMS 


CHAPTER 1 


1-1 a, An electron is emitted from a thermionic cathode with a negligible initial 
velocity and is accelerated by a potential of 1,000 V. Calculate the final velocity of 
the particle. 

b. Repeat the problem for the case of a deuterium ion (heavy hydrogen ion—atomic 
pr 2.01) that has been introduced into the electric field with an initial velocity of 
105 m/sec. 

1-2 a. The distance between the plates of a plane-parallel capacitor is1em. An 
electron starts at rest at the negative plate. If a direct voltage of 1,000 V is applied, 
how long will it take the electron to reach the positive plate? 

6. If a 60-Hz sinusoidal voltage of peak value 1,000 V is applied, how long will 
the time of transit be? Assume that the electron is released with zero velocity at the 
instant of time when the applied voltage is passing through zero. Hint: Expand the 
sine function into a power series. Thus sin 6 = 6 — 63/3! + 68/51-—-+-. 

1-3 An electron having an initial kinetic energy of 10-** J at the surface of one 
of two parallel-plane electrodes and moving normal to the surface is slowed down by 
the retarding field caused by a 400-V potential applied between the electrodes. 

a. Will the electron reach the second electrode? 

6. What retarding potential would be required for the electron to reach the second 
electrode with zero velocity? 

1-4 The plates of a parallel-plate capacitor are d (meters) apart. Att = 0, an 
electron is released at the bottom plate with a velocity v, (meters per second) normal to 
the plates. The potential of the top plate with respect to the bottom is —V,, sin wt. 

a. Find the position of the electron at any time t. 

b. Find the value of the electric field intensity at the instant when the velocity of 
the electron is zero. 

1-5 An electron is released with zero initial velocity from the lower of a pair of 
horizontal plates which are 3m apart. The accelerating potential between these 
plates increases from zero linearly with time at the rate of 10 V/usec. When the elec- 
tron is 2.8 em from the bottom plate, a reverse voltage of 50 V replaces the linearly 
tising voltage. 

a. What is the instantaneous potential between the plates at the time of the poten- 
tial reversal? 

6. With which electrode does the electron collide? 

c. What is the time of flight? 

d. What is the impact velocity of the electron? 


641 


642 / ELECTRONIC DEVICES AND CIRCUITS 


1-6 A 100-eV hydrogen ion is released in the center of the plates, as shown in the 
figure. The voltage between the plates varies linearly from 0 to 50 V in 10-7 see 
then drops immediately to zero and remains at zero, The separation between t 
plates is 2m. If the ion enters the region between the plates at time ¢ = 0, how fa 
will it be displaced from the X axis upon emergence from between the plates? 


3cem————-0 H 
ie 
& 
d 
—- he % 
at 
 5cem——-| 30° 


Prob, 1-7 


1-7 Electrons are projected into the region of constant electric field intensity of 
magnitude 5 X 10* V/m that exists vertically. The electron gun makes an angle o| 
30° with the horizontal. It ejects the electrons with an energy of 100 eV. 
@. How long does it take an electron leaving the gun to pass through a hole H ata 
horizontal distance of 3 cm from the position of the gun? Refer to the figure. I 
that the field is downward. 
>. What must be the distance d in order that the particles emerge through the hol } 
c. Repeat parts a and b for the case where the field is upward. 
1-8 In a certain plane-parallel diode the potential V is given as a function of the 
distance « between electrodes by the equation 


V = kat 


where k is a constant. Find an expression for the time it will take an electron that 
leaves the cathode with zero initial velocity to reach the anode, a distance d away. 
1-9 a. Through what potential must an electron fall if relativistic corrections 
not made, in order that it acquire a speed equal to that of light? ' 
b. What speed does the electron actually acquire in falling through this potenti 
1-10 Calculate the ratio m/m. for 2-MeV electrons and also for 2-MeV deut 
(atomic weight 2.01). f 
1-11 An electron starts at rest in a constant electric field. Using the relati 
expression for the mass, find the velocity and the displacement of the particle 
time ¢. 
1-12 The electrons emitted from the thermionic cathode of a cathode-ra 
gun are accelerated by a potential of 400 V. The essential dimensions in Fig. 


L = 19.4 em t= 1.27 cm d = 0.475 cm 


a. Compare the electrostatic sensitivity of this tube obtained from the theoretical 
expression with the experimental value of 0.89 mm/V. r 


6. What must be the magnitude of a transverse magnetic field acting over the whole 
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length of the tube in order to produce the same deflection as that produced by a deflect- 
ing potential of 30 V? The distance from the anode to the screen is 23.9 em, 

c. Repeat part b for the case where the transverse magnetic field exists only in the 
region between the deflecting plates instead of over the entire length of the tube. 

1-13 What transverse magnetic field acting over the entire length of a cathode-ray 
tube must be applied to cause a deflection of 3 cm on a screen that is 15 cm away from 
the anode if the accelerating voltage is 2,000 V? 

1-14 A cathode-ray tube has the following dimensions: 

Length of plates, 2.0 cm 

Separation of plates, 1.0 cm 

Distance from electron gun to center of plates, 5.0 cm 

Distance from center of plates to the screen, 20.0 cm 
Assume that there is only one set of plates in the tube. The accelerating voltage is 
1,000 V, and the beam leaving the gun is well focused. An ac voltage applied to the 
plates produces a straight line 4.0 cm in length on the screen if no magnetic field is 
present. 

A uniform axial magnetic field is now applied over the entire length of the cathode- 
ray tube. 

a. Assuming that a virtual cathode exists at the center of the plates (Sec. 1-8), 
calculate the minimum magnetic field that will reduce the line to a point on the screen. 

b. If the magnetic field is reduced to half the value found in part a, a line is observed 
on the screen. Why? Calculate the length of this line and the angle it makes with 
the direction of the 4.0-cm line that was observed for zero magnetic field. 

1-15 A 100-V electron is introduced in the XY plane into the region of uniform 
magnetic field intensity of 5 mWb/m?, as shown. 
a, At what point does the electron strike the XZ plane? 
b, What are the velocity components with which the electron strikes the XZ plane? 


Vo B is into paper 


20° 
10° Yer 


Prob. 1-15 Prob. 1-16 


1-16 Two 50-eV electrons enter a magnetic field of 2.0 mWb/m? as shown, one 
at 10°, the other at 20°. How far apart are these electrons when they have traversed 
(a) one revolution of their helical paths, () two revolutions of their helical paths? 

1-17. An electron is injected into a magnetic field with a velocity of 10’ m/sec ina 
direction lying in the plane of the paper and making an angle of 30° with B, as shown in 
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the figure. Ifthe length Lis 0.1 m, what must be the value of B in order that the 
tron pass through the point Q? 


2 30° ———+ B @ 
TT! 
Prob. 1-17 Prob, 1-18 


1-18 An electron having a speed », = 10’ m/sec is injected in the XY plane ¢ 
an angle of 30° to the X axis. A uniform magnetic field parallel to the ¥ axis and y 
flux density B = 5.10 mWb/m? exists in the region. Find the position of the electri 
in space at ¢ = 5 nsec after entering the magnetic field, , 

1-19 Consider the cathode-ray tube shown. A de potential is applied to # 
plates of this cathode-ray tube. In addition, a solenoid is placed over the tube, givi 
a uniform magnetic field parallel to the axis of the tube. Describe in words the exa 
eas h ia pilh at rest at the cathode X in the following sections of t 
tube: 

a. Between cathode K and anode A. Assume that the field is uniform in thi 
region. 

6. Between anode A and the edge of the plates 0. 

c. In the region between the plates. 

d. In the region beyond the plates. 


1-20 The accelerating voltage of a cathode-ray tube is 1,000 V. A sinusoid 
voltage is applied to a set of deflecting plates. The axial length of the plates is 2 
a, What is the maximum frequency of this voltage if the electrons are not to ren 
in the region between the plates for more than one-half cycle? 
6. For what fraction of a cycle does the electron remain in the region between #l 
plates if the frequency is 60 Hz? 
1-21. The electric field in the region between the plates of a cathode-ray tube #! 
produced by the application of a deflecting potential given by 


Va = 60 sin (24 X 10%) 
The important tube dimensions are 


L=19.4cm 1=1.27 cm d = 0.475 cm 
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The accelerating voltage is 200 V. Where will an electron strike the screen if it enters 
the region between the plates at an instant when the phase of the deflecting voltage is 
zero? 

1-22 Solve Prob. 1-21 if the applied deflecting potential is given by 


Va = 4 X 10% 


1-23 a. A sinusoidal voltage of frequency w is applied to the deflecting plates of a 
cathode-ray tube. The transit time between the plates ist. The length of the line on 
the screen is A. If A, is the line length when the transit time is negligible compared 
with the period of the applied voltage, show that 


sin (wr/2) 
A= iden il 


b. If V. = 1,000 V and 7 = 1 cm, at what frequency will A/A. = 0.9? 
1-24 Show that the magnetic deflection in a TV tube having a screen diameter 
comparable with the length of the tube neck is given by 


e/m 
Dm MLB NF (e/m BD 


The symbols have the meaning given in Sec. 1-14, 

1-25 Electrons emerge from a hole in an anode of a cathode-ray tube in a diverging 
cone of small angle. With 900 V between the cathode and the anode, the minimum 
longitudinal magnetic field required to cause the electron beam to come to a focus on 
the screen is 2.5 mWb/m?. If the anode voltage is decreased to 400 V, what minimum 
magnetic field will now be necessary to focus the beam? What is the next higher value 
of magnetic field at which a focus will be obtained? 

1-26 Electrons emerge from the hole in the anode of a cathode-ray tube in all 
directions within a cone of small angle. The accelerating voltage is 300 V. The dis- 
tance from the anode to the screen is 22.5 cm. 

The tube is placed in a 40-cm-long solenoid having a diameter of 12 cm and wound 
with 24 turns of wire per inch. The tube and solenoid axes coincide. The maximum 
current rating of the solenoid is 5 A. For what values of current in the solenoid will 
the beam of electrons come to a focus as a spot on the screen? 

1-27 a, Refer to Sec. 1-15 on magnetic focusing. Show that the coordinates of the 
electron on the screen are 


c= “ne and gaa 
Voy Doyo 
where a = eBL/mv,, and the other symbols have the meanings given in the text. 

b. Let x! = (xvoy/Lv.2)z and 2! = (xv.,/Lv.2)z, and plot 2’ versus 2’ for intervals of 
equal to z/4. This will give the path the electrons will trace out on the screen as the 
magnetic field intensity is increased from zero. Plot enough points so that the path 
corresponding to two complete spirals will be obtained. 

1-28 Given a uniform electric field of 5 X 10* V/m parallel to and in the same 
direction as a uniform magnetic field of 1.2 mWb/m?; 300-eV electrons enter the 
region where these fields exist, at an angle of 30° with the direction of the fields. A 
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photographie plate is placed normal to the direction of the fields at a distance of 1.6 
from the electron gun, as shown in the figure. r 
a, At what point do the electrons strike the plate? 
6, With what velocity components do they strike the plate? 


c, Repeat parts a and b for the case where the direction of the electric field j 
reversed, L 


Photographic plate 


Prob. 1-28 


1-29 An electron is injected with an initial velocity v2 = 4 X 10° m/sec halfw: 
between two large parallel plates 0.5 cm apart. The XZ plane is parallel to the p 
There is a voltage of 200 V impressed between the plates, and a magnetic fi 
10 mWb/m! perpendicular to the plates, directed from the positive to the negative 

a. Where does the electron strike the positive plate? 

b, With what velocity components does the electron strike? 

1-30 A positive hydrogen ion enters a region containing parallel electric and mi 
netic fields in a direction perpendicular to the lines of force. The electric field sti 
is 10‘ V/m, and the magnetic field strength is 0.1 Wb/m?, How far along the di 
of the fields will the ion travel during the second revolution of its helical path? 

1-31 Given a uniform electric field of 104 V/m parallel to and in the same diree 
tion as a uniform magnetic field of B Wb/m?; 300-V electrons enter the region 
these fields exist at an angle of 60° with the direction of the fields. If the 
reverses its direction of trayel along the lines of force at the end of the first revo 
of its helical path, what must be the strength of the magnetic field? 

1-32 In Fig. 1-14 what must be the relationship between &, B, , 0, if the 
is to return to the origin? 

1-33 Given a uniform electric field of 2 X 104 V/m and a uniform magnetic fie 
of 0.03 Wb/m!? parallel to each other and in the same direction. Into this reg 
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released 150-eV hydrogen ions in a direction normal to the fields. A photographic 
plate is placed normal to the initial direction of the ions at a distance of 5.0 em from 
the gun, as shown in the figure. 

a. How long after leaving the gun will the ions hit the plate? 

b. What are the coordinates of the point at which the photographic plate is 
exposed? 

c. Repeat the problem for the case where the photographic plate is perpendicular 
to the Y axis and 5,0 cm from the origin (instead of perpendicular to the X axis). 

d. Repeat the problem for the case where the photographic plate is perpendicular 
to the Y axis and 5.0 cm from the origin. 

1-34 An electron starts from rest at the center of the negative plate of a parallel- 
plate capacitor across which is a voltage of 100 V. Parallel to the plates is a constant 
magnetic field of 1.68 mWb/m?. 

a. If the distance between the plates is 1 cm, how far from the center does the 
electron strike the positive plate? 

b. How long will it take the electron to reach the positive plate? 

1-35 An electron is released at the point O with a velocity v, parallel to the plates 
of a parallel-plate capacitor. The distance between the plates is 1 cm, and the applied 
potential is 100 V. 

a. What magnitude and direction of magnetic field will cause the electron to move 
in the cycloidal path indicated? Note that O is midway between the plates and that 
the cusps are on the negative plate. 

b. What must be the value of », in order that this path be followed? 


Prob. 1-35 || i. 


Yo 


1-36 Consider the configuration of perpendicular electric and magnetic fields 
shown in the figure. An ion gun fires 100-eV hydrogen ions along the Y axis as shown. 
B = 0.05 Wb/m?, and & = 5 X 10° V/m. 

a, What are the coordinates of the point at which the photographic plate is 
exposed ? 

b. Repeat the problem for the case where the photographic plate is perpendicular 
to the X axis (and at a distance of 14 em from the origin) instead of perpendicular to the 
Y axis. 
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c. Repeat the problem for the case where the photographic plate is perpendicula 
to the negative Z axis and at a distance of 14 cm from the origin. 


Photographic plate 


Magnetic field B perpendicular to paper 
Prob. 1-37 


Prob, 1-36 


1-37 An apparatus for verifying the relativistic variation of mass with 
(Eq. (1-27)] is shown in the sketch. The electronic source S of high-velocity e 
is situated between the two very closely spaced capacitor plates CC’, The 
apparatus (the source, the capacitor plates, and'the photographic plate PP’) is 
jected to a transverse magnetic field of intensity B Wb/m?. Show that if the e 
field intensity between the plates is § V/m, only those electrons having a speed v = 
will leave the region between the plates. Show that for the electrons with this p 
lar speed the ratio of charge to mass (in mks units) is 

ge 
m BR 
where the radius of the circular path R is given by R = (L* + D%)/2D. 

By changing either B or &, a new value of v and the corresponding value of e/m ar 
obtained, etc. 

1-38 Anelectron starts at rest in perpendicular electric and magnetic fields. Show 
that the speed at any instant is given by 

] 


om Qu sins 


and that the distance d traveled along the cycloidal path is 
0 
d= 1 — cos— 
10( cos 2) 


The symbols have the meaning given in Sec. 1-17. 
1-39 In Sec. 1-17 the equations of motion in perpendicular electric and magn 
fields are considered, the initial velocities v,, and vo, being taken as zero. Show, 
direct integration of Eqs. (1-54), that if arbitrary initial velocities are assumed, the 
tion of the electron at any time ¢ is given by the equations 
z= tinot + (#—*) 4 — cos wt) 
o wo a 
Y = Voyt 


z= on a) — (¥~ %) sin a 
@ wo wo 
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1-40 A uniform magnetic field B exists parallel to the Y axis. A uniform electric 
field exists parallel to the XY plane and has components &. and &,. An electron is 
injected parallel to the Z axis with an initial speed vs. 

a, What must be the value of v.. in order that the electron remain forever in the 
YZ plane? 

b. What are the Y and Z coordinates of the electron at any time ¢ if vo. is chosen as 
in part a? 

c. What is the resultant path? 

1-41 Anelectron starts at rest at the origin of the field configuration shown. The 
plane determined by B and & is chosen as the XY plane. Describe the motion of the 


particle. 


Prob, 1-47 


1-42 The fields in Prob. 1-41 have the following values: 
& =5kV/m B= 1mWb/m? yg = 20° 
If an electron is released with zero velocity at the origin, where will it expose a photo- 
graphic plate which is perpendicular to the Z axis at a distance of 8.00 cm from the 
origin? 

1-43 A uniform magnetic field of 8 Wb/m* exists in the Y direction, and a uniform 
electric field of 104 V/m makes an angle of 60° with B and lies in the XY plane as indi- 
cated. A 400-eV electron starts at the origin, moving up to the Y axis. 

a. Describe clearly the exact motion of the electron, including a sketch of the path. 

b. Calculate the value (or values) of B which will cause the electron to return to the 
XZ plane at some point along the Z axis. 


Prob. 1-43 


1-44 An electron which was at rest at the origin at time t = 0 strikes the photo- 
graphic plate at time = 5nsec. Find the z, y, and z coordinates of the point where it 
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hits the plate. (In the figure, & is parallel to the YZ plane, B is parallel to the n 
Y axis, and the plate is perpendicular to the X axis.) 

1-45 Uniform electric and magnetic fields of 10* V/m and 10 mWb/m?, 
tively, are inclined at an angle of 30° with respect to each other. If an electron j 
released with zero initial velocity, how far from its initial position will it be at th of 
1 nsec? 

1-46 a. If the potential at any point in space is V(z, y, 2), write down the diffe 
ential equations of motion of an electron in this field. 

6. If the magnetic field components B.(z, y, 2), B,(z, y, 2), and B,(z, Y 2) are 
added to the electric field in part a, write the modified equations. 

1-47 The magnetic field strength is 0.9 Wb/m? in a certain cyclotron. L 
hydrogen ions (protons) are used. 

a, What must be the frequency of the oscillator supplying the power to the dee 

b. If each passage of the ions across the accelerating gap increases the energy of 
ion by 60,000 V, how long does it take for the ion introduced at the center of the spiral 
to emerge at the rim of the dee with an energy of 6 Mev? 4 

c. Calculate the radius of the last semicircle before emergence. P 

1-48 Protons are accelerated in a small cyclotron. The magnetic field sti 
is 1.3 Wb/m?, and the radius of the last semicircle is 0.5 m. 

a, What must be the frequency of the oscillator supplying the power to the dee 

6. What is the final energy acquired by the proton? 

c. If the total transit time of the proton is 3.3 usec, how much energy is imparted 
the particle in each passage from one dee to the other? 

“ 
CHAPTER 2 3 


2-1 For the hydrogen atom show that 
a, The possible radii in meters are given by 


3, 2 
pa Meon' 


where n any integer but not zero. For the ground state (n = 1) show that the i j 
is 0.53 A. 


6. The energy levels in joules are given by 


c. The reciprocal of the wavelength (called the wave number) of the spectral li 
is given in waves per meter by 


1 1 L 
pt ere ge} 
ny (4 3) 


where n; and ny are integers, with n; greater than nz, and R = met/8e,%h’c = 1.10 X 
10’ m~ is called the Rydberg constant. 

If nz = 1, this formula gives a series of lines in the ultraviolet, called the 
series. If nz = 2, the formula gives a series of lines in the visible, called the B 


«4 
# 
- 
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series. Similarly, the series for nz = 3 is called the Paschen series. These predicted 
lines are observed in the hydrogen spectrum. 

2-2 Show that Eq. (2-7) follows from Eq. (2-4). 

2-3 Show that the time for one revolution of the electron in the hydrogen atom in 
a circular path about the nucleus is 

Moe 
2 V2 ¢(—W)! 
where the symbols are as defined in Sec. 2-1. 

2-4 A photon of wavelength 1,400 A is absorbed by cold mercury vapor, and two 
other photons are emitted. If one of these is the 1,850-A line, what is the wavelength 
of the second photon? 

2-5 Cold mercury is bombarded with radiation, and as a result the fluores- 
cent lines 2,537 and 4,078 A appear. What wavelength must have been present in the 
bombarding radiation? 

2-6 The six lowest energy levels of hydrogen are 0, 10.19, 12.07, 12.73, 13.04, and 
13.20 eV. If cold hydrogen vapor absorbs the ultraviolet 972-A line, what possible 
fluorescent lines may appear? 

2-7 The seven lowest energy levels of sodium vapor are 0, 2.10, 3.19, 3.60, 3.75, 
4.10, and 4.26 eV. A photon of wavelength 3,300 A is absorbed by an atom of the 
vapor, and three other photons are emitted. 

a. If one of these is the 11,380-A line, what are the wavelengths of the other two 

hotons? 
" b. Between what energy states do the transitions take place in order to produce 
these lines? 

2-8 What might happen if cold mercury vapor is bombarded with (a) one 5.00-eV 
photon, (6) one 5.00-eV electron, (c) one 5.46-eV photon? : 

2-9 a. With what speed must an electron Lo SR i ate CRO 
order to excite the yellow line whose wavelength is 5,893 A? 

b. Could electrons with this speed excite the 2,537-A line of Hg? 

2-10 a. What is the minimum speed with which an electron must be traveling in 
order that a collision between it and an unexcited neon atom may result in ionization 
of this atom? The ionization potential of neon is 21.5 V. 

b. What is the minimum frequency that a photon can have and still be able to cause 
photoionization of a neon atom? 

2-11 An x-ray tube is essentially a high-voltage diode. The electrons from the 
hot filament are accelerated by the plate supply voltage so that they fall upon the 
anode with considerable energy. They are thus able to effect transitions among the 
tightly bound electrons of the atoms in the solid of which the target (the anode) is 
constructed. 

a. What is the minimum voltage that must be applied across the tube in order to 
produce x-rays having a wavelength of 0.5 A? 

b. What is the minimum wavelength in the spectrum of an x-ray tube across which 
is maintained 60 kV? 

2-12 An electron, after falling through a potential of 10 V, collides with a mer- 
cury atom that is in its lowest metastable state. As a result of the impact, the atom 
is elevated to its 7.73-eV level. What is the energy in joules of the impinging elec- 
tron after the collision? Assume that the kinetic energy of the atom is unaffected 
by the collision. 
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CHAPTER 3 


3-1 Prove that the concentration n of free electrons per cubic meter of a metal 
is given by 


a 2-13 Argon resonance radiation corresponding to an energy of 11.6 eV falls upon 
sodium vapor. If a photon ionizes an unexcited sodium atom, with what speed is the 
electron ejected? The ionization potential of sodium is 5.12 eV. Fe ‘ 

2-14 A radio transmitter radiates 1,000 W at a frequency of 10 MHz. a 
a, What is the energy of each radiated quantum in electron volts? J 
6. How many quanta are emitted per second? “— 
c. How many quanta are emitted in each period of oscillation of the el 
nee p ulation of the electromag. 
d. If each quantum acts as a particle, what is its momentum? 
2-15 What is the wavelength of (a) a mass of 1 kg moving with a speed of 1 m/: 
- on electron which has been accelerated from rest through a potential differe 
1 
2-16 Classical physics is valid as long as the physical dimensions of the syste! a 
m are 
much larger than the De Broglie wavelength. Determine whether the artical 
classical in each of the following cases: ad 


n= OY _ Andy X 10° 
AM A 
where d = density, kg/m* 
v = valence, free electrons per atom 
A = atomic weight 
M = weight of atom of unit atomic weight, kg (Appendix A) 
A, = Avogadro’s number, molecules/mole 
3-2 Compute the conductivity of copper for which » = 34.8 cm?/V-sec and 
d = 8.9 g/cm’. Use the result of Prob, 3-1. 


+e 


25 kV). 


Schrédinger equation. 


where the potential energy may be taken as zero, U = 0 fora <0. Atz = 0 there 
a potential-energy barrier of height Up > W, and as indicated in the figure, the potential 
energy remains constant in region 2 for x > 0. 


of A, 


Region (1) 


a. An electron in a vacuum tube (plate-cathode potential = 300 V). 
b. Anelectron in the electron beam of a cathode-ray tube (anode-cathode voltage = 


1 


c, The electron in a hydrogen atom. 
2-17 The Schrédinger equation must be solved subject to the following restrictions: 
a. The wave function ¥ must be single-valued and continuous. 
6. The first spatial derivatives of Y must be continuous. 

c. The integral of |¥|* over all space must equal unity. 

d, © must be finite everywhere. 


Give a physical explanation for each of these conditions. Hunt: For 6, refer to the 
2-18 An electron with a total energy W moves in a one-dimensional — 


a, Verify that the solution of the Schrédinger equation in region 1 is 


V, = C sin az + D cos az 


ve 
and in region 2 is 
a] 
We = Aem*!Me + Betz/tde 
of 
where a and d, are real numbers. Find a and dp. ma 


b. Using the constraints on ¥ given in Prob, 2-17, evaluate B, C, and D in terms 


: / 
c. What is the physical meaning of the fact that |W.| > 0? 


"i 


U=U, 
Energy W “_ 


Prob, 2-18 o 


3-3 Compute the mobility of the free electrons in aluminum for-which the density 
is 2.70 g/cm® and the resistivity is 3.44 X 10-° Q-cm. Assume that aluminum has 
three valence electrons per atom, Use the result of Prob. 3-1. 

3-4 The resistance of No. 18 copper wire (diameter = 1,03 mm) is 6.51 Q per 
1,000 ft. The concentration of free electrons in copper is 8.4 10% electrons/m*, If 
the current is 2 A, find the (a) drift velocity, (b) mobility, (c) conductivity. 

3-5 A diode consists of a plane emitter and a plane-parallel anode separated by a 
distance of 0.5 cm. The anode is maintained at a potential of 10 V negative with 
respect to the cathode. 

a. If anelectron leaves the emitter with a speed of 10° m/sec and is directed toward 
the anode, at what distance from the cathode will it intersect the potential-energy 
barrier? 

b, With what speed must the electron leave the emitter in order to be able to reach 
the anode? 

3-6 A particle when displaced from its equilibrium position is subject to a linear 
restoring foree f = —kx, where « is the displacement measured from the equilibrium 
position. Show by the energy method that the particle will execute periodic vibra- 
tions with a maximum displacement which is proportional to the square root of the 
total energy of the particle. 

3-7 A particle of mass m is projected vertically upward in the earth’s gravita- 
tional field with a speed v,. 4 

a. Show by the energy method that this particle will reverse its direction at the 
height of v,2/2g, where g is the acceleration of gravity. 

b. Show that the point of reversal corresponds to a “‘collision” with the potential- 
energy barrier. 

3-8 A triode consists of plane-parallel elements. The grid is located 0.2 em, and 
the anode is 1.0 cm, from the cathode. The grid is maintained at a potential of —1.0 V, 
and the plate at a potential of 100 V, with respect to the cathode. Assume that the 
potential varies linearly from the cathode to the grid and also linearly from the grid 
to the plate. Assume that the grid offers no mechanical hindrance to the flow of 
electrons. 

a. If the electron leaving the cathode surface in the perpendicular direction collides 
with the potential-energy barrier after it has traveled a distance of 0.05 em, with what 
energy was it emitted? 
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as With what energy must it leave the cathode in order to be able to reach 
an 

The foregoing assumptions are not strictly valid in a practical triode. 
: 3-9 a, If the cathode and plate of Prob. 3-8 are maintained at zero potential and 
if the potential of the grid is 4 V (positive), will the electron collide with a poten: 
energy barrier at any point of its path if its initial velocity is zero? 

b. How long will it take the particle to reach the anode? 

c. With what velocity will the electron strike the plate? 

3-10 Consider the following model of an atom: ‘The nucleus consists of a positi 
point charge Ze, where Z is the atomic number and e is the numerical value of 
charge of the electron. This is surrounded by Z electrons, of which Z — 1 may be 
considered to be located on the surface of an imaginary sphere of radius ro. 

a, If the potential at infinity is taken as zero, show that the potenti: 
function of the remaining (valence) electron is given by 


4re,U = wi 


ifr>r. 
r 


ifr<re 


Madi ee 
r To 


In the equations above, r is expressed in meters, ¢ in coulombs, U in jo and ¢ is the 
permittivity of free space in the mks rationalized system, : —_ 7 

6. Consider three such atoms in a row. The first is separated from the second b 
a distance of 4r., and the second is separated from the third by the same amoun 
Assuming that sodium atoms (Z = 11) are under consideration, plot to scale tl 
potential energy of the valence electron. Make the transformations 


4re.Ur, 
yoo 


and z= 2 
. Te 
pear certs of U versus r. 
11 How many electrons per cubic meter in metallic tungsten have en 
between 8.5 and 8,6 eV (a) at 0°K, () at 2500°K? 
3-12 a, Calculate the maximum energy of the free electrons in inetallic alumi 
at absolute zero. Assume that there are three free electrons per atom. The sp 
gravity of aluminum is 2.7, 
b. Repeat part a for the electrons in metallic silver. The speci i i 
% pecific gravity of silver 
is 10.5. Assume that there is one free electron per atom, 
3-13 a. Show that the average energy E,, of the electrons in a metal is given bj 


ho = oo 

Sdng 
b. Prove that the average energy at absolute zero is 37/5. Wt 
3.14 If the emission from a certain cathode is 10,000 times as great at 2000° as at 
1500°K, what is the work function of this surface? < 


3-15 a. If the temperature of a tungsten filament is raised from 2300 to 2320°K, 
by what percentage will the emission change? “= 
6. To what temperature must the filament be raised in order to double its emission 
at 2300°K? “/ 
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3-16 a. Draw the potential-energy diagram of two metals in contact (Fig. 3-15), 
assuming that the barriers at the two surfaces A and B are vertical lines and that 
metal 1 has a lower work function than metal 2. 

b. From the diagram in part a verify Eq. (3-32). 

3-17. If 10 percent of the thermionic-emission current is collected (under space- 
charge-free conditions), what must be the retarding voltage at the surface of the metal? 
The filament temperature is 2000°K. 

3-18 What fraction of the thermionic current will be obtained with zero applied 
voltage between the cathode and anode of a diode? The work function of the cathode 
is 4.50 V, and the work function of the anode is 4.75 V. The cathode temperature is 
2000°K. 

3-19 A plane cathode having a work function of 3.00 V is connected directly to 
a parallel-plane anode whose work function is 5.00 V. The distance between anode 
and cathode is 2.00 cm. If an electron leaves the cathode with a normal-to-the-surface 
velocity of 5.93 X 10* m/sec, how close to the anode will it come? 

3-20 A diode has an oxide-coated cathode operating at a temperature of 1000°K. 
With zero plate voltage the anode current is essentially zero, indicating that the con- 
tact potential is high enough to keep most of the electrons from reaching the plate. 
The applied voltage is increased so that a small current is drawn. Show that there is 

a tenfold increase in current for every 0.2-V increase in voltage. 

3-21 A diode with plane-parallel electrodes is operated at a temperature of 1500°K. 
‘The filament is made of tungsten, the area being such that a saturation current of 
10 wA is obtained. The contact difference of potential between cathode and anode is 
0.5 V, with the cathode at the higher potential. 

a. What current is obtained with zero applied voltage? 

b. What applied voltage will yield a current of 1 pA? 

c. What fraction of the electrons emitted from this filament can move against an 
applied retarding field of 1 V? 

3-22 What accelerating field must be applied to the surface of.a tungsten emitter 
operating at 2500°K in order to increase the zero-field thermionic emission by 1 percent? 

3-23 Indicate by letter which of the following statements are true: 

a, The work function of a metal is always less than the potential barrier at the 
surface of a metal. 

b, The potential barrier at the surface of a metal is a solid hill made up of the 
material of the metal. : 

c. The ionic structure of a metal shows that the inside of the metal is not an equi- 
potential volume. j 

d. At absolute zero the electrons in a metal all have zero energy. 

e. The energy method of analyzing the motion of a particle can be applied to 
uncharged as well as to charged particles. 

f. The ionic structure of a metal shows that the surface of a metal is not at a 
specific location. 

g. For an electron to escape from a metal, the potential barrier at the surface of 
the metal must first be broken down. 

h, The distribution function for the electrons in a metal shows how many electrons 
are close to a nucleus and how many are far away. 

i. The number of secondary electrons which leave a metal is always greater than 
the number of primary electrons striking the metal surface. 
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3-24 Indicate by letter which of the following statements are true: 
a The SEN ied as me function of distance along a row of ions inside a metal 

varies very rapidly in the immediate neighborhi i i nstant 
ae ee eig] ‘ood of an ion but is almost co: 

’. The potential-energy barrier at the surface of a metal cannot be ex lains 
basis of the modern crystal-structure picture of a metal, but it can be reac a a 
basis of classical electrostatics (image forces). 

¢. In order to remove any one of the free electrons from a metal, it is ne 
only to give this electron an amount of energy equal to the work function of the metal, 

d, The symbol Zr used in the energy distribution function represents the maximum. 
number of free electrons per cubic meter of metal at absolute zero, 

e. The area under the energy distribution curve represents the total number of 
free electrons per cubic meter of metal at any temperature. 

f. The Dushman equation of thermionic emission gives the current that is obtained 
from a heated cathode as a function of applied plate voltage. 


CHAPTER 4 


4-1 The saturation current from a certain t ten filament opera‘ 
is 143 pA. What would be the emission from mhahenbe-dhigess pins 
same area operating at the same temperature? 

4-2 The radiated power density necessary to maintain an oxide-coated filament 
at 1100°K is found to be 5.80 X 10‘ W/m?. Assume that the heat loss due to conduc- 
tion is 10 percent of the radiation loss. Calculate the total emission current and the 
cathode efficiency in milliamperes per watt of the cathode. Take Hw = 1.0 eV, 
A, = 100 A/(m*)(°K*), and § = 1.8 cm’. ‘ 

4-3 A triode is provided with a ribbon filament of cross section 0,014 by 0.004 in., 
and it is 4.5 in. long. Calculate the total cathode emission expected from this oxide- 
coated cathode when operated at 1200°K. Assume the following values for the 
thermionic-emission constants: Ew = 1.0 eV, and A, = 100 A/(m*)(°K?), 

: = A Pe ee is heated to a temperature of 2300°K. What must the 
retarding voltage in order to limit the curr i ro , 
poser ent density to 107? A/m*? Neglect 

4-5 Given a diode with zero voltage applied between cathode and anode. The 
work function of the anode is 4.75 eV. The cathode temperature is 2000°K. The 
plate current flowing is 23.5 percent of the thermionic current. Presuming that space- 
charge effects can be neglected, what is the work function of the cathode? 

4-6 Prove that the following relationships are valid for a plane-parallel diode 
operating under space-charge-limited conditions: 


i 
V=Vp () 
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where vp = (2eV p/m)! is the speed with which the electrons strike the plate, and 
pr = Vp/(8lrd? X 10°) is the charge density at the plate. The other symbols have the 
meanings assigned in the text. 

4-7 Show that the transit time of an electron from the cathode to the anode of a 
plane-parallel space-charge-limited diode is 7 = 3d/vp, where d is the cathode-anode 
spacing, and vp = (2eV p/m)? is the speed with which the electron strikes the plate. 
‘The electron is assumed to leave the cathode with zero initial velocity. 

Show that, if the space charge is negligibly small, the transit time is 7 = 2d/vp. 
This is only two-thirds of the time taken under space-charge conditions. 

4-8 Show that the tangent to the potential distribution curve at the anode of a 
plane-parallel space-charge-limited diode passes through the zero of potential at one- 
fourth the cathode-plate distance. 

4-9 A diode having plane-parallel electrodes is operating under space-charge con- 
ditions. The plate current is 10 mA at 100 V plate voltage. 

a, What must be the plate voltage in order that the plate current be doubled? 

b. What current will be obtained if the voltage is doubled (Vp = 200 V)? 

c. If another diode is constructed having half the cathode-anode spacing and twice 
the electrode area, what current will be obtained if a potential of 100 V is applied? 

4-10 A plane-parallel diode having a 2-cm spacing is operated under space-charge 
conditions. The plate voltage is 100 V. What is the space-charge density at a point 
halfway between the cathode and anode? 

4-11 In a plane-parallel vacuum diode the applied voltage is 50 V. Under the 
assumption of zero-emission velocity the minimum cathode temperature for which the 
field at the cathode is zero is 1000°K. If the cathode is heated to 1200°K, what is the 
maximum value of the plate voltage for which the field at the cathode is zero? Assume 
that Ew/k = 12,000°K. 

4-12 The space-charge-limited current of a certain plane-parallel type of vacuum 
diode is 20 mA at a plate voltage of 100 V. The temperature-limited current of ‘the 
same type is 20 mA at a filament temperature of 2300°K. 

Two identical diodes of this type are connected in series across a de supply with the 
proper polarity for both tubes to conduct. Find the plate current through the tubes 
and the voltage across each tube if the supply voltage is 

a. 50 V and if both tubes are operated at the same filament temperature of 2300°K. 

b. 300 V and if both tubes are operated at the same filament temperature of 
2300°K. 

c. 300 V and if one tube is operated at a filament temperature of 2300°K while the 
other is operated at a filament temperature of 3000°K. 

4-13 a. Show that a plot of log Ip versus log Vp is a straight line for a space- 
charge-limited diode, and find the slope of this line. 

6. Determine whether or not the 5Y3-GT diode whose volt-ampere characteristic 
is plotted in Appendix D satisfies Eq. (4-12). Determine the exponent of Vp in Eq. 
(4-12) for this diode. 

4-14 a. A plane-parallel diode with a cathode-anode spacing of 1 cm operates 
under space-charge-limited conditions at a plate voltage of 100 V. How much power 
per square meter must the plate dissipate? 

b. If the voltage is increased to 400 V, by what factor is the dissipation multiplied? 

4-15 In a certain space-charge-limited diode a current of 5 mA results from the 
application of 100 V. What is the maximum plate voltage that can be applied before 
the plate dissipation exceeds 16 W? 


nc maa 
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4-16 Ina plane-parallel diode all the dimensions are enlarged by the same factor, 
Tf the voltage remains constant, show that the space-charge current is unchanged. 

4-17 Evaluate the static resistance R and the dynamic plate resistance Rp =r, 
of the 5Y3-GT diode (Appendix D) at a plate voltage of 50 V. 

4-18 (a) A 5Y3-GT tube in series with a 250-0 load is excited from a 60-V de 
source. What is the tube current? What is the tube voltage? Repeat the problem 
if the load is (b) 50 Q, (c) zero, (d) infinity. 

4-19 The 120-V de mains are impressed across a 5Y3-GT diode in series with a 
resistor R. Find the tube current and voltage if R equals (a) 500 ®, (6) 200 Q, (¢) zero, 
(d) infinity. 

4-20 Plot (from zero to 100 V input) the dynamic characteristic of the 5Y3-GT 
diode for a 250-0 load. 

4-21 A plane-parallel diode operating under space-charge-limited conditions 
delivers a plate current of 100 mA at a plate voltage of 100 V. 

a, What are R = Vp/Ip and r, at Vp = 100 V? 

6, What are R = Vp/Tp and 7, at 50 V? 


CHAPTER 5 


5-1 Consider intrinsic germanium at room temperature (300°K). By what 
percent does the conductivity increase per degree rise in temperature? 

5-2. Repeat Prob. 5-1 for intrinsic silicon. 

5-3 Evaluate n given by Eq. (5-8). Huvr: Refer to a table of definite integrals, 

5-4 Verify the expression for p in Eq. (5-14). Hint: Refer to a table of definite 
integrals. 

5-5 If the effective mass of an electron is equal to twice the effective mass of a 
hole, find the distance (in electron volts) of the Fermi level in an intrinsic semicon- 
ductor from the center of the forbidden band at room temperature. 

5-6 a. Verify the numerical values in Eqs. (5-20) and (5-21). 

b. From Eq. (5-21) and the numerical values given in Table 5-1 evaluate mam,/m*. 

5-7 (a) Prove that the resistivity of intrinsic germanium at 300°K is 45 9-cm. 
(®) If a donor-type impurity is added to the extent of 1 atom per 108 germanium atoms, 
prove that the resistivity drops to 3.7 Q-cm. 

5-8 (a) Find the resistivity of intrinsic silicon at 300°K. (b) If a donor-type 
impurity is added to the extent of 1 atom per 108 silicon atoms, find the resistivity. 

5-9 a, Determine the concentration of free electrons and holes in a sample of 
germanium at 300°K which has a concentration of donor atoms equal to 2 X 10 
atoms/em* and a concentration of acceptor atoms equal to 3 X 10 atoms/em.? Is 
this p- or n-type germanium? In other words, is the conductivity due primarily to 
holes or to electrons? 

b. Repeat part a for equal donor and acceptor concentrations of 10'* atoms/em*. 
Is this p- or n-type germanium? 2 

c. Repeat part @ for a temperature of 400°K, and show that the sample is essentially 
intrinsic. 

5-10 Find the concentration of holes and of electrons in p-type germanium at 
300°K if the conductivity is 100 (Q-cm)-}. 

5-11 Repeat Prob. 5-10 for n-type silicon if the conductivity is 0.1 (Q-cm)7- 

5-12 A sample of germanium is doped to the extent of 10' donor atoms/t em? and 
7 X 10" acceptor atoms/cm*. At the temperature of the sample the resistivity 
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pure (intrinsic) germanium is 60 Q-cm. If the applied electric field is 2 V/cm, find the 
total conduction current density. 

5-13 a. In n-type germanium the donor concentration corresponds to 1 atom per 
10* germanium atoms. Assume that the effective mass of the electron equals one-half 
the true mass. At room temperature, how far from the edge of the conduction band 
is the Fermi level? Is Ep above or below Ec? 

b. Repeat part a if impurities are added in the ratio of 1 donor atom per 10° 
germanium atoms. 

ce. Under what circumstances will Zr coincide with Eo? 

5-14 a. In p-type silicon the acceptor concentration corresponds to 1 atom per 
10 silicon atoms, Assume that m, = 0.6m, At room temperature, how far from the 
edge of the valence band is the Fermi level? Is EZ above or below Ey? 

b. Repeat part @ if impurities are added in the ratio of 1 acceptor atom per 5 X 10* 
silicon atoms. 

¢. Under what condition will By coincide with Ey? 

5-15 In n-type silicon the donor concentration is 1 atom per 2 X 10! silicon 
atoms, Assume that the effective mass of the electron equals the true mass. At what 
temperature will the Fermi level coincide with the edge of the conduction band? 

5-16 In p-type germanium at room temperature (300°K), for what doping con- 
centration will the Fermi level coincide with the edge of the valence band? Assume 
Mm, = 0.4m, 


CHAPTER 6 


6-1 a. Consider a p-n alloy-junction germanium diode with Np = 10°V4 and 
with N4 corresponding to 1 donor atom per 10® germanium atoms. Calculate the 
height Z, of the potential-energy barrier in electron volts at room temperature. 

b. Repeat part a for a silicon p-n junction. 

6-2 a. The resistivities of the two sides of an abrupt germanium diode are 2 2-cm 
(p side) and 1 2-cm (n side). Calculate the height F, of the potential-energy barrier. 

b. Repeat part a for a silicon p-n junction. 

6-3 a. Sketch logarithmic and linear plots of carrier concentration vs. distance 
for an abrupt silicon junction if Np = 10'* atoms/em* and N4 = 10* atoms/cm’. 
Give numerical values for ordinates, Label the n, p, and depletion regions. 

b, Sketch the space-charge electric field and potential as a function of distance for 
this case (Fig. 6-1). 

6-4 Repeat Prob. 6-3 for an abrupt germanium junction. 

6-5 Starting with Eq. (6-19) for Z,, and the corresponding expression for In», 
prove that the ratio of hole to electron current crossing a p-n junction is given by 


Tyu(0) _ opln 
Inp(0) only 
where oy (o,) = conductivity of p (n) side. Note that this ratio depends upon the ratio 
of the conductivities. For example, if the p side is much more heavily doped than the 
n side, the hole current will be much larger than the electron current crossing the 
junction, 
6-6 Starting with Eq. (6-27), verify that the reverse saturation current is given by 


ba;? 1 4, 
pansy Crores ase) 


oe “ae Se ee? ee 
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where o, (¢;) = conductivity of n (p) side 4 
o; = conductivity of intrinsic material 4 

b = Bn/ ty 

6-7 Using the result of Prob. 6-6, find the reverse saturation current for a 
germanium p-n junction diode at room temperature, 300°K. The cross-sectional area 
is 4.0 mm’, and 49 


oy = 1.0 (Q-cm)“* on = 0.1 (Qem)-! La = Ly = 0.15 cm 


Other physical constants are given in Table 5-1. 
6-8 Repeat Prob. 6-7 for a silicon p-n junction diode. AssumeL, = L, = 0.01 em 
and ¢, = a, = 0.01 (Qcem)-". ‘ve 
6-9 Find the ratio of the reverse saturation current in germanium to that in 
silicon, using the result of Prob. 6-6. Assume L, = Ly = 0.1 cm and o, = 0, = 1.0 
(Q-cm)-" for germanium, whereas the corresponding values are 0.01 cm and 0.01 (Q-em)=! 
for silicon. See also Table 5-1. 
6-10 a. For what voltage will the reverse current in p-n junction germanium Clogs 
reach 90 percent of its saturation value at room temperature? 
6. What is the ratio of the current for a forward bins of 0.05 V to the current for 
the same magnitude, reverse bias? 
c. If the reverse saturation current is 10 wA, calculate the forward Mie 
voltages of 0.1, 0.2, and 0.3 V, respectively. 
6-11 a. Calculate and plot the volt-ampere characteristics of an ideal p-n june- 
tion diode at room temperature. The reverse saturation current is 10 #A. Assume 
input voltages in the range from —0.2 to +0.2 V. 4 

6. The diode has an ohmic resistance of 25 2. Plot the new volt-ampere 
characteristic, taking the ohmic drop into account. Use the same graph sheet and 1 
same current range as in part a. 

6-12 a, Evaluate 7 in Eq. (6-31) from the slope of the plot in Fig. 6-9 for T = 
25°C. Draw the best-fit line over the current range 0.01 to 10 mA. ud 

6. Repeat for 7 = —55 and 150°C. 

6-13 A reverse-biasing voltage of 100 V is applied through a resistor R to a type 
1N270 diode (Fig. 6-10a). ‘The diode operates at 25°C. Determine the diode current 
and voltage for the cases R = 10 M, R = 1 M, and R = 100 K. 

6-14 A resistor of 100 @ is placed in series with a germanium diode whose reverse 
saturation current at 25°C is 5 uA. Make a semilog plot of the volt-ampere 
istic of the series combination over the range from 10 uA to 50 mA in the 
direction, jf 

6-15 a. Use Eq. (6-35) to calculate the anticipated factor by which the 
saturation current of a germanium diode is multiplied when the temperature is 
from 25 to 80°C. 

b. Repeat part a for a silicon diode over the range 25 to 150°C. 

6-16 It is predicted from Eq. (6-35) that, for germanium, the reverse sat 
current should increase by 0.11 °C". It is found experimentally in a particular di 
that at a reverse voltage of 10 V, the reverse current is 5 wA and the tem; 
dependence is only 0.07 °C-!. What is the leakage resistance shunting the diode? 

6-17 A diode is mounted on a chassis in such a manner that, for each degree 
temperature rise above ambient, 0.1 mW is thermally transferred from the diode to its 
surroundings, (The ‘thermal resistance” of the mechanical contact between the diode | 
and its surroundings is 0.1 mW/°C.) The ambient temperature is 25°C. The 


* 


7 
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temperature is not to be allowed to increase by more than 10°C above ambient. If the 
reverse saturation current is 5.0 uA at 25°C and increases at the rate 0.07 °C-!, what is 
the maximum reverse-bias voltage which may be maintained across the diode? 

6-18 a. Consider a diode biased in the forward direction at a fixed voltage V. 
Prove that the fractional change in current with respect to temperature is 


6, Find the percentage change in current per degree centigrade for Ge at V = 0.2 V 
and for Si at V = 0.6 V. 


6-19 A silicon diode operates at a forward voltage of 0.4 V. Calculate the factor 
by which the current will be multiplied when the temperature i is increased from 25 to 
150°C. Compare the result with the plot of Fig: 6-9. 

6-20 An ideal germanium p-n junction diode has a reverse saturation current of 
30 wA. At a temperature of 125°C find the dynamic resistance for a 0.2-V bias in 
(a) the forward direction, (b) the reverse direction. 

6-21 Each diode is described by a linearized volt-ampere characteristic, with 
incremental resistance r and offset voltage V,. Diode D1 is germanium with V, = 
0.2 V and r = 20 Q, whereas D2 is slileon with V, = 0.6 V andr = 159. Find the 
diode currents if (2) R = 10 K, (6) R= 1 K. 


100V 5 D2 


6-22 Reverse-biased diodes are frequently employed as electrically controllable 
variable capacitors. The transition capacitance of an abrupt junction diode is 20 pF 
at 5 V. Compute the decrease in capacitance for a 1.0-V increase in bias. 

6-23 Prove that, for an alloy p-n junction (with N4 « No), the width W of the 
depletion layer is given by 


we (at) 
o> 
where V, is the contact junction potential. 


6-24 a. Prove that, for an alloy silicon p-n junction (with N4 <Np), the 
depletion-layer capacitance in picofarads per square centimeter is given by 


Cr = 29 x 10-4 (2)! 


6. If the resistivity of the p material is 3.5 2-cm, the barrier height V. is 0.35 V, 
the applied reverse voltage is 5 V, and the cross-sectional area is circular of 40 mils 
diameter, find Cr. 

6-25 Calculate the barrier capacitance of a germanium p-n junction whose area 
is 1 by 1 mm and whose space-charge thickness is 2 X 10-*cm. The dielectric constant 
of germanium (relative to free space) is 16. 
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6-26 For an alloy junction for which N4 is not negligible compared with Np, 
verify that Eq. (6-47) remains valid provided that W is interpreted as the total space- 
charge width and 1/N 4 is replaced by 1/N4 + 1/No. 

6-27 The zero-voltage barrier height at an alloy germanium p-n junction is 0.2 V, 
The concentration N', of acceptor atoms in the p side is much smaller than the concen- 
tration of donor atoms in the n material, and N4 = 3 X 10*°atoms/m*. Calculate the 
width of the depletion layer for an applied reverse voltage of (a) 10 V, (6) 0.1 V, and 
(c) for a forward bias of 0.1 V. (d) If the cross-sectional area of the diode is 1 mm?, 
evaluate the space-charge capacitance corresponding to the values of applied voltage 
in (a) and (6). 

6-28 a. Consider a grown junction for which the uncovered charge density 5 
varies linearly. If p = az, prove that the barrier voltage V. is given by - 

aw? 
aaa 

b. Verify that the barrier capacitance Cy is given by Eq. (6-49). 

6-29 Given a forward-biased silicon diode with J =1 mA. If the diffusion 
capacitance is Cp = 1 uF, what is the diffusion length L,? Assume that the doping of 
the p side is much greater than that of the n side. 

6-30 The derivation of Eq. (6-54) for the diffusion capacitance assumes that the 
p side is much more heavily doped than the n side, so that the current at the junction 
is entirely due to holes. Derive an expression for the total diffusion capacitance when 
this approximation is not made. Note that the total capacitive current is the sum of 
hole and electron capacitive currents. 

6-31 a. The voltage impressed on a junction diode is V = V: + Vet. This 
expression represents a de voltage V; and a sinusoidal voltage of peak value Vax. 
Assume that V» «Vi. The current may be expected to consist of a de term plus an 
ac term. Hence assume that the concentration is given by an expression of the form 


— Duo = PnoleV!¥r — 1)e~=!L> + F(z) Vinci 
Show that this form satisfies the equation of continuity (Sec. 5-9) and that F(z) is 
given by 


F(z) = Ke-tierstzlte = K exp (- Vi1+ jor, - 
» 


b. Atz =0, 
Vit Vane | 


Pn — Dro = Pro (ex Vr 


Show that if V./Vr <1, 
Pn — Pno = Pnole”!¥T — 1) + Dro Vn eVil¥ riot 
Vr 


Comparing this expression with that given in part a, evaluate K. 
c. Prove that the diffusion current at z = 0 is 


Tyn(0) = Ty + eD,A ria eUVE(L + jars) Vine™ 
” 


where J, is the direct current corresponding to V:. 


Chap. 6 


d. If wr, <1, prove that 
Tyn(0) = 11 + gpVne*! + jC npV ner" 


where g, is the zero-frequency conductance, and Cp, = (7,/2)g, is the diffusion capaci- 
tance for holes. 
e. If wr, > 1, prove that 


: 
Ton(0) = Ti + 9 (=) Vane! + juCp, Vinci 


where Cp, = (1,/2w) gp. 
Note that the conductance, as well as the capacitance, varies with frequency. 
6-32 a. Prove that the maximum electric field €,, at an alloy junction is given by 


2Ve 
Be Ww 


6. It is found that Zener breakdown occurs when &m = 2 X 107 V/m = &z. 
Prove that Zener voltage V, is given by 


62" 


V.= 
2eNa 


Note that the Zener-breakdown voltage can be controlled by controlling the concentra- 
tion of acceptor ions. 

6-33 a. Zener breakdown occurs in germanium at a field intensity of 2 X 107V/m. 
Prove that the breakdown voltage is Vz = 51/o,, where a, is the conductivity of the 
p material in (Q-em)~!. Assume that N4 « Nv. 

6. If the p material is essentially intrinsic, calculate Vz. 

c. For a doping of 1 part in 10* of p-type material, the resistivity drops to 3.7 2-em. 
Calculate Vz. 

d. For what resistivity of the p-type material will Vz = 1 V? 

6-34 a. Two p-n germanium diodes are connected in series opposing. A 5-V 
battery is impressed upon this series arrangement. Find the voltage across each 
junction at room temperature. Assume that the magnitude of the Zener voltage is 
greater than 5 V. 

Note that the result is independent of the reverse saturation current. Is it also 
independent of temperature? 

Hint: Assume that reverse saturation current flows in the circuit, and then justify 
this assumption. 

b. If the magnitude of the Zener voltage is 4.9 V, what will be the current in the 
circuit? The reverse saturation current is 5 uA. 


DL D2 
Prob. 6-34 
5v 
=f 


Te 
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6-35 a. In the circuit of Prob. 6-34, the Zener breakdown voltage is 2.0 V. The 


reverse saturation current is 5 wA. If the diode resistance could be neglected, what from 5 to 40 mA. The supply voltage V = 200 V. Calculate R to allow voltage 


would be the current? lati fis ; it 
6. If the ohmic resistance is 100 2, what is the current? What oo ee B load current 15-2000 20. lew ‘he aR le value of I, 


6-36 A p-n germanium junction diode at room temperature has a reverse satura. F : i am) 
tion current of 10 uA, negligible ohmic resistance, and a Zener breakdown voltage of nae Moi delay Nigh br fase a f Bab Je. my Pesca ga sre. the 
100 V. A 1-K resistor is in series with this diode, and a 30-V battery is impressed 6-42 Consider a tunnel diode with Np = N4 and with the impurity concentration 
across this combination. Find the current (a) if the diode is forward-biased, (b) if the corresponding to 1 atom per 10° ge jum atoms. At room temperature calculate 
battery is inserted into the circuit with the reverse polarity. (c) Repeat parts @ and} (a) the height of the potential-energy barrier under open-circuit conditions (the contact 


if the Zener breakdown voltage is 10 V. i 5 P 
potential energy), (6) the width of the space-charge region. 
6-37 The Zener diode can be used to prevent overloading of sensitive meter 6-43 Repeat Prob. 6-42 if the semiconductor is silicon instead of rife! 


movements without affecting meter linearity. The circuit shown represents a de 6-44 From Fig. 6-23, it is clear that the Fermi level in the n material must be at 


voltmeter which reads 20 V full scale. The meter resistance is 560 2, and R, + R, = pe R 5 : 
99.5 K. If the diode is a 16-V Zener, find R, and R; so that, when V; > 20 V, the coal metsludtaeh mecoheen ania: cliumonusa reatliny aamenena 
Zener diode conducts and the overload current is shunted away from the meter. (@) silicon, (6) germanium, 

6-45 a. A tunnel diode has the idealized piecewise linear characteristic shown, 
with Ip = 10Jy, Vy =7V»r, and Vy =8.5Vp. Reproduce the characteristic on 
graph paper, and deduce, by graphical means, the resultant volt-ampere characteristic 
of two such diodes in series. Hunv: The current is the same in the two diodes, whereas 
the composite voltage is the sum of the two individual tunnel-diode voltages. Note 
that the composite characteristic will display more than one peak and more than one 
valley. 

b. Repeat part a if the diodes are placed in parallel. 


6-41 a. The avalanche diode regulates at 50 V over a range of diode current 


Prob. 6-37 Prob, 6-38 


6-38 The breakdown diode is a 5.7-V reference diode. From the characteristics 
of Fig. 6-19, find the value of R for which the reference voltage will have a zero-tempera- 
ture coefficient. 

6-39 A series combination of a 15-V avalanche diode and a forward-biased silicon — 
diode is to be used to construct a zero-temperature-coefficient voltage reference. The 
temperature coefficient of the silicon diode is —1.7 mV/°C. Express in percent — 
degree centigrade the required temperature coefficient of the Zener diode. 

6-40 The saturation currents of the two diodes are 1 and 2uA. The breakdowa 
voltages of the diodes are the same and are equal to 100 V. 4 ¥ 

= il 


@; Calclate the ourrant ind. walkags, for éach diode if/¥, =. 00,V,and\¥; 6-46 a, Two tunnel diodes have the idealized form given in Prob. 6-45. How- 
b. Repeat part a if each diode is shunted by a 10-M resistor. sa ever, the diodes have different peak currents, Jp: and Jp: Find graphically the 
composite volt-ampere characteristic which results if the diodes are placed in series. 
: Assume Ip: = 0.87 p:. 

i 6. Generalize the results of part a if n diodes are operated in series. 
9 6-47 Two tunnel diodes with characteristics as given in Prob, 6-45 are operated 
in series opposing. Find graphically the composite volt-ampere characteristic. 
Assume that in the reverse direction the characteristic continues, as shown, to be a 


straight line passing through the origin. 
6-48 A resistance R = 2Vy/Ip is placed in series with a tunnel diode whose 
5 volt-ampere characteristic is given in Prob. 6-45. Draw a plot of the volt-ampere 
Prob. 6-40 Prob. 6-41 characteristic of the combination. 
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6-49 The composite characteristic for the tunnel-diode pair shown is a plot of 7 
(the resistor current) versus 1. Note that v. = 2Vs — ». 

a. Plot the composite curve if each tunnel diode has the volt-ampere characteristic 
given in Prob. 6-45, with Vp = 0.1 V, Ip = 5 mA, and Vs = 0.4 V. ! 

b. Draw a load line on the composite characteristic, and find the current in each 
diode and the voltage across each diode. 

c. Find Vs if the current in one tunnel diode is to be zero. 

d. Repeat parts a and b if Vs = 0.5 V. 

e. Repeat parts a and 6 if Vs = 0.2 V. 


Prob. 6-49 Prob. 6-50 


6-50 A germanium tunnel diode has the characteristic shown, with Jp = 10 mA, 
Iy = 1.0 mA, Vp = 50 mV, Vy = 350 mV, and Vy = 475 mV. A resistor R is 
placed in parallel with the tunnel diode, and this combination is called a tunnel resisto 
Find the value of the resistance 2 so that the tunnel-resistor volt-ampere characteri: 
exhibits no negative-resistance region. Plot this composite characteristic. 


CHAPTER 7 


7-1 a. From the plate characteristics of the 6CG7 triode (Appendix D), obtai 
the transfer, or mutual, characteristics for Vp = 100, 200, and 300 V. 
6. Obtain the constant-current characteristics of the 6CG7. Plot vp versus v¢ fo 
Ip = 6, 12, and 18 mA. 
7-2. a. From the plate characteristics of the 12AX7 triode (Appendix D), obtain 
the mutual, or transfer, characteristics for Vp = 100, 200, and 300 V. 
6. Obtain the constant-current characteristics for the 12AX7. Plot vp versus 
for Ip = 0.7, 1.4, and 2.1 mA. 
7-3 If the plate current in a triode can be represented by Eq. (7-1), show that fp 
is proportional to ip and that gm is proportional to ip", where m = (n — 1)/m 
Note that if the three-halves-power law is valid, then m = 4. \ 
7-4 The plate resistance of a triode is 10 K, and the amplification factor is 20- 
‘The tube is operated at the quiescent point Vp = 250 V, Ve = —8 V, and Jp = 8 mA. 
a. To what value must the grid voltage be changed if the plate current is to change 
to12mA? The plate voltage is maintained at 250 V. : 
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b. To what value must the plate voltage be changed if the plate current is to be 
brought back to its previous value? The grid voltage is maintained constant at the 
value found in part a. 

7-5 a. Calculate , ry, and gm from the plate characteristics of the 6CG7 tube 
(Appendix D) at the quiescent point Vp = 250 V, Ve = —8 V. 

b. Plot u, ry, and gm for a 6CG7 as a function of Jp with Vp = 250 V. 

c. Plot u, r», and gm for a 6CG7 as a function of Ve with Vp = 250 V. 

7-6 Given the transfer characteristics of a triode. Explain clearly how to deter- 
mine r,, u, and gm at a specified quiescent point. 

7-7 Show that if the triode plate characteristic can be approximated by straight 
lines, the equation of these lines is 


ip = > (uve + 1p — 0) 
T 


where v, is the voltage intercept at zero current of the v¢ = 0 curve. 

7-8 a. Starting with the definitions of g,, and r,, show that if two identical tubes 
are connected in parallel, gm is doubled and r, is halved. Since 4 = rpgm, then p 
remains unchanged. 
. If the two tubes are not identical, show that 


Gm = Jmi + m2 


= Hits? + urs 
Tpit Tp2 


7-9 Plot ip for a 6AU6 pentode (Fig. 7-12) as a function of vq, at Ve = 250 V, 
Voz = 150 V, and Ves = 0 in the range —0.5 V < va, < —4 V. 

7-10 Plot gm for a 6AU6 as a function of vq, at Ve = 250 V, Ve: = 150 V, 
Ves = 0 in the range —0.5 V < ve. < —4 V. 

7-11 A 6AU6 pentode (Fig. 7-12) is operated at the quiescent point Va: = 
—2.5 V, Ver = 150 V, and Vp = 200 V. 

a. What is the plate resistance r,? 

6. What is the transconductance g,, for an increase in plate current? 

c. Repeat part b for a decrease in plate current. 

d. Find the average value of gm. 

e. Find u, using the results of parts a and d. Why can yu not be found directly 
from the plate characteristics? 

7-12. A type 6AU6 pentode (Fig. 7-12) is operated from a 300-V supply with a 
bias of —2 V and Ve: = 150 V. The load resistance is 20 K. 

a. What are the quiescent current and voltage values? 

b. If the peak-to-peak signal voltage is 1 V, what is the peak-to-peak output 
swing? 

7-13 An adjustable resistance Rz is connected in series with the plate of a 6CG7 
triode and a plate supply of 250 V. The grid is maintained at —4 V with respect to 


7 ’ ~ : ™ 
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the cathode. Determine by graphical methods, using the plate characteristics in 
Appendix D, / 

a, The plate current, when Rz has values 0, 10, and 50 K. 4 

%. The plate voltage corresponding to the resistances in part a. 

c. The load resistance that will give a plate current of 10 mA. 

d. The voltage drop across Rz if the bias is changed to —8 V and if the load 
resistance is 10 K. 

7-14 A 12AX7 triode is operated at the quiescent point Vp = 250 V, Ve = —2 ¥ 
The plate characteristics of this tube are given in Appendix D. 

a, Calculate the plate supply voltage that must be used for the following values of 
load resistance: 50, 100, and 200 K. | 

b. If the grid excitation is sinusoidal with a peak value of 2 V, find the maximum 
and minimum currents obtainable with each of the load resistances of part a. 

¢. Plot the dynamic transfer characteristic for R, = 100 K. 

7-15 From the plate characteristic of a 6L6 (Fig. 7-15), draw the transfer charac- 
teristics for a screen voltage of 250 V and the following values of plate voltage: 
Vp = 100, 200, and 300 V. 

7-16 A 6L6 tetrode (Fig. 7-15) is operated at the quiescent point Ve = —15 V, 
Vp = 300 V. Draw the dynamic curves for the following values of load resistance: tangas 
0.3, 1, and 3 K. 

7-17 A 6AU6 pentode (Fig. 7-12) is operated at the quiescent point Vo; = —2.0V, 
Vox = 150 V, and Vp = 200 V. 

a. Plot the static transfer characteristic. 4 

b. Plot the dynamic transfer characteristic for a load resistance of 20 K. 

7-18 Given a cathode follower with Vep = 250 V, Vac = 0 V, Vex = 0 V, and 
Ry = 100 K; the tube is one section of a 12AX7. Find the input voltage v; and the 
output voltage v, for (a) cutoff, (b) zero grid-to-cathode voltage. (c) Calculate and 
plot v, versus »; for values between the extremes in parts a and b. Observe how line: 
this curve is. (d) Calculate the amplification. ' 

7-19 a, The supply Vx is adjusted from zero to 150 V in 50-V steps. Cale 
the output voltage V, for each value of Vx. 

b. Repeat part a if the grid-to-ground voltage is 50 V instead of zero. 


+150V 


4(6CG7) 


Prob. 7-19 


7-20 What is (a) v; when the output is zero, (6) v, if x; = —100 V, (c) the grid-to- 
cathode voltage when », = +50 V? 


= —200V = 


7-21 Design an ac cathode follower using a 12AX7 tube and a 300-V supply using 
self-bias. The circuit must operate quite linearly over an input voltage range of +75 V. 

7-22 The reactance of C and the impedance of the generator are both negligible, 
R, +R: = 10K. The input signal »; is symmetrical with respect to ground. Find 
R, and R, if the tube is to handle, without distortion and without drawing grid current, 
the largest possible amplitude of signal. What is the maximum signal the tube will 
handle in this case? 


+300V 


s 


4(12AU7) 30K 


Prob. 7-22 Prob. 7-23 


7-23 a. Find the quiescent plate current. Hint: Apply Thévenin’s theorem 
between the plate and ground to the elements external to the tube. 
». Find the quiescent output voltage V. with respect to ground. 


CHAPTER 8 
8-1 The plate current in amperes of a certain triode is given by the equation 
tp = 4 X 10-#(vg + O.1vp)"8 


a. Find the plate resistance and the amplification factor when the plate voltage is 
450 V and the grid bias is —20 V. 


P rat, 
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8-6 A triode is operated as shown. Calculate the voltage gain Av = V./V; at 


6. The plate load consists of a 10-K resistor and a 0.016-uF capacitor in p 
1,000 Hz. The tube parameters are « = 20 and rp = 10 K. 


What must be the value of the plate supply voltage in order that the tube operate under 
the conditions of part a? 4 
c. If a 2-V rms 1,000-Hz signal is impressed on the amplifier, draw the equival 
circuit and calculate the output voltage across the load. 
8-2 a. If »; is a small input signal, derive an expression for the output 
voltage voy from the plate in the circuit shown. 
b. Show that the Thévenin’s equivalent circuit looking into the plate is a ge 
—pv; in series with an output impedance R, = ry + (u + 1)Rs. 


© Vep 


8-7 The triode shown has a plate resistance of 2.5 K and an amplification factor 
of 5. If therms-reading voltmeter M has a resistance of 10 K and negligible reactance, 
what will it read? The input signal V; is 12 V rms at a frequency of 1,000 Hz. The 
reactance of the capacitor C may be neglected in comparison with the voltmeter 
resistance. 


8-3 a. If »; is a small input signal, derive an expression for the output 
voltage v. from the cathode in the circuit shown in Prob. 8-2. 

6. Show that the Thévenin’s equivalent circuit looking into the cathode is a 
generator yv;/(u + 1) in series with an output resistance R, = (rp + Rz)/(u + 1). 

8-4 If an input signal V; is impressed between the grid and ground, find the 
amplification A = V,/V;. The tube parameters are » = 30 and r, = 5 K. 


8-8 Find an expression for the signal voltage v, across Ry. The two tubes are 
identical and have parameters y, ry, and gm. 


Prob. 8-8 
40K 


=Vec 


8-5 Ifin Prob. 8-4 the signal is impressed in series with the 40-K resistor (instead 
of from grid to ground), find A. ol 


— o aw 
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8-9 Each tube has a plate resistance r, = 10 K and an amplification factor » = 20 


8-11 a. If the positive supply voltage changes by AVep = ta, how much does 
Find the gain (a) v,/v; if ve = 0, (6) vo/vs if ») = 0. 


the plate-to-ground voltage change? 

6. How much does the cathode voltage change under the conditions in part a? 

ce. Repeat parts a and b if Vp is constant but Vxx changes by AVxx = %. 

d. If Rx = 0 so that the circuit is a cathode follower, show that, if (u + 1)Ry > r,, 
the cathode voltage changes by vo/(u+ 1) or wf(r/Rs)/(u + 1)]. What is the 
physical significance of these results? 


Prob, 8-9 


8-10 a. Prove that the magnitude of the signal current is the same in both tu 
provided that 8-12 If R, = R; and the two tubes have identical parameters, verify that the 


voltage amplification v./v, = —/2 and the output impedance is #[r, + (u + 1)R}. 


Neglect the reactance of the capacitors. « 
b. If ris chosen as in part a, prove that the voltage gain is given by 


Rt 


qt et 
ut+1 Ri +r,/2 4 


Prob. 8-12 


Prob, 8-10 


8-13 In the circuit of Prob. 8-12 the triodes are the two sections of a 12AX7 with 
4 rp = 62Kandyz = 100. Ifv, = 5V, Ri = 2K, and R; = 1 K, find the output voltage 
v, and the output impedance. 


a * a a fe — ee 
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8-14 The triodes are the two sections of a 5965 with » = 47 and r, = 7.2 K. 
the plate supply ripple voltage is v, = 1 mV, what is the ripple voltage at the 
v2? 

9 Vep 


Prob. 8-14 


8-15 a. The circuit shown is that of a de vacuum-tube voltmeter. The de met r 
M measures the input voltage V. The resistance r is used to adjust the range of 
instrument. Compute the value of r such that a 200-~A meter will read full scale wl 
the input voltage is 10 V. The triodes are the two sections of a 6CG7 for 
# = 20 and r, = 7.7 K. First obtain an approximate solution by assuming that 
triode is an ideal cathode follower. Then use the exact equivalent circuit, looking 
each cathode to obtain a more accurate value for r. 

6. Consider that, because of aging, the gm has increased by 10 percent, the ry 
decreased by 10 percent, and y has remained constant. Compute the correction 
percent) which must be applied to the instrument readings. Hunt: Since the co 
tion is small, use the binomial expansion and neglect higher-order terms. 


Prob. 8-15 


o—Vxx 


8-16 Given a cathode follower with a 25-K cathode resistor using a 6CG7. The 
input voltage swings over such a large range that the plate resistance varies between 
24and8 K. Assume that » is constant over this range. Prove that the gain remains 
constant to within about 3 percent. : 

8-17 In the cathode-coupled phase-inverter circuit of Fig. 8-16 solve for the 
current by drawing the equivalent circuit looking into the cathode of V1. 
replace V2 by the Thévenin’s equivalent, looking into its plate. The cathode res 
R, may be taken to have an arbitrarily large resistance. 
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8-18 In the circuit of Fig. 8-16, Rx =r, = 10 K, Rk = 1 K, andu = 19. If the 
output is taken from the plate of V2, find (a) the voltage gain, (b) the output impedance. 

8-19 a. Prove that in the phase-inverter circuit of Fig. 8-16 the signal current 7, 
is always larger than 72 in magnitude. 

b. Prove that, if i, is to exceed ¢2 by less than 10 percent, 


tT, + Ri 
u+1 


8-20 a. In the phase-inverter circuit of Fig. 8-16, show that the voltage across 
Riis 


Ri > 10 


2 a 
2u+11+¢,+R)/%An+DR 2 

6, Assume that the amplification factors of the two sections are identical and 
constant but that the plate resistances rp; and ry2 are functions of plate current. Show 
that the single-ended gain at the plate of V1, assuming that R, is large compared with 
(Buz + r92)/(u + 1), is 

wR 
Card 
cee a are 
Explain why this circuit tends to keep amplitude distortion low. 

8-21 a. A signal voltage v, is applied in series with the plate of V1 in Fig. 8-16 
andv = 0. Assuming that R, is very large, prove that the output voltage v2 is given by 
= — Rua _ 

(Ri + 15) 


b. Prove that the output impedance Z, at the plate of V2 is given by 
— RilRr + 25) 
2(Riz + rp) 


8-22 Calculate the signal current 7 in terms of the signal voltage V, and Ve. 
The parameters of each tube are » = 70 and r, = 44 K. 


Vor 
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8-23 a. If w= 19 and r, = 10 K for each tube in Fig. 8-16 and Ry = 30 K and 
Ry, = 2 K, find the voltage gain A = 0.2/0. we 

b. Find the output impedance. 

8-24 Prove that the input impedance is (r, + Rr)/(u + 1) for the grounded-grid 
amplifier. 

8-25 a. Given a cathode follower with the grid resistor R, connected from grid to. 
cathode. Prove that the input impedance Z; is greater than R, and is given by 


sali aca i 
where A is the voltage gain. 

b. For a 12AU7 (Table 7-1) with R, = 20 K and R, = 1 M, find the value of Z;, 

8-26 Solve Prob. 8-8 by replacing V2 by its Thévenin’s equivalent, looking into 
its cathode (Prob. 8-30). 

8-27 Solve Prob. 8-9 by replacing V1 by its Thévenin’s equivalent, looking 
its plate (Prob. 8-26), and by replacing V2 by its Thévenin’s equivalent, looking it 
its cathode (Prob. 8-38). ’ 

8-28 In the cascode circuit of Fig. 8-18 the triodes are the two sections of a 12AT7, 
R= 10 K, V’ = 125 V, Ver = 250 V, and Vee = 2 V. Find the quiescent current 


and the voltage at Ke. 
8-29 a, Find the minimum value of Vpp so that the top tube does not draw g 
current. 
b. Plot ¢p versus Vpp from this minimum value of Vpp to Ver = 500 V, and show 
that this volt-ampere characteristic resembles that of a pentode. 


Prob. 8-29 Prob. 8-30 


8-30 (a) Find the quiescent current in the circuit shown. Find the effective 
impedance seen (6) between terminals A and N, (c) between B and N. 

8-31 In the circuit shown, the triode is used as an adjustable impedance element 
by varying the dc bias, and thereby the gm of the triode. 

a. Assume that there is a generator V between the terminals A and B. Draw the 
equivalent circuit. Neglect interelectrode capacitances. 

6. Show that the input admittance between A and B is 


¥; = Y,+ (1 + gmR) Yor 


. 


cs =< . 4 5 
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where Y, is the admittance corresponding to r,, and Yor is the admittance correspond- 
ing to R and C in series. 
c. If gn > 1, show that the effective input capacitance is 


Qn 
ar a 
and the effective input resistance is 
iat (1 + ry 
Rio + a1 + 4) 
where a = wOR. 


Prob. 8-31 


d. At a given frequency, show that the maximum value of C; (as either C or R is 
varied) is obtained when a = 1, and 


(Cmax = 
Also show that the value of R; corresponding to this C; is 
=» 
(Rmx = 35 


which, for >> 2, reduces to (Ri)mz = 2/9m. 

e. The tube is a 6CG7 (Fig. 7-8) operated at 5,000 Hz. If the bias is adjusted so 
that the tube current can be varied over the range from 20 to 29 mA, over what range 
do (Ci)max and (R,)max Vaty? 

8-32 Solve for the quantities analogous to those asked for in Prob. 8-31 if the 
capacitor C is replaced by an inductor L. 

8-33 a. A 6SF5 triode works into a 100-K resistive load. Calculate the complex 
voltage gain and the input admittance of the system for frequencies of 100 and 100,000 
Hz. Take the interelectrode capacitances into consideration. The tube parameters 
are x = 100,r, = 66 K, gm = 1.5mA/V, Cx = 4.0 pF, Cx = 3.6 pF, and C,, = 2.4 pF. 

Compare these results with those obtained when the interelectrode capacitances 
are neglected. 

6. Calculate the input resistance and capacitance. 

8-34 Calculate the input admittance of a triode at 10? and 10° Hz when the total 
plate-circuit impedance is (a) a resistance of 50 K, (6) an inductive reactance of 50 K at 
each frequency. Take the interelectrode capacitances into consideration. The tube 
parameters are u = 20, r, = 10 K, gm = 2.0 mA/V, Cx = 3.0 pF, Cys = 11.0 pF, and 
C,» = 2.0 pF. Express the results in terms of the input resistance and capacitance. 
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8-35 PARC YE AMIN REO ARI OTR 
is to be operated at the recommended point. Starting with a zero load, how n 
resistance must be introduced as load in order to multiply the input capacitance tal bo 
factor of 62 Cy, = 2.2 pF, Cy, = 2.3 pF, C,, = 4 pF, u = 20, rp = 7.7 K. 

8-36 Draw the equivalent circuit of a pentode, including all interelectrode 
capacitances. Show that to a very good approximation the input capacitance is equal 
to Cox and C,, in parallel and that the output capacitance is equal to Cy, Cys, and Cy, 
in parallel. The symbols are as defined in Sec. 8-13. 

8-37 Verify Eq. (8-52) for the gain of a cathode follower. 

8-38 Verify Eq. (8-58) for the output impedance of a cathode follower. 


CHAPTER 9 7 


9-1 Show that the ratio of hole to electron currents /,z/I,x crossing the emitter 
junction of a p-n-p transistor is proportional to the ratio of the conductivity of the 
p-type material to that of the n-type material. ‘ 

9-2 Derive expressions (9-22) for the parameters az; and a2. in terms of the 
physical constants of the transistor. 

9-3 a. If it is not assumed that W/Ls <1, prove that Eqs. (9-19) and (9-21) 
remain valid provided that . 


Dineo 
Ls 


ay: = an = ~AeD, 2 esch 7 
Ls 


ee Pro W . Danco 
G22 de(p, 2 coths— aA Le Pure) di 
b. Show that if W/L» «1, these expressions reduce to those given by Eqs. (9-20) 
and (9-22). 
9-4 Show that Eq. (9-27) follows from Eq. (9-26). 
9-5 Using the results of Prob. 9-3a, verify that a = B*y, where + is given by 
Eq. (9-28) and 8* by Eq. (9-29). 
9-6 If W/Ls <1, verify that Eqs. (9-30) and (9-31) follow from Eqs. (9-28) and 
(9-29), respectively. tt 
9-7 a. The reverse saturation current of the germanium transistor in Hist 0-1 
is 2 uA at room temperature (25°C) and increases by a factor of 2 for each tempe 
increase of 10°C. The bias Vee = 5 V. Find the maximum allowable ‘eta for Ts 
if the transistor is to remain cut off at a temperature of 75°C. 
6, If Vez = 1.0 V and Re = 10K, how:high mony: the taenboraiuse ascent 
the transistor comes out of cutoff? ~~ 
9-8 Using 8’ = hy. and 8 = hrs, show that Eq. (9-47) becomes 


hpe = pati Dat IS Nolet 
1 — (eso + Is)(Ohrs/8Ic) 
9-9 a. If Is > Toso, show that 


hye —hre _ Ic Ohre 
hte hee Ole 


a, = Ae (0,2 oth ze + 
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b. From Fig. 9-12 verify that at Jc = 80 mA, hy, is approximately 20 percent less 
than hes. 
9-10 From the characteristic curves for the type 2N404 transistor given in 
Fig. 9-11, find the voltages Vaz, Ves, and Vc for the cireuit shown. 


-9V 


Prob. 9-10 30K 


9-11 a. Derive the Ebers-Moll equations (Eqs. (9-51) and (9-52)] from Eqs. (9-49) 
and (9-50). 
b. Derive Eqs. (9-55) and (9-56) from Eqs. (9-49) and (9-50). 
9-12 Draw the Ebers-Moll model for an n-p-n transistor. 
9-13 a. Show that the exact expression for the CE output characteristics of a 
p-n-p transistor is 
Tco + awl — Ic(1 — aw) 
Tso + Ip + Ic(1 — a1) 
b. Show that this reduces to Eq. (9-57) if In > Izo and Is > Ico/aw. 
9-14 a, A transistor is operating in the cutoff region with both the emitter and 


collector junctions reverse-biased by at least a few tenths of a volt. Prove that the 
currents are given by 


Ver = Vrin—! + Vrin 
an. 


I Tx0(1 — aw) 
a 

1 — ayar 
Tco(1 — a) 

1 — avay 

b. Prove that the emitter-junction voltage required just to produce cutoff (Iz = 0 
and the collector back-biased) is 
Ve = Vrin (1 — ay) 


9-15 a. Find the collector current for a transistor when both emitter and collector 
junctions are reverse-biased. Assume Ico = 5 uA, Io = 3.57 wA, and aw = 0.98. 

b. Find the emitter current J, under the same conditions as in part a. 

9-16 Show that the emitter volt-ampere characteristic of a transistor in the active 
region is given by 


Tg = Ioe¥#!¥r 


Ic = 


where Jo = —Ixo/(1 — away). Note that this characteristic is that of a p-n junction 


diode. 
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9-17 a. Given an n-p-n transistor for which (at room temperature) ay = 0, 
Teo = 2A, andJso = 1,6uA, A common-emitter connection is used, and Vee = 
and Ry = 4.0 K. What is the minimum base current required in order that the tran. 
sistor enter its saturation region? nt 
6. Under the conditions in part a, find the voltages across each junction be : 
each pair of terminals if the base-spreading resistance ri is neglected. ‘i 
c. Repeat part b if the base current is 200 wA. 4 
d. How are the above results modified if ry = 250 2? 
9-18 Plot emitter current vs. emitter-to-base voltage for a transistor for which 
ay = 0.98, Ico = 2 uA, and zo = 1.6 wAif (a) Ve = 0, (b) Vcis back-biased by more — 
than a few tenths of a volt. Neglect the base-spreading resistance. 
9-19 Plot carefully to scale the common-emitter characteristic Ic/Is versus Veg 
for a transistor with aw = 0.90 = a. 
9-20 A common method of calculating ay and a, is by measurement of I¢o Dy 


Teso, and Icxs. Show that 
Iczo — Ico 1 — Ico/Toxs 
ea Par (ee met ALF 
(adacta Tczo Bier 1 — Ico/Iczo 


9-21 The collector leakage current is measured as shown in the figure, with 
emitter grounded and a resistor R connected between base and ground. If this cu 
is designated as Icez, show that 


Tco(1 + IzoR/Vr) 
1 — ayar + (IzoR/Vr)(1 — aw) 


Tozer = 


Prob. 9-21 


Prob. 9-22 


9-22 For the circuit shown, verify that V. = Vcc when 


ton Hee(1 4 timer). Tee(1 + 


a a, 1 — aw, Br 


“ 


Under these conditions the base current exceeds the emitter current. 

9-23 For the circuit shown, a; = 0.98, a: = 0.96, Vec = 24 V, R. = 1202, and 
Iz = —100mA. Neglecting the reverse saturation currents, determine (a) the cur 
rents Tey, Im, Im, Icz, 12, and Ic; (6) Ves; (c) Ic/Ia, Te/Is. 


Prob. 9-23 


Tn = In, 
— 


9-24 For the circuit shown, prove that the floating emitter-to-base voltage is 
given by 


Vesr = Vrin (1 — aw) 


Neglect ri. 
+10V 
Ter 
I,=0 

I,=0 
+ —_ 
Vear Y f» 
Prob. 9-24 Prob. 9-25 


9-25 For the “floating-base” connection shown, prove that 


Assume that the transistors are identical. 
9-26 a. Show that if the collector junction is reverse-biased with |Vea| > Vr, the 
voltage Vz is related to the base current by 


Vez = Is (nm = Be 
1 — aw, 
TcoRs Ts(1 — awa) , av(1 — =))\ 
a {Zest + vein [1 + Txo(1 — aw) . aniearaal 


where ry, is the base-spreading resistance, and Rg is the emitter-body resistance. 


7 rs: 


os 
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b. Show that Vez = Is(r + Re) + Vr(l + Is/I2), if the collector is op 
circuited. 
9-27 If a = 0.98 and Vee = 0.6 V, find R, in the circuit shown for an emitter 
current Jy = —2mA. Neglect the reverse saturation current. 


+12V 


R, 


Prob. 9-27 


R,= 20K 


9-28 A transistor is operated at a forward emitter current of 2 mA and with the 
collector open-circuited. Find (a) the junction voltages Vc and Vz, (b) the collector- 
emitter voltage Vex. Assume Jco = 2 uA, Jeo = 1.6 uA, ay = 0.98. Is the transisto 
operating in saturation, at cutoff, or in the active region? 

9-29 a. Show that, for an n-p-n silicon transistor of the alloy type in which 
resistivity pz of the base is much larger than that of the collector, the punch-through - 
voltage V is given by V = 6.34 X 10°W?/pz, where V is in volts, pz in ohm-centimeters, 
and the base width W in mils. 

6. Caleulate the punch-through voltage if W = 1 micron and ps = 0.59-cm. 


CHAPTER 10 


10-1 An n-p-n transistor with 8 = 50 is used in a common-emitter cireuit with 
Vee = 10 V and R, = 2K. The bias is obtained by connecting a 100-K resistance 
from collector to base. Assume Ves =0. Find (a) the quiescent point, (b) the 
stability factor S. . 

10-2 A transistor with 8 = 100 is to be used in a CE configuration with collector- 
to-base bias. The collector circuit resistance is R. = 1 K and Vee = 10 V. 1 
Vex =0. (a) Choose R, so that the quiescent collector-to-emitter voltage is 4 V- 
(6) Find the stability factor S. 

10-3 For the two-battery transistor circuit shown, prove that the stabilization 
factor S is given by 


14+8 


S= ary + Ry 
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10-4 a. Verify Eq. (10-17). 
b. Show that S may be put in the form 


= G+Gi+G2 
G./( + 8) +G:+ G: 


where the G’s are the conductances corresponding to the R’s shown in Fig. 10-6a. 

10-5 (a) Determine the quiescent currents and the collector-to-emitter voltage 
for a germanium transistor with 8 = 50 in the self-biasing arrangement of Fig. 10-6. 
The circuit component values are Vec = 20 K, R. = 2K, R, = 0.1K, Ri = 100 K, 
and R,= 5K. (8) Find the stability factor S. 

10-6 A p-n-psilicon transistor is used in the self-biasing arrangement of Fig. 10-6. 
The circuit-component values are Vcc = 4.5 V, R, = 1.5 K, R, = 0.27 K, Rz = 2.7 K, 
and R, = 27K. If 8 = 44, find (a) the stability factor S, (b) the quiescent 
point. (c) Recalculate these values if the base-spreading resistance of 690 2 is taken 
into account. 

10-7 (a) A germanium transistor is used in the self-biasing arrangement of 
Fig. 10-6 with Vec = 16 V and R, = 1.5K. The quiescent point is chosen to be 
Vce = 8V and Jc =4mA. A stability factor S = 12 is desired. If 6 = 50, find 
R,, Rz, and R,. (b) Repeat part a for S = 3. (c) What is the “price” paid for the 
improved stability in part 6? 

10-8 A p-n-p germanium transistor is used in a common-collector circuit 
(Fig. 10-6 with R, = 0). The circuit-component values are Vec = 3.0 V, R, = 1 K, 
R,=R.=5K. If 8 = 44, find (a) S, (6) the quiescent point. (c) Recalculate 
these values, taking the base-spreading resistance of 690 2 into account. 

10-9 Determine the stability factor S for the circuit shown. 


Ss 


Re 
R 


Prob. 10-9 


Prob. 10-10 


10-10 In the circuit shown, Vec = 24V, R, = 10K, and R,= 2702. If a 
silicon transistor is used with 8 = 45 and if under quiescent conditions Ves = 5 V, 
determine (a) R, () the stability factor S. 

10-11 In the transformer-coupled amplifier stage shown, Vsz = 0.5 V, 8 = 50, 
and the quiescent voltage is Ves = 4V. Determine (a) R,, (6) the stability factor 


Prob. 10-11 


10-12 In the two-stage circuit shown, assume 8 = 100 for each transistor. @ 
Determine RF so that the quiescent conditions are Ves: = —4 V and Ves: = -6V. 
(b) Explain how quiescent-point stabilization is obtained. 


Prob. 10-12 
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10-13. In the Darlington stage shown, Vee = 24 V, 6:1 = 24, 8: = 39, Var = 0.6 V, 
R, = 3309, and R, = 1202, If at the quiescent point Voz: = 6 V, determine (a) R, 
(b) the stability factor defined as S = dIc/dI coy. 


Prob.1013 4 


Qi 


R 


10-14 Derive Eq. (10-29) in the text. 

10-15 In the circuit of Fig. 10-6, let Vee = 27.5V, R.=5.6K, R, =1K, 
R, = 90K, R: = 10K, Ic = 1.5 mA. Using the transistor of Table 10-1, find Ic at 
+175 and —65°C. 

10-16 Repeat Prob. 10-15 for the transistor of Table 10-2 at +75 and —65°C. 

10-17 In the emitter-follower circuit shown, 2, = 1 K, Vcc, and Vg are adjusted 
togive Jc = 1.5 mA. Using the transistor of Table 10-1, find Jc at +175 and —65°C. 
Compare the results with those of Prob. 10-15. 


Prob. 10-17 


Vee 


10-18 Repeat’ Prob. 10-17 for the transistor of Table 10-2 at +75 and —65°C. 
Compare these results with those of Prob. 10-16. 

10-19 For the self-bias circuit of Fig. 10-6a, R, = 1 K and Ry = Ril|R2 = 7.75 K. 
The collector supply voltage and R, are adjusted to establish a collector current of 
1.5 mA. Determine the variation of Jc in the oaasre range —65 to +175°C 
when the silicon transistor of Table 10-1 is used. 

10-20 Repeat Prob. 10-19 for the range —65 to +75°C when the germanium 
transistor of Table 10-2 is used. 


oe a 
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10-21 If in Eq. (10-24) we do not assume 6 > 1 so that V’ is now a function of B, 
verify that Eq. (10-29) is given by 
(Ie — Ico)S 

B(1 + B) 

10-22 Ifin Eq. (10-24) we do not assume 8 > 1, so that V’ is now a function of 8, 

verify that Eq. (10-34) is given by 


(Tex — Icoi)S: 
(B:)(1 + B2) 


Hint: Write the expression for (Ic: — 
both sides of the equation. 
10-23 Two identical silicon transistors with 6 = 48, Vas = 0.6 V at T = a 
Vee = 20.6 V, R, = 10 K, and R, = 5 K are used in Fig. 10-13a. ; 
a, Find the currents Ia:, Iz2, To1, and Ic: at T= 25°C. ‘ 
6. Find Jc: at 7 = 175°C when 8 = 98 and Vag = 0.22 V. 
Hint: Assume Ip, = Ia. . 
10-24 Prove Eq. (10-41). 
10-25 a. Calculate the thermal resistance for the 2N338 transistor for which the 
manufacturer specifies Pe(max) = 125 mW at 25°C free-air temperature and maximum 
junction temperature 7; = 150°C. 
6. What is the junction temperature if the collector dissipation is 75 mW? 
10-26 Show that the load line tangent to the constant-power-dissipation hyperbola 
of Fig. 10-16 is bisected by the tangency point; that is, AC = BC, 
10-27 The transistor used in the circuit shown is at cutoff. 
a, Show that runaway will occur for values of Ico in the range 


Veo — V Vee? — 8R,/0.070 Veo + V Vee? — 8R./0.070 
Fee Se ee aS te ee att a ONG eer eet ye one ee 
4k, 4k, 


6, Show that if runaway is not destructive, the collector current [co after run 
can never exceed Ico = Veo/2R.. 


Sv = 


Slt = 
Tcoa)/(Ie1 — Ico) and then subtract unity from 


Yeo 


po a 
Prob. 10-27 


10-28 A germanium transistor with @ = 250°C/W, Ico = 10uA at 25°C, 
R. = 1 K, and Vee = 30 V is used in the circuit of Prob. 10-27. 
a. Find Ico at the point of runaway. 


b. Find the ambient temperature at which runaway will occur. , 


CHAPTER 11 ¥ y 


11-1 The transistor whose input characteristics are shown in Fig. 9-14a is biased 
at Vex = 8 V and Is = 300 pA. 
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a. Compute graphically hy. and ho. at the quiescent point specified above. 
b. Using the h parameters computed in part a, calculate hp and hos. 
11-2. a. Show that the exact expression for hy, in terms of the CB hybrid parame- 
ters is 
hp(L = Ire) + inher 
(1 + hy) (1 — Aye) + hovhas 
b. From this exact formula obtain the approximate expression for hy, in Table 11-3. 
11-3 a. Show that the exact expression for hy, in terms of the CE hybrid parame- 
ters is 


hy = — 


hye(1 — hire) + hichos 
(1 + Aye)(1 — bene) + hodhic 
b. From this exact formula obtain the approximate expression for hin Table 11-3. 
11-4 Find, in terms of the CC hybrid parameters, the CE hybrid parameters. 
Note that the expressions in Table 11-3 are exact for this conversion. 
11-5 For the circuit shown, verify that the modified h parameters (indicated by 
primes) are 


hp = — 


(L + hp)R, Ine + hooks 

@) he het Tapp, =O he = TR, 
hye — hocRy Toe 

@ Me" TE, (@) he = Tice, 


(e) To what do these expressions reduce if hoe. « 1? 


Prob. 11-5 


11-6 Show that the overall h parameters of the accompanying two-stage cascaded 
amplifier are 


h Riahia 

(a) hu = hy — i tat, hii (0) hue = Tam, 
am” hi ” 

@ tn = = Mt, (0) haa = tha — EE 
eatin 


Prob. 11-6 
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11-7 Show that the overall A parameters for the composite transistor shown are 


CL = heer) + higer) hier (hser — hoerhies)(1 + Iyer) 
1 + hoerhien 1 + Aocrhies 


(1 + hijer)(1 — hero) hoes (hig2htoe1 + hiret)(1 — Rees) 
1 + Reevhics 1 + hoerhies 


(e) Obtain numerical values for the k parameters of the composite transistor by 
assuming identical transistors Q1 and Q2 and using Table 11-2. 


(@) hie = hier + (0) hye = hyper + 


(©) Roe = hoor + (d) hye = hres + 


c 


11-8 Given a single-stage transistor amplifier with the h parameters specified in 
Table 11-2, calculate As, Av, Ays, Ri, and R, for the CC transistor configuration, with 
R. = Ri = 10 K, Cheek your results with Figs. 11-14 to 11-17. 

11-9 a. Draw the equivalent circuit for the CE and CC configurations subject to 
the restriction that Rz = 0. Show that the input impedances of the two circuits are 
identical. 

b. Draw the circuits for the CE and CC configurations subject to the restriction 
that the input is open-cireuited. Show that the output impedances of the two circuits 
are identical. 

11-10 For any transistor amplifier prove that 


Dyan sa cl 
1h Ay 


1-11 Verify expression (11-34) for the output admittance Y, by evaluating ¥. 
as the ratio of the short-circuit current to the open-circuit voltage. 
11-12 Prove that 


R, + Riw 
teal 5 + z=) 


where Rio = R, for Rr = ©, and R;, = R; for Ry = 0. 

11-13 Verify the extreme points (R, = 10 and 107 2, R, = 10 and 107 Q) 
of the curves given in Figs. 11-14 to 11-17, using the h parameters given in Table 11-2, 
(a) for the CE connection, (b) for the CB connection, (c) for the CC connection. 

11-14 Find the output impedance Z, for the example in Sec. 11-6 by evaluating 
the current Z, drawn from an auxiliary voltage source Vq impressed across the output 
terminals (with zero input voltage and Ry = oo), Then Z, = Vo/Tq. 

11-15 Find the voltage gain Ay for the example in Sec, 11-6 directly as the ratio 
V./V; (without finding A; or Z;). 

11-16 For the amplifier shown with transistor parameters specified in Table 11-2, 
calculate Ay, Ay, Ri, and Ay = —I,/I;, Hunr: Follow the rules given in Sec. 11-8. 


R; 


Prob. 11-16 
Re=10K hy 


11-17 a. For a CE configuration, what is the maximum value of R, for which R; 
differs by no more than 10 percent of its value at Rr = 0? Use the transistor parame- 
ters given in Table 11-2. 

b. What is the maximum value of R, for which R, differs by no more than 10 percent 
of its value for R, = 0? 

11-18 a. In the cireuit shown, find the input impedance R; in terms of the CE 
A parameters, R, and R,. Hrvr: Follow the rules given in Sec, 11-8. 

b. If R, = R, = 1 K and the A parameters are as given in Table 11-2, what is the 
value of R;? 


Prob. 11-18 


11-19 (a) For the two-transistor amplifier circuit shown (supply voltages are not 
indicated) calculate A, Ay, Avs, and R;. The transistors are identical, and their 
parameters are given in Table 11-2. Hint: Follow the rules given in Sec. 11-8. 
(0) Repeat part a using the results given in Prob, 11-6. 


Prob, 11-19 
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11-20 The transistor amplifier shown uses a transistor whose h parameters are 
given in Table 11-2. Calculate Ay = I./I;:, Av, Avs, Ro, and Rj. 


11-21 a. Calculate Ri, Av, and Ar= —I./I; for the circuit shown. Use the 
A parameter values given in Table 11-2. Hryr: Follow the rules given in Sec. 11-8. 
b. Repeat part @ using the results in Prob. 11-7. 


Prob, 11-21 


11-22 For the amplifier shown, using a transistor whose parameters are given 
Table 11-2, compute A; = I./I;, Ay, Avs, and R;. Hrvyr: Follow the rules given in 
Sec. 11-8. 


9 —Vec 


R,=5K 


Y, Prob. 11-22 


R = 
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11-23 For the circuit shown, with the transistor parameters specified in Table 
11-2, caleulate Ar = I,/I;, Ay, Avs, and R;. Hunt: Follow the rules given in Sec. 11-8, 


Vee 


if R,= 10K 


Prob. 11-23 


11-24 For the CB configuration, what is the maximum value of R; for which R; 
does not exceed 502? Use the transistor parameters given in Table 11-2. 

11-25 Draw Fig. 11-20 in a CE configuration. Then prove that this circuit is 
equivalent to that shown where a, = a/(1 — a) and ra = (1 — a)re. 


Prob. 11-25 


11-26 Obtain the CB h parameters given in Table 11-3 in terms of the parameters 
of the T model of Fig. 11-20. 
11-27 Verify the transformation equations in Table 11-7. 


CHAPTER 12 


Nore: Unless otherwise specified, all transistors in these problems are identical and 
the numerical values of their h parameters are given in Table 11-2. Also assume that all 
capacitances are arbitrarily large. 


692 / ELECTRONIC DEVICES AND CIRCUITS Chap, 12 


12-1 a. For the two-stage cascade shown, compute the input and output imped- 
ances and the individual and overall voltage and current gains, using the exact pro- 
cedure of Sec. 12-1. See note on bottom of page 691. 

b. Repeat part a using the approximate formulas in Table 12-2. 


Prob. 12-1 


12-2 a. Compute Ay, Ay, Avs, Ri, and Rj, for the two-stage cascade shown, using 
the exact procedure of Sec. 12-1, See note on bottom of page 691. 
b. Repeat part a using the approximate formulas in Table 12-2. 


Prob. 12-2 — 


12-3 A common decibel scale used in the measurement of amplifier gains is the 
dBm scale. By definition, 0 dBm is the power level corresponding to a 1-mW dissipa- 
tion in a 600-2 resistance. : 


a. What does 0 dBm correspond to in voltage across a 600-2 resistor? 

b. What voltage would correspond to 20 dBm in a 60-2 resistance? In a 600-K 
resistance? 

12-4 For the circuit shown, compute A;, Av, Avs, Ri, and Ri. See note on 
bottom of page 691. 


9 Vee 


Prob. 12-4 


+ 


ge 


12-5 a, Consider a CB connection with R, = 2 K and R,=4 K. Find the 
exact and approximate values of Ay, Ay, Avs, Ri, and Rj. 

6. Repeat part a for the CE connection. 

c. Repeat part a for the CC connection. See note on bottom of page 691. 

12-6 Find Ay, Avs, Rj, and R, for the amplifier of Fig. 12-4. Neglect the effect 
of all capacitances. 

12-7 The three-stage amplifier shown contains identical transistors. Calculate 
the voltage gain of each stage and the overall voltage gain V./V,. See note on bottom 
of page 691. 


5K 


Prob. 12-7 
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12-8 Find the voltage gain Ay, of the amplifier shown. Assume A;. = 1,000 Q, 
Tire = 10-4, lige = 50, hoe = 10-* A/V. 


Prob. 12-8 


12-9 For the two-stage cascade shown, find A1, Av, R;, and Rj. See note on 
bottom of page 691. 


Prob. 12-9 


12-10 Design a two-stage cascade using the configuration of Prob. 12-9, with 
Ry = 100 K, to meet the following specifications (see note on bottom of page 691): 


128>Ay>100 10K>R:>5K R<3K 


12-11 For the two-stage cascade shown, calculate Ar, Ay, R;, and Rj. See note 
on bottom of page 691. 


9 Veo 


Prob. 12-11 
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12-12 Design a two-stage amplifier using the configuration of Prob. 12-11, with 
Rs = 100 K, to meet the following specifications (see note on bottom of page 691): 


|4o[>15 R>2K R< 1002 


12-13 For the circuit shown, find the voltage gain V./V, and input impedance 
as a function of R,, 6, R,, and Rr. Assume that ho.(R, + Rr) < 0.1. 


9 Voc 


Prob. 12-13 


12-14 Using the exact expressions of Eq. (12-48) for Ay and Kq. (12-49) for Ri, 
calculate the output resistance R, in Fig. 12-12a as the ratio of open-circuit voltage V 
to short-circuit current J. Verify that R, is given by Eq. (12-51). Hunt: Note that 
V = lim AyV,. 

= 


Ri 

12-15 Do Prob. 11-16 using Miller’s theorem. 

12-16 The amplifier shown is made up of an n-p-n and a p-n-p transistor. The 
h parameters of the two transistors are identical, and are given as hi. = 1 K, hy. = 100, 
hoe = 0, and hy. = 0. 

a. With the switch open, find Ay = V./Vi. 

b. With the switch closed, find (with the aid of Miller's theorem) Ay, A v,, R;, and 
Ar= -1L/I;. 


9 Veo 


Prob. 12-16 
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12-17 For the bootstrap circuit shown, calculate A, = 1./I;, Ri, and Ay. The 
transistor parameters are hi. = 2 K, hye = 100, 1/hoe = 40 K, and hye = 2.5 X 10-4, 


Prob. 12-17 Prob. 12-18 


12-18 The cascade configuration shown is known as the tandem emitter follower. 
Find the input resistance R; if hic = here = 0, Roe = 0, and hy. is the same for each of 
the transistors Q1 to QN. 

12-19 The bootstrapped Darlington pair uses identical transistors with the 
following h parameters: hie=1 K, fre = 2.5 X 1074, hoe = 2.5 X 10-§ A/V, and 
hy = 100. Find Iei/Ivi, Vox/Vi, Ri, and Vor/Vi. 


Prob. 12-19 


Chap. 12 PROBLEMS / 697 


12-20 Calculate Ay, Av, Ri, and Rj for the circuit shown. See note on bottom of 
page 691. 


12-21 Verify Eq. (12-77). 
12-22 Calculate R; and Ay for the circuit shown in Fig. 12-18, with Ra = 100K 
and Ry = 1K. 
_ 12-23 For the circuit shown, find Ay, Avs, Ar = I,/Is, Ri, and R,. See note on 
bottom of page 691. 


Prob. 12-23 
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12-24 Calculate Ay = I./I;, Av, Ave Rj, and Rj for the cascode circuit shown, 


See note on bottom of page 691. 


Prob. 12-24 


12-25 The cireuit shown is an amplifier using a p-n-p and an n-p-n transistor in 
parallel. The two transistors have identical characteristics. Find the expression 
for the voltage gain and the input resistance of the amplifier, using the simplified 
hybrid model. 


Vee 


Prob. 12-25 


12-26 For the emitter-coupled differential amplifier of Fig. 12-21, compute Ae 
Aa, p, Ai, and As. The resistance values are R, = 1 K, R. = 4 K, and R, = 20 K. 
12-27 Repeat Prob. 12-26 when the emitter resistor is replaced by the transistor 
constant-current source of Fig. 12-23, with R, = 100 K, R2 = 10 K, and R; = 1 K. 
12-28 Verify Eqs. (12-91) and (12-92) for the difference amplifier. 


CHAPTER 13 


13-1 The emitter efficiency y is usually quite close to unity and is essentially 
independent of frequency up to frequencies of the order of fz. Hence assume that 
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a = B*, and from Eqs. (5-56) and (9-29), verify that is given as 
a@(w) = sech x (1 + jwrs)* 
Ls 


where 7, and Ly are the mean lifetime and diffusion length of minority carriers in the 
base. 

a. Using W/Le «1, expand the hyperbolic secant in a power series and obtain 
Eq. (13-4). 

b. Show that, under the above conditions, 


ae where a, = meric ORY 
Was T+ EW Le 
Compare with Eq. (13-13). 
13-2 a. Show that the magnitude and phase of a(w) given in Prob. 13-1 at 
@ = Wa are 0.775 and 50°, respectively. Assume W/Ls <1 and a = 1. 
b. Compute the magnitude and phase of e(w) as given by Eq. (13-4) at w = wa, 
and compare with the results of part a. 
13-3 a. Show that the magnitude and phase of a(w) given in Prob. 13-1 are 
0.707 and 58° at the frequency w, = 2.43Ds/W*as. Assume W/Ls <1 and a = 1. 
b. Compute the magnitude and phase of a(w) as given by Eq. (13-4) at w = wa, 
and compare with the results of part a. 
c. What must be the excess phase factor m in Eq. (13-7) if the phase of a at 
® = Wa is to be 58° as in part a? 
13-4 Consider the CB circuit of Fig. 13-2, with the output short-circuited and with 
a step of current J into the emitter at = 0. Prove that the output current for ¢ >0 
is given by 
ea t(i+ Lola ‘ae AO hs isd 
T ae 7 


Qa 


where w’riyC. = 1. 
13-5 Refer to the result in Prob. 13-4, Show that if 


in © al (1 — eat) fort >0 


13-6 Given a germanium p-n-p transistor whose base width is 5 X 10-tem, At 
room temperature and for a de emitter current of 2 mA, find (a) the emitter resistance, 
(b) the alpha cutoff frequency, (c) the emitter diffusion capacitance, (d) the base transit 
time. Use Table 5-1. 

13-7 Asilicon p-n-p transistor has an alpha cutoff frequency of 100 kHz. Whatis 
the base thickness? Use Table 5-1. 

13-8 Given an n-p-n germanium transistor with W = 1 mil and a mean lifetime 
T. = 4 psec, Using Table 5-1, Eq. (5-51), and the expression for a given in Prob. 13-1, 
calculate (a) fa, (b) fp. 

13-9 From the expression for a, given in Prob. 13-1 and using Eq. (5-51), prove 
that the common-emitter cutoff frequency fa is given by fe = 1/2nr», where rz is the 
mean lifetime of minority carriers in the base. 


. * 
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13-10 a, Starting with Fig. 13-4, prove that the short-circuit CE current gain is 


_ ake t Ze 
(l—a)Z.+ Z, 


where Z. is the parallel impedance of r, and C., and Z, is the parallel impedance of 
r, and C,. 

b. Since |Z.| « |(1 — «)Z,|, show that Ax = —a(w)/[1 — a(w)]. 

13-11 Prove that the CC short-circuit current gain as a function of frequency is 
given by 


Aw 


_ M0 t+ If/ fac Oo 
1+jf/fae 1+ If] fac 
where ao = 1/(1 — a) and fac = fae = fp. 
Hint: Redraw Fig. 13-2 with the collector as the common terminal. 
13-12 a. Verify that fs obtained from the hybrid-II model is given by 


ipl wited_w 
Qnri(C. + C.) 


6, Show that this expression is essentially the same as that obtained from the high- 
frequency T model. 

13-13 The following low-frequency parameters are known for a given transistor 
at Ic = 10 mA, Ves = 10 V, and at room temperature. 


hie = 5002 ine = 10-5 A/V 
hye = 100 Ire = 1074 


At the same operating point, fr = 50 MHz and C., = 3 pF, compute the values of all 
the hybrid-II parameters. 

13-14 Given the following transistor measurements made at Jc = 5 mA, Ves = 
10 V, and at room temperature: 


hye = 100 hie = 6002 
|Ai| = 10 at 10 MHz = C.=3pF 
Find fa, fr, fay Ce, Tor, and rw. 
13-15 Use the Ebers-Moll equations to show that the transconductance of a 
transistor in the active region is given by 
Me) AL, 0 =aidtee) |, Te 
dVz\¥e=cont Vz 1 — aver Vr 
Hint: Assume e¥¢/?r <1. 
13-16 a. At low frequencies the short-circuit CE current gain 8 is related to the 
short-circuit CB current gain a by 
Pye ie 
1+8 
Assuming that this relationship remains valid at high frequencies and using 8 = —A; 
in Eq. (13-17), verify that @ is given by Eq. (13-5), where 


a he ile 
Si of engine Oe ea 


a/) 
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b. Using the results of part a, verify that, for a. ~ 1, fa ~ fahye 
c. Verify that 
eer... Sea 
1 — a + if/fa 


d. To account for “excess phase” replace a by ae #™//a, Prove that fr, the 
frequency at which |A,| = 1, is given implicitly by 


Ai 


1+ 2? = 2a,(cos mz — z sin mz) 


where z = fr/fa. 
e. If mz <1, expand the trigonometric functions and prove that 
fr ats 


* DF alm + mi/2)h 

f. If a, = 1 and m = 0.2, show that fr = f./1.2. 

13-17 a, Redraw the CE hybrid-II equivalent circuit with the base as the common 
terminal and the output terminals, collector and base, short-circuited. Taking 
account of typical values of the transistor parameters, show that C., ry. and re may be 
neglected. 

b. Using the circuit in part a, prove that the CB short-circuit current gain is 


Ya ypc Be sm A, 
Get gmt jo, 1+ 5f/fa 
where 
hye = 9m fs 
TE 25 Lait (rsa 


13-18 Verify Eq. (13-57) for the gain-bandwidth product of a single-stage transis- 
tor amplifier. Hryr: Use Eqs. (13-51) to (13-53) and (13-45). 

13-19 For the transistor whose hybrid-II parameters are given in Sec. 13-5, driven 
from a source with an output resistance R, = 1 K, evaluate f2, Avso, and Ai. for the 
following values of load: Rz = 0, 1 K, and 2 K. 

13-20 a. Consider the hybrid-II circuit at low frequencies, so that C, and C, may 
be neglected. Omit none of the other elements in the circuit. If the load resistance is 
Rx = 1/91, prove that 


K = Ve = aon t Ie 
Vere Goo + Yeo + Gu 


Hint: Use the theorem that the voltage between C and E equals the short-circuit cur- 
rent times the impedance seen between C and £, with the input voltage V»,, shorted 
(Ea. (8-22)]. 

b. Using Miller’s theorem, draw the equivalent circuit between C and Z. Apply- 
ing KCL to this network, show that the above value of K is obtained. 

c. Using Miller’s theorem, draw the equivalent circuit between B and £. Prove 
that the current gain under load is 


poe peewee Se 
Gve + 90)/K — Gore 
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d. Using the results of parts a and ¢ and the relationships between the hybrid-II 
and the h parameters, prove that 


ot hype 
1+ hoRs 
which is the result [Eq. (11-22)] obtained directly from the low-frequency h-parameter 
model. Hunr: Neglect gy. compared with g, or gy, in A; and in K. Justify these 
approximations. 
13-21 Consider a single-stage CE transistor amplifier with the load resistor Rz 
shunted by a capacitance Cz. 
a. Prove that the internal voltage gain K = V../Vs, is 
Ps —gnRr 
1+ jo(C. + Cr)Ri 


6. Prove that the 3-dB frequency is given by 


pda 
2n(C. + Cx) Rr 


provided that the following condition is valid: 
GveRi(C. + Cr) > C. + C1 + gmRx) 


13-22 For a single-stage CE transistor amplifier whose hybrid-II parameters have 
the average values given in Sec. 13-5, what value of source resistance R, will give a 
3-dB frequency f; which is (a) half the value for R, = 0, (b) twice the value for R, = ? 
Do these values of 2, depend upon the magnitude of the load Rz? 


Ar 


fa 
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14-1 For a p-channel silicon FET with a = 2 X 10-‘ cm and channel resistivity 
e = 10 2-em, (a) find the pinch-off voltage; (6) repeat (a) for a p-channel germanium 
FET with p = 20-cm. 

14-2 a. Plot the transfer characteristic curve of a FET as given by Eq. (14-8), 
with Ipss = 10 mA and Vp = 4 V. 

b. The magnitude of the slope of this curve at Ves = 0 is gu. and is given by Eq. 
(14-19). If the slope is extended as a tangent, show that it intersects the Vos axis at 
the point Vos = Vp/2. 

14-3. a. Show that the transconductance gn of a JFET is related to the drain 
current Ips by 

Gm = wii V Insslos 
[Vel 

b. If Ve = —4V and Inss = 4 mA, plot gm versus Ips. 

14-4 Show that for small values of Ves compared with Vp, the drain current is 
given approximately by Ip ~ Inss + gmoVes. 

14-5 (a) For the FET whose characteristics are plotted in Fig. 14-3, determine 
ra and gm graphically at the quiescent point Vos = 10 V and Ves = —1.5V. Also 
evaluate u. (b) Determine ra(on) for Ves = 0. 


a te 
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Veri . (14-20) for the voltage gain of the CS amplifier, taking inter- 
wi ——_. account. (b) Using Miller’s theorem, verify Eq. (14-22) for 


input admittance. . 
pa a7 If an input signal V; is impressed between gate and ground, find the amplifi- 
cation Ay = V./Vs. Apply Miller’s theorem to the 50-K resistor. The FET parame- 


ters are w = 30 and rz = 5K. Neglect capacitances. 


Von 


Prob. 14-7 


40K 


—Voa 


14-8 If in Prob. 14-7 the signal is impressed in series with the 40-K resistor 


instead of from gate to ground), find Ay. rh, 
= “9, Calculate the voltage gain Ay = V./V; at 1 kHz for the circuit shown. 
The FET parameters are gn = 2mA/V and ra = 10 K. 


Prob. 14-9 


14-10 (a) Starting with the circuit model of Fig. 14-9, verify Eq. (14-25) for the 
voltage gain of the source follower, taking interelectrode capacitances into account. 
(8) Using Miller's theorem, verify Eq. (14-27) for the input admittance. (c) Verify 

. (14-28) for the output admittance. ; 
is rer Starting with the circuit model of Fig. 14-9, show that, for the CG amplifier 
stage with R, = 0 and Cz, = 0, 


(Qn + ga)Re (b) Ye= = ‘eo 
ree EAS = gm + ga(l — Ay) + joCr 
AY TE Raga + 5a) ‘ 
(c) Repeat (a), taking the source resistance R, into account. (d) Repeat (6), taking 
the source resistance R, into account. ‘ ae 

14-12 (a) Starting with the circuit model of Fig. 14-9 and neglecting as aet 
trode capacitances, verify Eq. (14-30) for the voltage gain of the CS amplifier with a 
source resistance R,. (b) Verify Eq. (14-31) for the output resistance. 
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14-13 (a) Starting with the circuit model of Fig. 14-9 and neglecting interelectrode 
capacitances, verify Eq. (14-32) for the voltage gain of the CG amplifier with a source 
resistance R,. (b) Verify Eq. (14-33) for the input resistance. 

14-14 (a) Starting with the circuit model of Fig. 14-9 and neglecting interelec- 
trode capacitances, verify Eq. (14-34) for the voltage gain of the CD amplifier. (6) 
Verify Eq. (14-35) for the output resistance. 

14-15 Find an expression for the signal voltage across Rz. The two FETs are 
pec with parameters yp, r4, and gm. Hurnv: Use the equivalent circuits in Fig. 14-19 
at S: dD. 


Voo 


Ry, 


Q2 
Sy 
dD, 


Prob. 14-15 


Qi 
Ss, 


14-16 Each FET shown has the parameters ry = 10K and gm = 2mA/V. 
Using the equivalent circuits in Fig. 14-19 at S, and D,, find the gain (a) v,/v; if 1s = 0, 
(0) v,/v2 if v1 = 0. 


—Voo 


7) 


oh & 


ne 7 ™ 7 oF 
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14-17 a. If in the amplifier stage shown the positive supply voltage Vpn changes 
by AVopp = %, how much does the drain-to-ground voltage change? 

b. How much does the source-to-ground voltage change under the conditions in 
part a? 

c. Repeat parts a and d if Vpp is constant but Vss changes by AV ss = 2,. 

14-18 (a) The circuit shown is a difference amplifier. Replace each FET by its 
equivalent circuit as seen from its source. Assuming that the FETs have identical 
parameters and that R, is arbitrarily large, verify that V.2 = J.R, is proportional 
to V; — V2, and find the difference gain Ay = Vox/(Vi — V:).. (0) Verify that 
Vor = —Vor 


Prob. 14-18 


14-19 Ifin the circuit of Prob. 14-18, Vz = 0, then this circuit becomes a source- 
coupled phase inverter, since V,,; = —V.2. Solve for the current 7; by drawing the 
equivalent circuit, looking into the source of QI (Fig. 14-19). Then replace Q2 by the 
equivalent circuit, looking into its drain. The source resistance R, may be taken as 
arbitrarily large. 

14-20 In the circuit of Prob. 14-18, assume that V, = 0, Ra = ra = 10 K, 
R, = 1K, andy = 19. Ifthe outputis taken from the drain of Q2, find (a) the voltage 
gain, (6) the output impedance, Hunt: Use the equivalent circuits in Fig. 14-19. 

14-21 a. In the circuit of Prob, 14-18, assume that V, = V. = 0 and that a signal 
V. is applied in series with Rz in the drain branch of Q1. If R, may be taken as arbi- 
trarily large, prove that 
mn — ats 

2(Ra + ra) 
Hint: Use the equivalent circuits in Fig. 14-19. 

6. Prove that the output resistance R, at the drain of Q2 is given by 
vt Ra(Ra + 2ra) 

2(Ra + ra) 

14-22 In the circuit of Prob. 14-18, V. = 0, Ra = 30 K, R, = 2 K, u = 19, and 
re= 10K. Find (a) the voltage gain Ay = V.2/V,, (6) the output resistance. Hxnt: 
Use the equivalent circuits in Fig. 14-19. 


Vor 


~ hei! ote _ 
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14-23. The CS amplifier stage shown in Fig. 14-20 has the following parameters: 
Rg = 12 K, R, = 1M, R, = 470 2, Von = 30 V, C, is arbitrarily large, pss = 3 mA, 
Vp = —24V, andry> Rs. Determine (a) the gate-to-source bias voltage Ves, (b) the 
drain current Ip, (c) the quiescent voltage Vos, (d) the small-signal voltage gain Ay. 

14-24 The amplifier stage shown uses an n-channel FET having Jpss = 1 mA, 
Vp = —1V. If the quiescent drain-to-ground voltage is 10 V, find Ri. 


+24V 


+ 
10K of. 


£ 


-12V 


Prob, 14-24 


Prob. 14-25 


14-25 The FET shown has the following parameters: Joss = 5.6 mA and 
Ve = —4V. (a) Ifn, =0, find», (6) Ifv; = 10 V, finds. (c) Ifv, = 0, find %. 
Nore: » and v, are constant voltages (and not small-signal voltages). 

14-26 If |Inss| = 4 mA, Vp = 4 V, calculate the quiescent values of Ip, Ves, 
and Vos. 


Slope = Slope = g,, (min) 


0 Vp (min) 
Prob. 14-27 


Vp(max) Ves 


Prob. 14-26 


14-27 In the figure shown, two extreme transfer characteristics are indicated. 
The values of Vp(max) and Vp(min) are difficult to determine accurately, Hence these 
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values are calculated from the experimental values of Ipss(max), Tpss(min), gm(max), 
and gm(min). Note that gm is the slope of the transfer curve and that both g,,(max) 
and gm (min) are measured at a drain current corresponding to Jpss(min). Verify that 
2 2J pss(min) 
9m(min) 9m (max) 
(c) If for a given FET, Jpss(min) = 2 mA, Ipss(max) = 6 mA, gm(min) = 1.5 
mA/V, and gm(max) = 3 mA/V, evaluate Vp(max) and Vp(min). 
14-28 ‘The drain current in milliamperes of the enhancement-type MOSFET 
shown is given by 
In = 0.2(Ves — Vr)? 


in the region Vos > Ves — Vp. If Vp = +3 V, calculate the quiescent values Ip, 
Ves, and Vos. 


(a) Vr(max) = — {Tpss(max)Ipss(min)}! (6) Ve(min) = — 


+30V 


10K 
Prob, 14-28 1M 


1M = 


14-29 Show that if R, « 1/hoos, the voltage gain of the hybrid cascode amplifier 
stage in Fig. 14-28 is given to a very good approximation by 


Ay = gnhpR 


where g,, is the FET transconductance. 

14-30 If hie K Ra, hie ra, hye > 1, and w > 1 for the circuit shown, show that 
02, Imhye(Rs + Re) 
1+ gmhyRs 


a Yor Imbiseles 
(a) Av rs = rie Sy er 
where gm is the FET transconductance. 


(0) Ave = 
Un 


Hl Prob. 14-30 o—} 
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14-31 If rg >> Ri, Ra > has, 1/hoer > hos, R' > Rs, and 1/hos > Rs, show that 
the voltage gain at low frequencies is given by 


RRs 


Sn ag et Ee hiark heutldagid 


Prob. 14-31 


CHAPTER 15 


15-1 (a) Verify that Eq. (15-3) meets the stated boundary conditions. (6) 
Verify that Eq. (15-5) satisfies the diffusion equation (15-2) and that it meets the 
stated boundary conditions. 

15-2 A silicon wafer is uniformly doped with phosphorus to a concentration of 
10° cm-*, Refer to Table 5-1 on page 98. At room temperature (300°K) find 

a. The percentage of phosphorus by weight in the wafer. 

b. The conductivity and resistivity. 

c. The concentration of boron, which, if added to the phosphorus-doped wafer, 
would halve the conductivity. \ 

15-3. a. Using the data of Fig. 15-8, calculate the percent maximum concentration 
of arsenic (atoms per cubic centimeter) that can be achieved in solid silicon. The 
concentration of pure silicon may be calculated from the data in Table 5-1 on page 98. 

b. Repeat part a for gold. 

15-4 a, How long would it take for a fixed amount of phosphorus distributed over 
one surface of a 25-y-thick silicon wafer to become substantially uniformly distributed 
throughout the wafer at 1300°C? Consider that the concentration is sufficiently uni- 
form if it does not differ by more than 10 percent from that at the surface. 

b. Repeat part a for gold, given that the diffusion coefficient of gold in silicon is 
1.5 X 10-* cm?*/sec at 1300°C. 
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c. Comment briefly on the significance of these results in transistor and monolithic 
integrated-circuit fabrication. 
15-5 Show that the junction depth z; resulting from a Gaussian impurity diffusion 
into an oppositely doped material of background concentration Nac is given by 


+ 


(20010 Me 
iam NactrDt 


15-6 A uniformly doped n-type silicon substrate of 0.1 2-cm resistivity is to be 
subjected to a boron diffusion with constant surface concentration of 4.8 X 10'* em~%, 
The desired junction depth is 2.7 microns. 

a, Calculate the impurity concentration for the boron diffusion as a function of 
distance from the surface, 

6. How long will it take if the temperature at which this diffusion is conducted is 
1100°C? 

c. An n-p-n transistor is to be completed by diffusing phosphorus at a surface 
concentration of 1071 cm~*. If the new junction is to be at a depth of 2 microns, 
calculate the concentration for the phosphorus diffusion as a function of distance from 
the surface. 

d. Plot the impurity concentrations (log scale) vs. distance (linear scale) for parts 
a and c, assuming that the boron stays put during the phosphorus diffusion. Indicate 
emitter, base, and collector on your plot. 

e. If the phosphorus diffusion takes 30 min, at what temperature is the apparatus 
operated? 

15-7 List in order the steps required in fabricating a monolithic silicon integrated 
transistor by the epitaxial-diffused method. Sketch the cross section after each oxide 
growth. Label materials clearly. No buried layer is required. 

15-8 Sketch to scale the cross section of a monolithic transistor fabricated on a 
-mil-thick silicon substrate. Hr: Refer to Sec. 15-1 and Figs. 15-12 and 15-13 for 
typical dimensions. 

15-9 Sketch the five basic diode connections (in circuit form) for the monolithic 
integrated circuits. Which will have the lowest forward voltage drop? Highest 
breakdown voltage? 

15-10 If the base sheet resistance can be held to within +10 percent and resistor 
line widths can be held to +0.1 mil, plot approximate tolerance of a diffused resistor 
as a function of line width w in mils over the range 0.5 < w < 5.0. (Neglect contact- 
area and contact-placement errors.) 

15-11 A 1-mil-thick silicon wafer has been doped uniformly with phosphorus to a 
concentration of 10'* cm~*, plus boron to a concentration of 2 X 10'S cm. Find its 
sheet resistance. 

15-12 a. Calculate the resistance of a diffused crossover 4 mils long, 1 mil wide, 
and 2 microns thick, given that its sheet resistance is 2.2 2/square, 

b. Repeat part a for an aluminum metalizing layer 0.5 micron thick of resistivity 
2.8 X 10-§Q-em. Note the advantage of avoiding diffused crossovers. 


e 
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15-13 a, What is the minimum number of isolation regions required to realize in 
monolithic form the logic gate shown? 
b. Draw a monolithic layout of the gate in the fashion of Fig. 15-246. 


Prob. 15-13 


15-14 Repeat Prob, 15-13 for the difference amplifier shown. 


Prob, 15-14 


15-15 For the circuit shown, find (a) the minimum number, (b) the maximum 
number, of isolation regions. 


Prob. 15-15 


15-16 For the circuit shown, (a) find the minimum number of isolation regions, 
and (6) draw a monolithic layout in the fashion of Fig. 15-25, given that (i) Q1, Q2, 
and Q3 should be single-base-stripe, 1- by 2-mil emitter transistors, (ii) Ri = Ry = 
R; = 400 2, Ry = 600 2. Use 1-mil-wide resistors. 


Prob, 15-16 


15-17 An integrated junction capacitor has an area of 1,000 mils* and is operated 
at a reverse barrier potential of 1 V. The acceptor concentration of 10!* atoms/cm? is 
much smaller than the donor concentration. Calculate the capacitance. 

15-18 A thin-film capacitor has a capacitance of 0.4 pF/mil*, The relative 
dielectric constant of silicon dioxide is 3.5. What is the thickness of the SiO, layer in 
angstroms? 

15-19 The n-type epitaxial isolation region shown is 8 mils long, 6 mils wide, and 
1 mil thick and has a resistivity of 0.1 Q-em. The resistivity of the p-type substrate is 
102-cm. Find the parasitic capacitance between the isolation region and the substrate 
under 5-V reverse bias. Assume that the sidewalls contribute 0.1 p¥/mil*. 


p’ isolation diffusion 


Zo {x 10m") 


Prob. 15.19 gangs 
Perea, wiiend Bam pple 


n-type isolation region 
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Nore: In the problems that follow indicate your answer by giving the letter of the 
statement you consider correct. 

15-20 The typical number of diffusions used in making epitaxial-diffused silicon 
integrated circuits is (@) 1, (6) 2, (c) 3, (d) 4, (e) 5. 

15-21 Repeat Prob. 15-20 for silicon MOS integrated circuits. 

15-22 Epitaxial growth is used in integrated circuits (Cs) 

a. To grow selectively single-crystal p-doped silicon of one resistivity on a p-type 
substrate of a different resistivity. 

6. To grow single-crystal n-doped silicon on a single-crystal p-type substrate. 

c. Because it yields back-to-back isolating p-n junctions. 

d. Because it produces low parasitic capacitance. 

15-23 Silicon dioxide (SiOz) is used in [Cs 

a. Because it facilitates the penetration of diffusants. 

b. Because of its high heat conduction. 

c. To control the location of diffusion and to protect and insulate the silicon 
surface. 

d. To control the concentration of diffusants. 

15-24 The p-type substrate in a monolithic circuit should be connected to 

a, The most positive voltage available in the circuit. 

b. The most negative voltage available in the circuit. 

ce. Any de ground point. 

a. Nowhere, i.e., be left floating. 

15-25 Monolithic integrated-circvit systems offer greater reliability than discrete- 
component systems because 

a. There are fewer interconnections. 

b. High-temperature metalizing is used. 

c. Electric voltages are low. 

d. Electric elements are closely matched. 

15-26 The collector-substrate junction in the epitaxial collector structure is, 
approximately, 

a, An abrupt junction. 

6. A linearly graded junction. 

c. An exponential junction. 

d. None of the above. 

15-27 The sheet resistance of a semiconductor is 

a, An undesirable parasitic element. 

b. An important characteristic of a diffused region, especially when used to form 
diffused resistors. 

c. A characteristic whose value determines the required area for a given value of 
integrated capacitance. 

d. A parameter whose value is important in a thin-film resistance. 

15-28 Isolation in /Cs is required 

a. To make it simpler to test circuits. 

b. To protect the components from mechanical damage. 

c. To protect the transistor from possible “thermal runaway.” 

d. To minimize electrical interaction between circuit components. 

15-29 Almost all resistors are made in a monolithic JC 

a. During the emitter diffusion. 

6. While growing the epitaxial layer. 
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c. During the base diffusion. 

d. During the collector diffusion. 

15-30 Increasing the yield of an integrated circuit 

a. Reduces individual circuit cost. 

b. Increases the cost of each good circuit. 

c. Results in a lower number of good chips per wafer. 

d, Means that more transistors can be fabricated on the same size wafer. 

15-31 In a monolithic-type JC 

a. Most isolation problems are eliminated. 

b, Resistors and capacitors of any value may be made. 

c. All components are fabricated into one piece of material. 

d. Each transistor is diffused into a separate isolation region. 

15-32 The main purpose of the metalization process is 

a. To interconnect the various circuit elements. 

b. To protect the chip from oxidation. 

c. To act as a heat sink. 

d. To supply a bonding surface for mounting the chip. 

15-33 The presence of a positive-charge layer on the surface of an oxide-coated 
wafer may cause inversion of the wafer if the material is 

a, Lightly doped n type. 

b. Heavily doped n type. 

ce. Lightly doped p type. 

d, Heavily doped p type. 


CHAPTER 16 


16-1 a. To show the effect of phase shift on the image seen on a cathode-ray 
screen, consider the following: The sinusoidal voltages applied to both sets of plates 
should be equal in phase and magnitude so that the maximum displacement in either 
direction on the screen is 2 in. Because of frequency distortion in the horizontal 
amplifier, the phase of the horizontal voltage is shifted 5° but the magnitude is changed 
inappreciably. Plot to scale the image that actually appears on the screen, and compare 
with the image that would be seen if there were no phase shift. 

d. If the phase shift in both amplifiers were the same, what would be seen on the 
cathode-ray screen? 

16-2 The input to an amplifier consists of a voltage made up of a fundamental 
signal and a second-harmonic signal of half the magnitude and in phase with the funda- 
mental. Plot the resultant. 

The output consists of the same magnitude of each component, but with the 
second harmonic shifted 90° (on the fundamental scale). This corresponds to perfect 
frequency response but bad phase-shift response. Plot the output and compare it 
with the input waveshape. 

16-3 Verify Eqs. (16-5) and (16-6). 

16-4 It is desired that the voltage gain of an RC-coupled amplifier at 60 Hz 
should not decrease by more than 10 percent from its midband value. Show that the 
coupling capacitance must be at least equal to 5.5/R’, where R’ = Ry, + Rj is expressed 
in kilohms. 

16-5 An RC-coupled amplifier stage uses a 12AX7 tube (Table 7-1) with R, = 15, 
R, = 1M, C, = 0.02 uF, and C, = 50 pF. Evaluate (a) f;, (0) fz, (c) the midband 
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voltage gain in decibels, (d) the phase shift at 20 Hz, (e) the phase shift at 200 
kHz. 

16-6 An RC-coupled amplifier stage uses a FET with » = 70, ra = 44 K, 
Ra = 50 K, and R, = 1M. Assume a total shunting capacitance of 100 pF. Find 
(a) the midband amplification in decibels, (6) fs, (c) Cs if f: = 50 Hz. 

16-7. The bandwidth of an amplifier extends from 20 Hz to 20 kHz. Find the 
frequency range over which the voltage gain is down less than 1 dB from its midband 
value. 

16-8 Prove that over the range of frequencies from 10f, to 0.1f2 the voltage ampli- 
fication is constant to within 0.5 percent and the phase shift to within +0.1 rad. 

16-9 a. Verify Eq. (16-19) for the maximum 3-dB frequency of a CE stage in an 
infinite cascade of stages. 

b. Find the value of (f2)msx for the typical transistor whose parameters are given 
on page 370. 

16-10 The transistor whose parameters are given on page 370 is used in a cascade 
of identical CE stages. A gain of 15 per stage is desired. Evaluate R, and f2. 

16-11 A 2N1141 transistor whose parameters at Jz = 10 mA and Vcs = 10 V 
are ry = 80 2, ry, = 100 2, C. = 1.5 pF, and C, = 85 pF is used in an infinite CE 
cascade. For each stage find (a) fr, (b) (Re)op: and the corresponding |Aofz|, (c) fz for 
A, = 10, (d) fs for R. = 2 K, (e) the maximum possible value of f. 

16-12 For the amplifier of Prob. 16-11, find the gain if a rise time of 20 nsec/stage 
is desired. 

16-13 Consider an infinite cascade of CE stages, using 2N247 transistors whose 
parameters are gy, = 0.39 mA/V, gm = 54mA/V, my = 452, C, = 780 pF, and 
C. = 3.5 pF. 

a. Find the load resistance (R.)op¢ for which the gain-bandwidth product |A,f,| isa 
maximum, 

b. Find |A.f2| for R, = 100 Q, 1 K, 10 K, and (Re)ops- 

16-14 For the amplifier of Prob. 16-13, find the values of R. and A, which will 
give a rise time of 1 psec/stage. 

16-15 For a cascade of CE stages, find the asymptotic values of A., fz, and 
|A.fs| as R,—+ «©. For the typical transistor whose parameters are given on page 370, 
evaluate these quantities. 

16-16 Verify Eq. (16-17) for (R.)op- What is the significance of a value of z 
which is less than unity? 

16-17 An ideal 1-ysee pulse is fed into an amplifier. Plot the output if the band- 
pass is (a) 10 MHz, (6) 1.0 MHz, and (c) 0.1 MHz. 

16-18 a. Given a single-stage RC-coupled FET or tube amplifier with C, = 0.2 uF, 
R, = 0.5 M, and an output-circuit resistance R, = 3 K. Calculate the percentage tilt 
in the output if the input is a 100-Hz square wave. 

b. Repeat part a for a transistor stage with C, = 10 uF, Ri = 2 K, and R, = 3 K. 

c. For each amplifier, what is the lowest-frequency square wave which will suffer 
less than a 1 percent tilt? 

16-19 a. Prove that the response of a two-stage (identical) amplifier to a unit 
step is 

v, = Aol — (1 + ze] 


where A, is the midband gain and x = t/R2C:. 
b. For ¢ < R:C:2, show that the output varies quadratically with time. 


_—— eae , a 
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16-20 If the upper 3-dB frequency of a single stage is fz and the rise time of a 
two-stage amplifier is 4, show that fot,“ = 0.53. Hint: Use the result given in 
Prob. 16-19. 

16-21 If two cascaded stages have very unequal bandpasses, show that the com- 
bined bandwidth is essentially that of the smaller. 

16-22 Three identical cascaded stages have an overall upper 3-dB frequency of 20 
kHz and a lower 3-dB frequency of 20 Hz. What are fi and fz of each stage? 

16-23 A two-stage FET RC-coupled amplifier has the following parameters: 
gm = 10 mA/YV, ra = 5.5 K, Ra = 10 K, R, = 0.5 M, and C, = 50 pF for each stage. 

a. What must be the value of C, in order that the frequency characteristic of each 
stage be flat within 1 dB down to 10 Hz? 

b. Repeat part a if the overall gain of both stages is to be down 1 dB at 10 Hz. 

c. At what high frequency is the overall gain down 1 dB? 

d. What is the overall midband voltage gain? 

16-24 A three-stage RC-coupled amplifier uses field-effect transistors with the 
following parameters: gm = 2.6 mA/V, re = 7.7 K, Ra = 10 K, R, = 0.1 M, C, = 0.005 
uF, and C, = 60 pF for each stage. Evaluate (a) the overall midband voltage gain in 
decibels, (b) fi, (c) the overall lower 3-dB frequency, (@) f2, (@) the overall upper 3-dB 
frequency. 

16-25 Given two RC-coupled stages connected as shown and using a 12AU7 
double-triode tube. The circuit parameters are: quiescent current = 10 mA, gm = 22 
mA/V, rp = 7.7 K, Cp = 1.5 pF, Cy = 1.6 pF, Cpe = 0.5 pF, and shunt wiring 
capacitance per stage = 20 pF. Find (a) the resistance R,, (b) the midband gain of 
each stage and the overall gain, (c) the input capacitance, (d) fi, (e) fs for each stage. 
Why do the two stages have different values of fz whereas f: is the same for both stages? 
(f) How are the foregoing results modified if the output is observed on an oscilloscope 
whose input impedance is a 1-M resistance in parallel with a 20-pF capacitance? 


16-26 An RC-coupled amplifier uses a 6AK5 pentode stage (gm = 5.1 mA/V and 
C.+ 0; =68pF). If R, = 1M, C= 0.01 »F, and a voltage gain of 15 per stage 
is desired, calculate (assume that stray wiring capacitance from signal lead to ground 
in each stage is 10 pF) (a) Ry, (6) fi, (©) fe 

If 6CG7 (Table 7-1) triode tubes are used instead of the pentodes, repeat parts 
atoc. Assume C,, = 3.9 pF, Cy = 2.4 pF, and Cx = 0.7 pF. 

16-27 A tube amplifier consists of two identical stages. The total effective shunt 
capacitance across each stage is the same and is equal to 20 pF. The 3-dB bandwidth 
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of the complete amplifier is 10 MHz. If the tubes used have gn = 10 mA/Y, find the 
gain of the complete amplifier. 

16-28 A pentode amplifier consists of two identical stages. The total effective 
shunt capacitance across each stage is the same and is equal to 20 pF. The circuit 
parameters are gn = 10 mA/V, r, = 1 M, R, = 2.5 K, R, = 1 M, and C, = 0.5 uF. 
Calculate for the overall amplifier (a) the gain, (b) the rise time, (c) the frequency of a 
square-wave signal which will suffer a 10 percent tilt when transmitted through this 
amplifier. 

16-29 a. Show that the relative voltage gain of an amplifier with an emitter resis- 
tor R, bypassed by a capacitor C, may be expressed in the form 


Ar_ 1+joR0, 
A. B+ jwoRC, 
where B = 1+ R’/R, R' = R(1 + hy), and R = RB, + hie. 
b. Prove that the lower 3-dB frequency is 
VB-2 
RC, 
What is the physical meaning of the condition B < 2? 
c. If B > 1, show that f, ~ f,, the pole frequency as defined in Eqs. (16-35). 


16-30 a. For the circuit of Fig. 16-15, with a bypassed cathode resistor, verify 
that the gain is 


i= 


—gnRr 
1+ gmZx 


where Z, is the parallel impedance of R, and C,. 

6. Prove that the midband gain is A, = —gmRx. 

¢. Verify Eq. (16-38) for Ay/A.. 

16-31 A pentode amplifier stage has the following parameters: g, = 5 mA/V, 
Ri = 2K, Ry = 1002, C, = 500 uF, C, = 0.25 uF, and R, = 0.5M. If a 200-Ha 
square wave is applied to the input, find the percentage tilt in the output waveform. 

16-32 Find the percentage tilt in the output of a transistor stage caused by & 
capacitor C, bypassing an emitter resistor R,. Use the following method: If V is the 
magnitude of the input step, then from Fig. 16-13b (and using lowercase letters for 
instantaneous values), 


Ay= 


Va, 


% = —hyisR. = —hyR. R 


where R=R, +h. Take as a first approximation v., = 0. Calculate the corre- 
sponding current, and assuming that all the emitter current passes through C,, calculate 
Un, and then show that 


v= — RV [: _ A+ hydt 
4 R RC. 


From this result verify Eq. (16-37). 


a 


Chap. 17 PROBLEMS / 717 


16-33 a. Find the noise bandwidth B for an amplifier for which Av. = 1, 
fi = 0 Hz, and 


1 
oD = GT 


b. Compute B if f. = 10 kHz. 

16-34 a. Find the mean-square value V,’ of the output noise voltage for the cir- 
cuit shown, The circle represents a generator supplying Johnson noise to the RC 
combination. 

b. Prove that 


ACV. = kT 
This result is known as the equipartition theorem. 


Prob, 16-34 R 


CHAPTER 17 


17-1 For the circuit shown in Fig. 17-26, with R, = 4 K, Rx = 4K, Ry = 20K, 
R, = 1 K, and the transistor parameters given in Table 11-2, find 

a. The current gain J,/I,. 

b. The voltage gain V./V., where V, = .R,. 

c. The transconductance J,/V.. 

d. The transresistance V./I,. 

e. The input resistance seen by the source. 

f. The output resistance seen by the load. 
Make reasonable approximations. Neglect all capacitive effects. 

17-2 Repeat Prob. 17-1 for the circuit shown, with g, = 5 mA/V and rz = 100 K 


Voo 


R,=9.1K 


i 
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17-3 a, For the circuit shown in Fig. 17-7c, find the ac voltage V; as a function of 
V. and V,;, Assume that the noninverting amplifier input resistance is infinite, that 
A = Ay = 1,000, 8 = V,/V, = 1/100, R, = R. = R. = 1 K, hye = 1 K, and hy. = 100. 

6, Find Ay, = V/V, = AVi/V.. 

17-4 Repeat Prob, 17-3 for the circuit of Fig. 17-7d, with R, = 0, Ra = Res = 1K, 
and R,=10 K. Assume that the transistors are identical and that he = 1 K, 
hye = 100, hye = 0, and 1/hoe = 40 K. : 

17-5 An amplifier consists of three identical stages connected in cascade. The 
output voltage is sampled and returned to the input in series opposing. If it is specified 
that the relative change dA,/A, in the closed-loop voltage gain A, must not exceed 
W,, show that the minimum value of the open-loop gain A of the amplifier is given 
by 


wv, 


where V, = dA,/A, is the relative change in the voltage gain of each stage of the 
amplifier. 

17-6 An amplifier with open-loop voltage gain Ay = 1,000 + 100 is available. 
It is necessary to have an amplifier whose voltage gain varies by no more than +0.1 
percent. 

a. Find the reverse transmission factor 8 of the feedback network used. 

b. Find the gain with feedback. 

17-7 An amplifier without feedback gives a fundamental output of 36 V with 
7 percent second-harmonic distortion when the input is 0.028 V. 

a. If 1.2 percent of the output is fed back into the input in a negative voltage-series 
feedback circuit, what is the output voltage? 

6. For an output of 36 V with 1 percent second-harmonic distortion, what is the 
input voltage? 

17-8 An amplifier with an open-loop voltage gain of 1,000 delivers 10 W of output 
power at 10 percent second-harmonic distortion when the input signal is 10 mV. If 
40 dB negative voltage-series feedback is applied and the output power is to remain 
at 10 W, determine (a) the required input signal, (b) the percent harmonic 
distortion. 

17-9 A single-stage RC-coupled amplifier with a midband voltage gain of 1,000 is 
made into a feedback amplifier by feeding 10 percent of its output voltage in series with 
the input opposing. 

a. As the frequency is varied, to what value does the voltage gain of the amplifier 
without feedback fall before the gain of the amplifier with feedback falls 3 dB? 

6. What is the ratio of the half-power frequencies with feedback to those without 
feedback? 

ce. If f; = 20 Hz and f2 = 50 kHz for the amplifier without feedback, what are the 
corresponding values after feedback has been added? 

17-10 Assume that the parameters of the circuit are rz = 10 K, R, = 1M, 
R, = 400, Re = 50 K, and gx = 6 mA/V. Neglect the reactances of all capacitors. 
Find the voltage gain and output impedance of the circuit at the terminals (a) AN, 
(b) BN. 


Chap, 17° 


Prob. 17-10 


17-11 Prove that for voltage-series feedback, with 2, = 0, 
Ay =Ar 


Hint: Ay = AsR1/Ri. hat ! 
17-12 The circuit shown represents a de feedback amplifier consisting of a differ- 
ential input pair Q1-Q2 followed by two stages, Q3 and Q4. 
All transistors are identical, and their parameters are 


hie =1K Ae = 10 pmhos hire = 2.5% 1074 hye = 100 


Prob. 17-12 
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Make reasonable approximations resulting in errors of no more than 10 percent. Com- 
pute the following quantities at low frequencies: 

a. The difference gain A, and common-mode gain A. for the differential amplifier 
defined by the equation 


uty, 
2 


1 = Aa(v; — »,) + Ae 


Make use of the symmetry of the circuit (Sec. 12-12). 

b, — od and A = »,/m. Assume that Q3 does not load the 10-K resistance. 

c. Vv = 0o/0,. 

17-13. The transistors in the feedback amplifier shown are identical, and their h 
parameters are as given in Table 11-2. Make reasonable approximations whenever 
ested and neglect the reactance of the capacitors. 

a. With switch S in position A, calculate R; = Vj/I;, Ar = —I/I =V. 
Sy. 2 VV aa a W/Ts, Ar /Ti, Av AS Vis 

b. Repeat part a with switch S in position B. 


Prob. 17-13 


’ W-14 A modified second-collector to first-emitter feedback pair is shown with de 
biasing omitted for simplicity. All transistors are identical. Neglecting hr, hrs, hoe 
hes, and assuming that hy. > 1, hp: > R, + hie, and Rz > has, show that 

a. The voltage gain Ay = V./V; = R2/Ry. 
6. The output resistance R, = R.||(R2/hy)- 


Chop. 177 


Prob. 17-14 


17-15 Consider the transistor stage of Fig. 17-21a. 
a. Neglecting h,. and ho. and assuming that hy. > 1, show that the voltage gain is 


ae —h, Rr 
Ve, Ret hie + hye 


b. If the relative change dA,/A, of the voltage gain A, must not exceed a speci- 
fied value V, due to variations of hy., show that the minimum required value of the 
emitter resistor R, is given by 


Rat hie (dhy/ hse _ 
a the (gt 1 


17-16 Find an expression for the output resistance of the transistor amplifier stage 
shown in Fig. 17-2la, using Eq. (17-32). The result should be identical with Eq. 
(12-51), with h,. = 0. 

17-17 Verify Eq. (17-32) for the output resistance of the current-series feedback 
amplifier of Fig. 17-19 by the following method: Let V. = 0, apply a voltage V to the 
output, and calculate the current J drawn from V. Then Roy = V/I. 

17-18 In the two-stage feedback amplifier shown, the transistors are identical and 
have the following parameters: hy. = 50, hie = 2 K, hive = 0, and hoe = 0. Calculate 
(a) Ay = Vi/Vi, (6) Ri, (c) Av = V./Vi, (d) Av; = Vo/V.. (e) Evaluate Av, 
from Eq. (17-49). Compare with the result obtained in part d. 


As;= 


Prob. 17-18 
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17-19 Repeat Prob. 17-18 for the amplifier shown. 


Prob. 17-19 


17-20 a. Verify Eq. (17-53). 

b. Evaluate R., for the voltage-shunt feedback circuit discussed in the example of 
See. 17-9. 

17-21 For the transistor feedback-amplifier stage shown, hy. = 100, hie = 1 K, 
while h,. and h,.are negligible. Determine with R. = 0 the following: (a) Av = V./Vi 
(b) Avs = Vo/Vs, (c) Ris, (d) Roy. (e) Repeat the four preceding calculations if 
R,=1K. 


Prob. 17-21 


17-22 The transistors in the feedback amplifier shown are identical, and their h 
parameters are given in Table 11-2. Make reasonable approximations where appro- 
priate, and neglect the reactances of the capacitors. With the switch open, (a) calculate 
Ri, Ar = —I./I;, Av = Vo/Vi, Ave = Vo/V., and R,. (6) Repeat part a with the 
switch closed. 


Prob. 17-22 


17-23 Let hy. of Q1 and Q2 of Prob. 17-22 increase to 100. If all other parameters 
remain constant, compute R;, A;, Ay, Av,, and R, with the switch closed. 
17-24 For the circuit shown, prove that 


LA Rr 


Ay == 


¥,—, Bs ESE.) z) 


17-25 For the CB feedback amplifier shown, assume that ha = 0, hs = 0, and 
he = 0. 


a. Prove that 
tuk 
Ry 
Obs ES 
7 Sag igen 
R. R; 
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ae 


b. For a specified value of Ay,, show that 


a ha) ]} 
Rh ee 1 Ar [+ 0) pth 


17-26 a. Prove that the circuit shown is another equivalent circuit of the opera- 
tional amplifier of Fig. 17-266, where 
¥ 
e338 
Yee ve 
and 
-y 
on = 
Y'+Y+yY; 
Hint: Use the principle of superposition. 
6. Show that 
Ve _ _ YAv/(¥'+¥ + Ya 
VY. 1-Y'Ar/(¥'+¥+¥) 
where Ay = V./V;. 
c. Show that Ay, in part b reduces to Eq. (17-56). 


B 


Avs = 


Prob. 17-26 


17-27. The differential-input operational amplifier shown consists of a base 
amplifier with infinite gain. Terminals 1 and 2 are inverting and noninverting, respec- 
tively. (The output at 4 is in phase with the input at 2.) Show that 


Hint: Vi = Vi = 0. Why? 


Prob, 17-27 Prob, 17-28 


17-28 The differential-input operational amplifier shown consists of a base 
amplifier of infinite gain. Terminals 1 and 2 are inverting and noninverting, respec- 
tively. Show that 


acl 
ek ee) 


17-29 Repeat Prob. 17-28 for the amplifier shown, where V, is the differential 
output. 


Prob, 17-30 


17-30 In the base differential-input amplifier of the circuit shown, 1 and 2 are 
inverting and noninverting terminals, respectively. Assuming infinite input resistance, 
zero output resistance, and finite gain A, 

a. Obtain an expression of the gain Ay, = V./V,. 

b. Show that Tira Ayj=ntl. 


17-31 Derive the exact formula (17-56) for the voltage gain of an operational 
amplifier from the equivalent circuit of Fig. 17-28. 

17-32 Design an operational amplifier whose output (for a sinusoidal signal) is 
equal in magnitude to its input and leads the input by 45°. 

17-33 Consider a single-stage operational amplifier with a gain of —100. If 
Z = Rand Z' = —jXc, with R = Xe, calculate the gain as a complex number. 
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17-34 Given an operational amplifier consisting of R and L in series for Z, and 
C for Z'. Ifthe inputis a constant V, find the output v, as a function of time. Assume 
an infinite open-loop gain. 

17-35 For the circuit shown, prove that the output voltage is given by 


_ 2s BLA Feb 
u- Bo+ (ne+E)+u0% 


yh eS 


R Prob. 17-35 


c 


17-36 Given an operational amplifier with Z consisting of a resistor 2 in parallel 
with a capacitor C, and Z’ consisting of a resistor R’. The input is a sweep voltage 
v=at. Prove that the output is a sweep voltage that starts with an initial step. 
Thus show that 


R 
aa = awe 
Vo aR'C -— a R ie 
Assume an infinite open-loop gain. 

17-37 Given an operational amplifier with infinite open-loop gain consisting of a 
100-K resistance for Z and a series combination of a 50-K resistance and a 0.001-nF 
capacitance for Z’. If the capacitor is initially uncharged, and if at ¢ = 0 the input 
voltage v, = 10e~*", with r = 5 X 10~‘ sec, is applied, find »,(t). 

17-38 Sketch an operational amplifier circuit having an input » and an output 
which is approximately —5v — 3dv/dt. 

17-39 a. The input to the operational integrator of Fig. 17-30 is a step voltage of 
magnitude V. Prove that the output is 


v, = AV(1 — e-treti-a)) 


b. Compare this result with that obtained if the step voltage is impressed upon a - 


simple RC integrating network (without the use of an amplifier). Show that, for 
large values of RC, both solutions represent a voltage which varies approximately 
linearly with time. Verify that if A > 1, the slope of the ramp output is approximately 
the same for both circuits. Also prove that the deviation from linearity for the ampli- 
fier circuit is 1/(1 — A) times that of the simple RC circuit. 

17-40 a. The input to an operational differentiator whose open-loop gain A is 
finite is a ramp voltage »v = at. Show that the output is 


%. = 


a — ett-a 
7aa aRC(1 — € RC) 
6. Compare this result with that obtained if the same input is impressed upon a 
simple RC differentiating network (without the use of an amplifier). Show that, 
approximately, the same final constant output RC dv/dt is obtained. Also show that 
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the operational-amplifier output reaches this correct value of the differentiated input 
much more quickly than does the simple RC circuit. 

17-41 Given an operational amplifier with Z consisting of R in series with C, and 
Z' consisting of R’ in parallel with C’. The input is a step voltage of magnitude V. 

a. Show by qualitative argument that the output voltage must start at zero, reach 
& maximum, and then again fall to zero. 

6. Show that if R’C’ + RC, the output is given by 

= we HRC — the’ 
ee es 

17-42 Sketch in block-diagram form a computer, using operational amplifiers, to 

solve the differential equation 


© + 0.50 +0. sin wt = 0 


An oscillator is available which will provide a signal sin wt. Use only resistors and 
capacitors, 

17-43 Set up a computer in block-diagram form, using operational amplifiers, to 
solve the following differential equation: 


Gy ty _ Wig 
etme Sait 2320 


where 


dy dy 
wo=o S| --2 ond Stl =3 
Assume that a generator is available which will provide the signal x(t). 

17-44 An operational amplifier has a base amplifier whose unloaded open-loop 
gain and impedance are A, and Z,, respectively. These are the values of gain and out- 
put impedance with the impedance Z’ omitted. Assume zero input admittance. 

a. Draw the equivalent circuit of the operational amplifier. Include an external 
impedance Zz across the output terminals. 

b. Find the expression for the ratio V./V; which gives the gain without feedback 
but with the amplifier loaded with Z’. 

c. From part b deduce that the open-loop loaded gain A and output impedance Z), 
(with the base amplifier loaded by Z’) are given by 


2! +2./ A az! 
A = A,———— id = 
es he oF aeae 
Hint: Write 
Vo _AZi_ 
Vi Z1+Z, 


d. Find the expression for V./V, which gives the gain with feedback. Write 
Vo _ _AvjZr 


Ve ZutZey 
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and prove that Av, is given by Eq. (17-56) and that the output impedance with feed- 
back Z., is given by 


tm ee aN 
1—AZ/(Z+2) 


17-45 Prove that the polar plot of the loop gain of an RC-coupled amplifier is a 
circle in the complex plane located as in Fig. 17-35. 

17-46 a. The possibility of oscillation is to be avoided in the three-stage RC-cou- 
pled amplifier of Prob. 17-10. Prove that the midband loop gain must be kept below 8. 

b. What is the maximum possible value of R, if all other component values are as 
specified in Prob. 17-10? 

17-47 Verify Eq. (17-64) for the feedback factor of the phase-shift network of 
Fig. 17-39, assuming that this network does not load the amplifier. Prove that the 
phase shift of V./V; is 180° for a? = 6 and that at this frequency 8 = zy. 

17-48 a. For the network of Prob. 17-47, show that the input impedance is given 
by 


Zor 


1 — 5a* — j(6a — a*) 
3 — a? — j4a 


b. Show that the input impedance at the frequency of the oscillator, a = V6, is 
(0.83 — 2.70)R. 

Note that if the frequency is varied by varying C, the input impedance remains 
constant. However, if the frequency is varied by varying R, the impedance is varied 
in proportion to R. 

17-49 Design a phase-shift oscillator to operate at a frequency of 5kHz. Use 
one of the triodes in Table 7-1. The phase-shift network is not to load down the 
amplifier. 

a. Which tubes in Table 7-1 cannot be used? 

6. Find the minimum value of the plate-circuit resistance R, for which the circuit 
will oscillate. 

c. Find the product RC. 

d. Choose a reasonable value for R, and find C. 

17-50 a. A two-stage FET oscillator uses the phase-shifting network shown. 
Prove that 


Vo 1 
Vi 3+ j(oRC — 1/wRC) 


Z=R 


b. Show that the frequency of oscillation is f = 1/2RC and that the gain must 
exceed 3. 


Prob. 17-51 
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17-51 a, Find V,/V; for the network shown. 

6. Sketch the circuit of a phase-shift oscillator, using this feedback network. 

c. Find the expression for the frequency of oscillation, assuming that the network 
does not load down the amplifier. 

d. Find the minimum gain required for oscillation. 

17-52 Consider the two-section RC network shown. Find the V,/V; function, 
and verify that it is not possible to obtain 180° phase shift with a finite attenuation. 


Prob. 17-52 c ig 
V; R R Vv 


17-53 For the feedback network shown find (a) the transfer function, (b) the 
input impedance. (c) If this network is used in a phase-shift oscillator, find the fre- 
quency of oscillation and the minimum amplifier voltage gain. Assume that the net- 
work does not load down the amplifier. 


+ R R R + 
Prob. 17-53 i 


17-54 Take into account the loading of the RC network in the phase-shift oscilla- 
tor of Fig. 17-39. If R, is the output impedance of the amplifier (assume that C, is 
arbitrarily large), prove that the frequency of oscillation f and the minimum gain A are 
given by 


1 1 R, R.\ 
feo oe, aoe SE i 5) baa ae =] 
I” ee ES + mF +4(#) 


17-55 For the FET oscillator shown, (a) find V./V;, (b) the frequency of oscilla- 
tions, (c) the minimum gain of the source follower required for oscillations. 


Prob. 17-55 
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17-56 Verify Eqs. (17-65) and (17-66) for the transistor phase-shift oscillator of 
Fig. 17-40. 

17-57 Apply the Barkhausen criterion to the tuned-plate oscillator, and verify 
Eqs. (17-67) and (17-68). 

17-58 a. At what frequency will the circuit shown oscillate, if at all? 

6, Find the minimum value of 2 needed to sustain oscillations. The FETs are 
identical with gz = 1.6 mA/V and rg = 44 K. 

Hint; Assume a voltage V from gate G, of Q1 to ground but with the point G’ not 
connected to the gate G;. Calculate the loop gain from the equivalent circuit, 
obtained by looking into each source. 


Prob. 17-58 


17-59 In the cathode-coupled oscillator circuit shown, Z represents a parallel 
RLC combination. Assume that R;, R,, and C; are arbitrarily large. 

a. At what frequency will the circuit oscillate, if at all? 

b. Prove that the minimum value of R is 2r,/(u — 1) ~ 2/gm if the circuit 
is to oscillate. 

Hint: Assume a voltage V from the grid @, of V2 to ground, but with the point 
@ not connected to the grid Gz. Calculate the loop gain from the equivalent circuit, 
obtained by looking into each cathode. 


Prob. 17-59 
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17-60 In the circuit of Prob. 17-59, the impedance Z consists of an inductor L in 
parallel with a capacitance C. The series resistance of the inductor is r. Prove that 
the frequency of oscillation is given by 


and the minimum transconductance is given by 


2urC 
(uw - )L 


17-61 Verify Eq. (17-69) by the two methods outlined in the text. 

17-62. a. Consider a vacuum-tube Colpitts oscillator, taking into account the 
resistance r in series with the inductor L. Prove that the frequency of oscillation is 
given by 


Licked r 
ns aa _ _ 
“-tlatal+))| 


b. If r/r <1, prove that the minimum transconductance is given by 


— THOACs + C2) 
L(uC'2 — C1) 


17-63 a. Consider the Hartley oscillator of Fig. 17-43a, with the addition of a 
cathode resistor Ry. If the resistances of the inductors are r; and rs, respectively, find 
the frequency of oscillation. 

6. Find the value of Rx for which the loop gain will just equal unity. 

17-64 The Hartley oscillator of Fig. 17-43a is modified by placing C3; across 
L, and by allowing a mutual inductance M between L, and Ly. Find the frequency of 
oscillation. 

17-65 a. Verify Eq. (17-75) for the reactance of a crystal. . 

b. Prove that the ratio of the parallel- to series-resonant frequencies is given 
approximately by 1 + 4C/C’. 

c. If C = 0.04 pF and C’ = 2.0 pF, by what percent is the parallel-resonant fre- 
quency greater than the series-resonant frequency? 

17-66 A crystal has the following parameters: L = 0.33 H, C = 0.065 pF, 
C’ = 1.0 pF, and R = 5.5 K. 

a. Find the series-resonant frequency. 

b. By what percent does the parallel-resonant frequency exceed the series-resonant 
frequency? 

c. Find the Q of the crystal. 


In = 


CHAPTER 18 


18-1 a. Nonlinear distortion results in the generation of frequencies in the output 
that are not present in the input. If the dynamic curve can be represented by Eq. 
(18-6), and if the input signal is given by 

z = X1 cos wt + X2 cos wet 


show that the output will contain a de term and sinusoidal terms of (angular) frequency 
@1, W2, 201, 2w2, wr + we, and a — we. 
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6. Generalize the results of part a by showing that if the dynamic curve must be 
represented by higher-order terms in z, the output will contain intermodulation fre- 
quencies, given by the sum and difference of integral multiples of w; and w», for example, 
2, + 2ws, 2w1 + we, Bw + we, ete. 

18-2 A type 6L6 tube (Fig. D-7) is operated as a triode with a load resistance of 
2 K and a plate supply of 300 V. The grid bias is —15 V, and the peak grid signal is 
15 V. 

a. What is the fundamental current output? 

6. What is the percent second-harmonic distortion? 

c. What is the direct current? 

18-3 A 6CG7 (Table 7-1 and Fig. D-2) is to be operated from a plate supply volt- 
age of 240 V. A voltage gain of approximately 10 is desired. The peak-to-peak 
2,000-Hz sinusoidal input voltage is 12 V. If the grid is never to swing positively, 
specify (a) the load resistance, (6) the bias voltage, (c) the quiescent current, (d) the 
percent second-harmonic distortion, (e) the fundamental voltage and power gains. 

18-4 A transistor supplies 0.85 W to a 4-K load. The zero-signal de collector 
current is 31 mA, and the de collector current with signal is 34 mA. Determine the 
percent second-harmonic distortion. 

18-5 The input excitation of an amplifier is z = X, sin wt. Prove that the 
output current can be represented by a Fourier series which contains only odd sine 
components and even cosine components. 

18-6 Supply the missing steps in the derivation of Eqs. (18-18). 

18-7 Obtain a five-point schedule for determining B,, B,, Bz, Bs, and B, in terms 
Of Imax, Z0.707, Te, 10.707, and Tin. 

18-8 A power triode feeds a load resistance Rz through an ideal transformer of 
turns ratio n. Assuming that the small-signal model is valid, show that the voltage 
gain is 

_ mpd 
m+ 
where 6 = Rz/r, 
» = amplification factor 
Ty = plate resistance of tube 

Show that for a fixed value of 6 and » the maximum gain is nu/2, and is obtained 
when the turns ratio is adjusted to equal 63. 

18-9 The p-n-p transistor whose input and output characteristics are given in 
Fig. 18-5 is used in the circuit of Fig. 18-4, with R, = 0 and Ri, = (N,/N;)*Rz = 10. 
The quiescent point is Jc = —1.1 Aand Vez = —7.5V. The peak-to-peak 2,000-Hz 
sinusoidal base-to-emitter voltage is 140 mV. 

a, What is the fundamental current output? 

b. What is the percent second-, third-, and fourth-harmonic distortion? 

c. What is the output power? 

d. What is the rectification component B, of the collector current? 

Neglect ‘any changes in the operating point. 

18-10 Verify the data plotted in Fig. 18-6 for R, = 20. 

18-11 For the operating conditions indicated in Fig. 18-5, calculate the funda- 
mental power P, for (a) Ri, = 5Q, (b) Ri, = 302. 

18-12 Repeat Prob. 18-9, but now assume a current drive (large R,) so that the 
base current is sinusoidal, with a peak-to-peak value of 30 mA. 


‘ 
.| 
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18-13 A power transistor operating class A in the circuit of Fig. 18-4 is to deliver 
a maximum of 5 W to a 4-2 load (R, = 4). The quiescent point is adjusted for 
symmetrical clipping, and the collector supply voltage is Vec = 20 V. Assume ideal 
characteristics, as in Fig. 18-10, with Visa = 0- 

a. What is the transformer turns ratio n = N2/N,? 

b. What is the peak collector current J,,? 

c. What is the quiescent operating point Ic, Vcz? 

d. What is the collector-circuit efficiency? 

18-14 A 6L6 power triode (Fig. D-7) operates at Ve = 250 V. The maximum 
allowable plate dissipation is 10 W. Calculate the power output and second-harmonic 
distortion for an effective load resistance R{, of (a) 3 K, (b) 7 K. 

18-15 Calculate the output power, the plate-circuit efficiency, and the percent 
second-harmonic distortion of a 6L6 connected as a triode (Fig. D-7) when supplying 
power to an effective 4,000-2 load from a 300-V supply, with Ve = —22.5 V, if (a) the 
load is series-fed, (6) the load is transformer-coupled to the tube. A 22.5-V peak sinus- 
oidal signal is impressed on the grid of the tube. 

18-16 Draw three transistor collector characteristics to correspond to base cur- 
rents Iz + Inn, Iz, 13 — sm. Draw the load line through the point ic = 0, vce = Veo, 
and the quiescent point is = In, ic = Ic, and vex = Vc. This corresponds to a series- 
fed resistance load. 

a. Assuming that the input signal is zero, indicate on the ic-vcx plane the areas that 
represent the total input power to the collector circuit, the collector dissipation, and 
the power loss in the load resistance. 

b. Repeat part a if the input signal is sinusoidal, with a peak value equal to Zim. 
Also, indicate the area that represents the output power. 

c. The ratio of what two areas gives the collector-circuit efficiency? : 

d. Repeat parts a to c for a shunt-fed load. Assume that the static resistance is 
small but not zero. 

18-17 A 6L6 is operated at the quiescent point Ve: = —14 V, Vp = 250 V, and 
Ver = 250 V. The peak grid swing is 14 V. Use Fig. 7-15. 

a, What must the load resistance be in order to eliminate second-harmonic 
distortion? 

b. For a load resistance of 2.5 K, calculate the percent third-harmonic distortion. 

18-18 A 6L6 (Fig. 7-15) operates at the quiescent point Ve: = —15 V, Vr = 
200 V, Vo: = 250 V. The grid signal is sinusoidal, with a peak value of 15 V. The 
load is shunt-fed. (a) Calculate the effective load resistance for which there will be 
zero second-harmonic distortion. With the load as determined in part a, calculate 
(b) the output power, (c) the power dissipated in the plate, (d) the plate-circuit efficiency. 

18-19 Verify the data plotted in Fig. 18-8 for (a) Ri =1 K, (b) R, =4 K. 

18-20 In a push-pull system the input (base current) to transistor QI is 2, = 
X,, cos wt, and the input to transistor Q2 is z: = —X,, cos wt. The collector current 
in each transistor may be expressed in terms of the input excitation by a series of the 
form 

te = Ie + aux + aet* + ast? + °° * 

a. With the aid of this series, show that the output current contains only odd 
cosine terms. 

b. Show that the collector supply current contains only even harmonics, in addition 
to a de term. 
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18-21 Prove, without recourse to a Fourier series, that mirror symmetry [Eq. 
(18-37)] exists in a push-pull amplifier. Start with i = (i, — 72) and make use of 
Eq. (18-34). 

18-22 A single transistor is operating as an ideal class B amplifier with a 1-K load. 
A de meter in the collector circuit reads 10 mA. How much signal power is delivered 
to the load? 

18-23 Given an ideal class B transistor amplifier whose characteristics are as in 
Fig. 18-12. The collector supply voltage Vcc and the effective load resistance RL = 
(N./N2)*Rx are fixed as the base-current excitation is varied. Show that the collector 
dissipation Pc is zero at no signal (V», = 0), rises as V, increases, and passes through 
@ maximum jgiven by Eq. (18-42)] at V,, = 2Vce/z. 

18-24 The idealized push-pull class B power amplifier shown in Fig. 18-11 has 
R: = 0, Vec = 20 V, N2 = 2.Ni, and Ry, = 20 Q, and the transistors have hrs = 20. 
The input is a sinusoid. For the maximum output signal at Vm = Vec, determine 
(a) the output signal power, (6) the collector dissipation in each transistor. 

18-25 The power transistor whose characteristics are shown in Fig. 18-5 is used 
in the class B push-pull circuit of Fig. 18-11, with R, = 0 and Vec = —20 V. If the 
base current is sinusoidal, with a peak value of 20 mA and Rt, = (N,/N2)?R, = 15 Q, 
ealeulate (a) the third-harmonie distortion, (b) the power output, (c) the collector- 
circuit efficiency. 

18-26 Repeat Prob. 18-25, using Veo = —15 V, Ri, = 7.5 @, and a peak base 
current of 30 mA. 

18-27 The power transistor whose characteristics are shown in Fig. 18-5 is used in 
the class B push-pull circuit of Fig. 18-11, with Rz = 0 and Vec = —20 V and Ri, = 
15 Q. If the base voltage is sinusoidal, with a peak value of 0.4 V, plot the output 
collector current. Note the crossover distortion. 

18-28 Sketch the circuit of a push-pull class B transistor amplifier in the com- 
mon-collector configuration (a) with an output transformer, (6) without an output 
transformer. 

18-29 Discuss the push-pull complementary circuit of Fig. 18-14. In particular, 
show that no even harmonics are present. 

18-30 The circuit shown represents a transformerless class B single-ended 
complementary-symmetry push-pull power amplifier. Transistors Q2 and Q3 are 


Prob. 18-30 
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matched silicon devices, with hrz ~ hy = 100 and hie = 50 2. QI is a silicon tran- 
sistor whose small-signal h parameters are given in Table 11-2, and hrg = 50. 

a. Explain the operation of this circuit. Note especially the role of the capacitor 
C2. Neglect the reverse saturation currents. 

b. Calculate the quiescent currents in all the resistors, and determine the value of 
R; so that 


|Ver:| = |Ver| 


c. Find the output resistance 2, assuming ideal class B operation. 

d. Calculate the maximum power that can be delivered to the 8-Q speaker. Take 
the output resistance R, into account, and assume Vex(sat) ~ 0. 

Hunt: In parts ¢ and d, assume that for class B operation Ry = 0. 


CHAPTER 19 


19-1 Find the maximum speed with which the photoelectrons will be emitted 
(if at all) when radiation of wavelength 5,893 A falls upon (a) a cesium surface, for 
which the work function is 1.8 eV, (b) a platinum surface, for which the work function 
is6.0eV. (c) Repeat parts a and 0 if the surfaces are illuminated with neon resonance 
radiation (743 A) instead of the yellow sodium line. 

19-2 What is the minimum energy, expressed in joules and in electron volts, 
required to remove an electron from the surface of metallic potassium, the photo- 
electric threshold wavelength of which is 5,500 A? 

19-3 A cesium surface for which the work function is 1.8 eV is illuminated with 
argon resonance radiation (1,065 A). What retarding potential must be applied in 
order that the plate current in this photocell drop to zero? Assume that the contact 
potential is 0.50 V, with the plate negative with respect to the cathode. 

19-4 When a certain surface is irradiated by the 2,537-A mercury line, it is found 
that no current flows until at least 0.54 V accelerating potential is applied. Assume 
that the contact potential is 1.00 V, the cathode being positive with respect to the anode. 

a. What is the work function of the surface? 

b. What is the threshold wavelength of the surface? 

19-5 A certain photosurface has a spectral sensitivity of 6 mA/W of incident 
radiation of wavelength 2,537 A. How many electrons will be emitted photoelectrically 
by a pulse of radiation consisting of 10,000 photons of this wavelength? 

19-6 The photoelectric sensitivity of a photocell is 14 4A/lumen when the anode 
potential is 90 V. The window area of the photocell is 0.9 in? A 100-W electric- 
light bulb has a mean horizontal candlepower of 120 cp. What will be the photocurrent 
if the cell is placed 3 ft from the lamp? 

19-7 The energy-distribution curve of a light source is known. The spectral- 
sensitivity curves of several of the commercially available photosurfaces are supplied 
by the tube manufacturer and are shown in Fig. 19-7. Explain exactly how to deter- 
mine which tube should be used with this particular light source in order to obtain the 
maximum photocurrent. 

19-8 Devise a circuit for determining automatically the correct exposure time in 
the photographic printing process. Use a photocell, a relay, and any other auxiliary 
apparatus needed. The blackening of a photographic emulsion is determined by the 


=) 


736 / ELECTRONIC DEVICES AND CIRCUITS ; Chap. 19 


product of the luminous intensity falling on the plate and the time of exposure. The 
instrument must trip the relay at the same value of this product, regardless of what 
light source is used. 

19-9 Plot curves of photocurrent vs. light intensity for the photocell whose 
characteristics are given in Fig. 19-60 for load resistances of 1 and 10 M, respectively. 
The supply voltage is held constant at 80 V. 

19-10 In Fig. 19-8a, the tube has the characteristics given in Fig. 19-6a, Ver = 
80 V, and an electronic switch is placed across Rr. The switch closes at 20 V or above 
and has an infinite input impedance. 

a, What minimum light intensity is required to close the switch if R, = 2M? 

6, If the maximum voltage across the switch may not exceed 50 V and if the 
maximum intensity of light is 208 ft-c, what is the maximum allowable value of Ry? 

19-11 Calculate the number of stages required in a secondary-emission multiplier 
to give an amplification of 10° if the secondary-emission ratio is 3.5. 

19-12 In a nine-stage secondary-emission phototube multiplier, the incident 
photocurrent is 10 nA and the output current from the multiplier is 0.1 A. What is 
the secondary-emission ratio of the target material? 

19-13 In the secondary-emission multiplier of Fig. 19-11, the distance between a 
target and its plate is 1.0 cm. The potential between these two elements is 100 V. 
Assume that there is no field between targets and that the electrons leave each target 
with zero velocity, so that the resultant motion is truly cycloidal. 

a. Find the minimum magnetic field required in order that this tube operate 
properly. 

b. If the tube were designed to operate with a field of 5 mWb/m?, what would be 
the distance between centers of adjacent targets? Assume that the path remains 
cycloidal. 

19-14 The photoconductor used in the circuit of Fig. 19-8c, with Vpp = 40 V and 
Ry = 4K, is the Sylvania type 8347 (Fig. 19-16), designed to dissipate 300 mW safely. 

a, What common light intensity is required so that the voltage V, across Ry is at 
least 20 V? 

6. What is the power dissipated in the photoconductor when V, = 20 V? 

c. If the maximum intensity of light is 100 ft-c, what is the minimum allowable 
value of Rx so that the power rating of the photoconductor is not exceeded? 

19-15 The photocurrent J in a p-n junction photodiode as a function of the 
distance x of the light spot from the junction is given in Fig. 19-21. Prove that the 
slopes of the lines are —1/L, and —1/Lp, respectively, on the n and psides. Note that 
L, represents the diffusion length for holes in the n material. 

19-16 Photodiode 1N77 (Fig. 19-19) is used in the circuit of Fig. 19-86, with 
Vrp = 40 V. Plot curves of photocurrent vs, light intensity for load resistances of 
100 K, 50 K, and 0. 

19-17 Diode 1N2175 (Fig. 19-23) is used in the circuit shown. Rx represents the 
coil resistance of a relay for which the current required to close the relay is 1.2 mA. 
‘The transistor used is silicon with Vas = 0.6 V and hrs = 100. 

a, Find the voltage Vp at which switching of the relay occurs. 

6. Find the minimum illumination required to close the relay. 

c. Find the current through the relay coil when the illumination intensity is 
300 ft-c. 

Hint: Assume that the transistor does not load the 50-K resistor, and verify the 
assumption. 
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mn) 


Prob. 19-17 i) 


50K 


19-18 The circuit shown represents the sound detector for a movie projector 
(lens system not indicated). The output of the transistor preamplifier is cascaded 
with a power amplifier which feeds a loudspeaker. Assume that the load on the LS223 
represents essentially a short circuit, as can be verified from Fig. 19-24. For the 
transistor used, hig = 1 K, hy, = 25, Are = 0, and ho = 0. Neglect the reactance of 
all capacitors. 

a. If the light intensity changes from 2,000 to 2,500 ft-c, find the change in input 
voltage to the transistor. 

b, Find the peak-to-peak output voltage. 


Prob. 19-18 


19-19 a. For the type L223 photovoltaic cell whose characteristics are given in 
Fig. 19-24, plot the power output vs. the load resistance Ry. 
b. What is the optimum value of Rx? 


CHAPTER 20 


20-1 A diode whose internal resistance is 20 © is to supply power to a 1,000-@ load 
from a 110-V (rms) source of supply. Calculate (a) the peak load current, (b) the de 
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load current, (c) the ac load current, (d) the de diode voltage, (e) the total input power 
to the circuit, (f) the percentage regulation from no load to the given load. 

20-2 Show that the maximum de output power Py. = Vacla. in a half-wave single- 
phase circuit occurs when the load resistance equals the diode resistance Ry. 

20-3 The efficiency of rectification 7, is defined as the ratio of the de output power 


Pa, = Vaclao to the input power P; = (1/27) fe iat vt da. 
a. Show that, for the half-wave rectifier circuit, 


40.6 


1+ R,/Ri % 


= 


b. Show that, for the full-wave rectifier, 7, has twice the value given in part a. 
20-4 Prove that the regulation of both the half-wave and the full-wave rectifier 
is given by 


% regulation = z XK 100% 
L 


20-5 A full-wave single-phase rectifier consists of a double-diode vacuum tube, 
the internal resistance of each element of which may be considered to be constant and 
equal to 500%. These feed into a pure resistance load of 2,0009. The secondary 
transformer voltage to center tap is 280 V. Calculate (a) the de load current, (6) the 
direct current in each tube, (c) the ac voltage across each diode, (d) the de output 
power, (e) the percentage regulation. 

20-6 In the full-wave single-phase bridge, can the transformer and the load be 
interchanged? Explain carefully. 

20-7. A 1-mA de meter whose resistance is 10 2 is calibrated to read rms volts 
when used in a bridge circuit with semiconductor diodes. The effective resistance of 
each element may be considered to be zero in the forward direction and infinite in the 
inverse direction. The sinusoidal input voltage is applied in series with a 5-K resist- 
ance. What is the full-scale reading of this meter? 

20-8 The circuit shown is a half-wave voltage doubler. Analyze the operation 
of this cireuit. Calculate (a) the maximum possible voltage across each capacitor, 
(b) the peak inverse voltage of each diode. Compare this circuit with the bridge voltage 
doubler of Fig. 20-4. In this circuit the output voltage is negative with respect to 
ground. Show that if the connections to the cathode and anode of each diode are inter- 
changed, the output voltage will be positive with respect to ground, 


D2 


a Cs Output Prob. 20-8 
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20-9 The circuit of Prob. 20-8 can be extended from a doubler to a quadrupler by 
adding two diodes and two capacitors as shown. In the figure, (a) and (0) are alterna- 
tive ways of drawing the same circuit. 

a. Analyze the operation of this circuit. 

6. Answer the same questions as asked in Prob. 20-8. 

c. Generalize the circuit of this and of Prob. 20-8 so as to obtain n-fold multi- 
plication when n is any even number. In particular, sketch the circuit for sixfold 
multiplication. 

d, Show that n-fold multiplication, with n odd, can also be obtained provided that 


the output is properly chosen. 
Tripler 
(on Cy 


D2 D4 
Di D3 
Cy Cy 
Input 
Quadrupler 
(0) 
Prob. 20-9 


20-10 By connecting two half-wave doublers of the type illustrated in Prob. 20-8 
to the same input, show that it is possible to obtain a full-wave quadrupler. Explain 
the operation of this circuit. 

20-11 a. Prove that the general solution of the differential equation in Eq. (20-24) 
is 
— fain (wt — Y) + ome sin 
V Ri? + wl? 


where tan ¥ = wh/Rz. 
6. The angle of cutout wf: is that angle at which the current becomes zero. Show 
that, at cutout, 


sin (wot, — p) + e~@ulenets sin Y = 0 


Plot a semilog curve of wt, versus wl/Rx, with wl/Rz in the range from 0.1 to 1,000. 
ce. Verify the curves of Fig. 20-8. Jn particular, check the value for wl/Rz = 5. 
20-12 A single-phase full-wave rectifier uses semiconductor diodes. The voltage 

pes and internal resistance of the diodes may be neglected. Assume an ideal trans- 

‘ormer. 

a. Prove that one diode conducts for one half cycle and that the other diode con- 
ducts for the remaining half cycle of the input line voltage if the load consists of a resistor 

R in series with an inductor L. 


coe 
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b. Find the analytic expression for the load current in the interval 
0O<a=2ft<r 


Hint: Set up the differential equation for the load current 7 in this interval. The solu- 
tion of this equation will consist of a steady-state ac term added to a “transient” term. 
Evaluate the arbitrary constant in the “transient” term by noting that the current 
repeats itself at intervals of x in a, so that (0) = i(m). 

c. Evaluate the direct current Jy, by averaging the instantaneous current. 

d. Evaluate the first term in the Fourier series for the current, and compare with 
Eq. (20-25). 

20-13 Prove that the rms value of the triangular voltage depicted in Fig. 20-14 
is given by Eq. (20-41). 

20-14 A single-phase full-wave rectifier uses a semiconductor diode. The trans- 
former voltage is 35 V rms to center tap. The load consists of a 40-yF capacitance in 
parallel with a 250-0 resistor. The diode and the transformer resistances and leakage 
reactance may be neglected. 

a. Calculate the cutout angle. 

b. Plot to scale the output voltage and the diode current as in Fig. 20-13. Deter- 
mine the cutin point graphically from this plot, and find the peak diode current corre- 
sponding to this point. 

c. Repeat parts a and }, using a 16-yF instead of a 40-uF capacitance. 

20-15 The circuit of Fig. 20-15 can be analyzed by the methods of elementary ac 
theory without making the approximations used in Sec. 20-9. Assuming that the input 
voltage to the filter is given by Eq. (20-45), prove that the ripple factor is 


V2/3 
V (X1/Rx)* + (X1/Xe — 1)? 


Under what condition does this reduce to the simpler equation (20-49)? 

20-16 By error, the capacitor of an L-section filter is connected to the input side 
of the inductor. Examine this filter analytically, and derive an expression for (a) the 
regulation of the system, (b) the ripple factor. Compare these results with those in 
Sec. 20-9. 

20-17. The output of a full-wave rectifier is fed from a 40-0-40-V transformer. 
The load current is 0.1 A. Two 40-uF capacitances are available. The circuit resist- 
ance exclusive of the load is 50 &. 

a, Calculate the value of inductance for a two-stage L-section filter. The induct- 
ances are to be equal. The ripple factor is to be 0.0001. 

6. Calculate the de output voltage. 

20-18 Given two equal capacitors C and two equal inductors L. Under what 
circumstances will it be better to use a double-L-section filter than to use a single section 
with the inductors in series and the capacitors in parallel? 

20-19 An L-section filter is used in the output of a full-wave rectifier that is fed 
from a 40-0-40-V transformer. The load current is 0.2 A. Two 40-uF capacitances 
and two 2-H chokes are available. The diodes used are ideal. 

a, Calculate the 120-Hz ripple voltage if a single-section filter is used, with the two 
chokes in series and the two capacitors in parallel. 

b, Repeat part a for a two-section filter. 

c. Calculate the 240-Hz ripple voltage if a single-section filter is used. 
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20-20 Given a full-wave rectifier circuit, a 375-0-375-V transformer, Rz = 2,000, 
each diode has a forward resistance of 100 @, two 20-H chokes, and two 16-nF capacitors, 
The transformer resistance to center tap and each choke resistance is 200 2. Calculate 
the approximate output voltage and ripple factor under the following filter arrangements: 

a. The two chokes are connected in series with the load. 

6. The two capacitors are connected in parallel across the load. 

c. A single-section L filter, consisting of the two inductors in series and the two 
capacitors in parallel. 

d. A two-section L filter. 

e. A Il-section filter, using both inductors. 

20-21. Derive an expression for the ripple in a I-section filter when used with a 
half-wave rectifier, subject to the same approximations as those in Sec. 20-11 for the 
full-wave case. 

20-22 A full-wave single-phase rectifier eniploys a Il-section filter consisting of 
two 4-uF capacitances and a 20-H choke. The transformer voltage to center tap is 
300 V rms. The load current is 50 mA. Calculate the de output voltage and the 
ripple voltage. The resistance of the choke is 200 2. 

20-23 The voltage at the input capacitor of a [-section filter is given to a close 
approximation by v(t) = 525 — 40 sin 745t. The output capacitance of the filter is 
10 »F. If the filter de output voltage is 500 V for a 100-mA load with a ripple factor of 
0.001, determine the inductance and de resistance of the filter choke. 

20-24 Given a full-wave rectifier using ideal elements (i.e., no resistance or leakage 
reactance in the transformer, no diode drop, and no resistance in the chokes). The 
voltage on each side of the center tap of the transformer is 300 V rms. 

Answer the following questions for each type of filter: (1) no filter, (2) a 10-uF 
capacitance filter, (3) a 20-H inductance filter, (4) an L-section filter consisting of a 
10-nF capacitance and a 20-H choke. 

a, What is the no-load de voltage? (List your answers as al, a2, a3, and a4.) 

6. What is the de voltage at 100 mA? 

c. Does the ripple increase, decrease, or stay constant with increasing load current? 

d. What is the peak inverse voltage across each diode? 

20-25 A single center-tapped transformer (60-0-60 V) is to supply power at two 
different voltages for certain service. The negative is to be grounded on each system. 
The low voltage is full-wave and is filtered with a two-section L filter. The high voltage 
is half-wave and has a capacitor input filter. Show the schematic diagram for such a 
system. What is the nominal output voltage of each unit? 

20-26 What voltages are available from the rectifier circuit shown? A 40-0-40-V 
transformer is used. Label the polarities of the output voltages. 


sc fimern 
B 
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20-27 The circuit shown is to be used to supply power for an amplifier and also 
for the accelerating voltage of an associated cathode-ray tube. What output voltages 
are obtained if a 350-0-350-V center-tapped transformer is used? Hunr: See Prob. 20-8. 


Prob. 20-27 


20-28 The circuit shown operates from a 30-0-30-V transformer. 

a. What are the magnitude and polarity of the de voltage at A? At B? Under 
no load? 

b. What is the peak inverse on each diode? 

c. If the load current at A is 100 mA, what is the voltage at A? 

d. If the load current at B is 20 mA, what is the voltage at B? 


20H 
A 
=a Wiles 1 9 Prob. 20-28 


T 8yF 


20-29 Verify Eqs. (20-68) and (20-69). 
20-30 Verify Eqs. (20-73) and (20-74), 
20-31 Find the output resistance of the series-regulated power supply as given 


the output current, using an auxiliary voltage source. 
20-32 Design a regulated power supply as shown in Fig. 20-21 with the following 
specifications: 


by Eq. (20-75). Hunr: Short-circuit the input, V; = 0, and derive the expression for — 
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Nominal unregulated input voltage V; = 30 V andr, = 82 

Nominal regulated output voltage V, = 12 V 

Maximum load current 7,(max) = 200 mA 

Control transistor Q1 (silicon): hrs = hy. = 100, hie = 2002 

Amplifier transistor Q2 (silicon): hrz = hy. = 200, hee = 1 K 

Reference avalanche diode D1: Ve = 6 V, Rz = 102 at J, = 20 mA 

a. Sketch the complete circuit and obtain reasonable values for R,, Rz and R3. 

b. Calculate the voltage stabilization factor Sy. 

c. Calculate the output impedance R,. 

20-33 In the circuit of Fig. 20-22, the control transistor Q1 is replaced by a 
Darlington pair Q1-Q3. The junction of Rs and the collector of Q2 is connected to the 
base of Q3. 

a. Discuss the possible improvement in Sy over the value for the circuit of Fig. 
20-22. 

6. Show that the output resistance is 


ea Ra + hyeshier 
aaa Dyan 
° "1+ Gn(Rs + 10) 


where G,, is as given by Eq. (20-73). 

20-34 Repeat Prob. 20-32, using the circuit of Prob. 20-33. Assume that Q2 and 
Q3 are identical. 

20-35 The circuit shown employs a Zener diode preregulator. 

a. Explain carefully the operation of the circuit. 

b. Obtain an approximate expression for the voltage stabilization factor Sy. 
Hint: Assume AV, = 0 when AV; > AY,. 


Prob. 20-35 


20-36 Sketch the circuit of a regulated semiconductor power supply whose output 
is positive with respect to ground, using (a) p-n-p transistors, (b) complementary 
transistors. 


at = _ 
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20-37 Sketch the circuit of a regulated semiconductor power supply whose output 
is negative with respect to ground, using (a) p-n-p transistors, (b) n-p-n transistors, 
(c) complementary transistors. 
20-38 Verify Eq. (20-79). 


20-39 Prove that if no approximations are made in the derivation of Eq. (20-78), 


the exact value of Sy is given by 


1 . 
a= +1, 
eT tt Ad 
Ri 


20-40 In the regulated power supply of Fig. 20-26, the resistor R; is connected to 
the input side of the series tube. Prove that the output resistance is 


Re = (tpi + 1)Sv 


with 
l+ my 
(eo 5 =e 
- mibAy 
where 
= Trt 
* To + Rs 
| So — | 
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Absorption spectrum, . 
Acceptor impurities, 102-1 
jon, common-base 


Active region, transistor con- 


bandpass of, 467468 
gain and bandwidth considerations, 
462-464 


response, 468 
Peis 7a (see Cathode follower) 
classification of (A, AB, B, C), 450-451 
current, 481-482 
transconductance, 482 
i 482-483 


transresistance, 
voltage, 480-481» 
common-eathode (see Grounded-cathode 
amplifier) 
common-grid, 197-198 
common-plate (see Cathode follower) 
difference, 357-362 
distortion (see Distortion) 
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Amplifiers, emitter follower (see Emitter 
follower) 
feedback (see Feedback amplifier) 
graphical analysis of the CE configuration, 
244-24" 


17 
graphical analysis of grounded cathode cir- 


noise, 473-479 
operational (see Operational amplifier) 
oscillations, 522 


low-frequency response, 457-458 
resistance-coupled (see RC-coupled load 


transistor stage, 375-383 
current gain, resistive load, 378-380 
excess phase factor, 366 


380-383 
Amplitude distortion, 452, 544-549 
Analog computation, 520-521 
Angstrom unit, 634 
Argon in phototubes, 573-574 
Atom, Bohr-Rutherford model, 38 
energy-level diagram, 38-39 


i * 
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Atom, excitation oreeg 39 Common-collector configuration, 243-244, Diffusion length, 111 
Diffusion-type transistor, 227 


Diode, avalanche (see Avalanche diode) 


Capacitance, space-charge, 134 
storage, 138-139 335-339 ; 
radius, 38 Capacitor, bypass electrolytic, 472 Common-grid amplifier, 197-198 


Avalanche breakdown, 143-144 
Avalanche diode, 143-147 
temperature "characteristics, 144-145 
temperature compensated, 147 
Avogadro's number, 64 


Band structure of solids, 47-51 
Bandwidth, 377, 382, 455 
noise, 474 
Barkhausen criterion, 526-527 
Barrier capacitance, 134 
potential, 117 
Base diffusion, 421 
Base-spreading resistance, 248 
Base width, 232, 368 
Base-width modulation, 370 
Beam leads, 446-447 
Beam-power tube, 171-173 
Bias, cathode-follower, 184-185 
collector-to-base, 268-271 
compensation, 283-285 
FET, 405-411 
against device variation, 408-410 
for zero current drift, 407 
fixed, 265 
for linear integrated circuits, 285-287 
self-, 184, 271-276, 406 
stability, 265-268 
transistor high-input-resistance circuits, 
352-354 


Bias curve, 184, 274 

Bleeder resistor, 613 

Bode plots, 525 

Bohr atom, 38 

Boltzmann constant, 633 

Boltzmann relationship, 125 

Bond, covalent, 96 
electron-pair, 96 

Bootstrapping, 353 

Bottoming, 577 

Breakdown diode, 143-147 

Breakdown voltages in transistors, 260-262 

Buried layer, 434 


Capacitance, barrier (see Barrier capacitance) 


diffusion, 138-139 

input, amplifier, 212-214 
eathode-follower, 218 

interelectrode, pentode, 216 
tetrode, 215-216 
triode, 211-214 


Capacitor input filter, 606-611 
Carriers in s semiconductors, 95-97 
Cascaded amplifiers (see Amplifiers, cas- 
caded CE transistor stages) 
Cascode amplifier, 207-209, 355-357 
Cathode, heaterless, 80 
oxide-coated, 79 
7 
thoriated, 78 
Cathode follower, 183-186, 202-204, 216-219 
circuits, 202-204 
at high frequencies, 216-219 
Cathode-ray oscilloscope, 12-13 
Cathode-ray tube, 10-12 
construction, 10-11 


magnetic-deflection sensitivity, 21 
magnetic focusing, 21-24 
sawtooth waveform, 12 
sweep voltage, 12 
Charegieeee curves, LS 222 (photodiode), 
LS 223 (p-n photodiode), 588 
929 (phototube), 577 
1N77, 584 
1N270 (p-n germanium diode), 129, 132 
1N461 (p-n silicon diode), 132 
1N2175 (silicon n-p-n photocell), 587 
1N3605, 1N3606, 1N3608, 1N3609 (silicon 
p-n diodes), 130 
2N404 (germanium transistor), 240 
2N708 (silicon transistor), 267 
5Y3-G7 (diode), 636 
6AU6 (pentode), 170 
6CG7 (6SN7) (double triode), 637 
6L6 (beam power tube), 173 
6L6 (triode), 639 
12AT7 (6664 and 7898) (double triode), 
12AU7 (5814, 5963 and 6135) (double tri- 
ode), 638 
ARH (6681 and 7058) (double triode), 


Charge-control description of diode, 139-140 
Child's law, 84 

(See also Space-charge current) 
Circuit notation conventions, 174-175, 245 
Collector resistance, 318-319 
Colpitts oscillator, 534 
Common-base configuration, 231-234, 339, 


365-368 
Common-cathode amplifier, 175-178 


Common-mode releotie ratio, 358 
Common-mode signal, 357 


Common-plate amplifier (see Cathode fol- 


lower) 
Complementary error function, 425-426 
Complementary-symmetry transistors, 563 
Concentration in arene 99-105 
Conductivity, 52-54 
Conductivity modulation, 231 
Conservation of electric charge, 110 
Constant current source, 206, 360 
Constants (see Parameters) 
Contact potential, 70-71, 117 
Continuity equation, 109-112 
Conversion efficiency, 556 
Conversion factors, 634 
Critical inductance, 613 


Crystal oscillator, 535-537 
Current gain, 224, 241-243, 299, 308 
Current-gain-bandwidth product, 376 
Current-source model of a tube, 195-196 
Cutin, capacitor filter, 607 

diode voltage, 128-129 

transistor, 253-255 
Cutout, capacitor filter, 607 
Cycloidal path, 28-30 
Cyclotron, 32-34 


De: current gain of transistor, 241-243 
Decibel, 332 
Dees of cyclotron, 31-32 
Density of states, 65-66 
Depletion region, 117 
Dielectric constant, germanium, 98, 634 
silicon, 98, 634 
Dielectric isolation, 446 
Difference amplifier, 206, 357-362 
Differentiator, 519 
Diffusion, 107-108 
421 


7 
capacitance, 138-139 
Diffusion apparatus, 428 
Diffusion coefficient, 427-428 
Diffusion constant, 107 
Diffusion current, 123-124 
emitter, 422 
of impurities, 425-429 
isolation, 419 
Diffusion law, 425 


breakdown, 143-147 
charge-control description of, 139-140 
charge-storage, 141 
cutin voltage, 128-129 
diffusion capacitance, 138-139 
dynamic resistance, 133 
photo-, 573, 583 
multiple-junction, 586-587 
p-n junction, 115-155 
band structure, 120 
current components, 123-124 
monolithic, 434-435 
ohmic constants, 119 
piecewise linear characteristic, 133 
reference, 146-147 
reverse recovery time, 140-141 
semiconductor, 115-155 
temperature dependence of, 130-132 
transition capacitance, 134-136 
transition time, 141-143 
tunnel, 147-154 
varactor, 137 
static resistance, 132 
vacuum, 77-94 
applications, 92-93 
cathode materials, 77-80 
characteristics, 87-88 
cylindrical, 85 
potential variation, 80-82 
ratings, 89-90 


Distortion, amplitude, 544 


crossover, 564 

delay, 452 

Seeruenense 

nonlinear, 452 

second harmonic, 544-546 
Distortion factor, 549 
Distribution, Fermi-Dirac, 62 
Donor impurities, 102-104 
Doubler, voltage, 601 
Drift current, 53, 122 
Dushman equation, 69-70 
Dynamic characteristic, 91-92 
Dynamic load line, 179-180 


Early effect, 232-233 
Ebers-Moll equations for transistor analysis, 
229, 248-256 
currents as functions of voltages, 249 
cutin voltage, 253 
cutoff region, 252 
equations, 229 
junction voltages, 256-257 
model, 248-249 
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Ebers-Moll Seeoae for transistor analysis, Feedback amplifiers, output resistance, 492 Grounded-plate amplifier, 198 Large-signal amplifiers, conversion efficiency, 
open-circuited base, 253 phase margin, 524-525 (See also Cathode follower) 556 
saturation region, 255-256 positive, 488. efficiency, 556-558 
short-circuited base, 252-253 regenerative, 488 maximum undistorted power output, 550 


voltages as functions of currents, 250-251 return ratio, 488 
Effective mass, 100 reverse transmission factor, 487-488 
Efficiency, cathode-emission, 77 

conversion, 556-557 

emitter, 223-224 voltage-shunt, 512-514 
Einstein equation, 108, 569 Fermi-Dirac function, 62-64 


Hall coefficient, 113 

Hall effect, 113-114 

Harmonic distortion, 544-549 
Hartley oscillator, 534 
Heat-shielded cathodes, 80 

Helical path of charged particles, 22 


push-pull, 558-564 
transformer-coupled, 549-553 
transformerless, 563 


Lifetime of carriers, 108-109 


Electron emission, high-field, 75 Fermi energy level, 64 High-field emission, 75 Light, absorption, 41-42 
photoelectric (see Photoelectric emission) | FET (see Field-effect transistor) Holes in semiconductors, 95-97 particles, 569 
secondary, 168 Field-effect transistor, biasing, 405-411 Hybrid circuits, 448 photoemission (see Photoelectric emission) 
thermionic, 69-70 common-drain amplifier, 402 Hybrid parameters, 294-298 photon, 569 

Electron gas, 53 common-source amplifier, 400 conversion formulas, 305-307 sensitivity of eye to, 572 

Electron gun, 10 depletion MOSFET, measurement of, 302-304 source, 573 

Electron shell, 46 enhancement MOSFET, 397 transistor amplifier analysis with, 307-312 _velocity, 633 

Electron spin, 45 insulated-gate, 396-400 Hybrid-Il capacitances, 374 Load line, dynamic, 179-181, 265 

Electron volt, definition, 7-8 integrated, 444 Hybrid-1 conductances, 371-374 push-pull, 563 


Electronic charge, 633 
Electronic mass, 633 


Electronic motion, energy method of anal- 
ysis, 54-57 
in uniform fields, electric, 2-5, 8-12 


magnetic, 15-24 


parallel electric and magnetic, 24-26 
Ce electric and magnetic, 26- 


ih Hisetrsatis deflection sensitivity, 11 


Emitter diffusion, 422 
Emitter efficiency, 223 


Emitter follower, 345-348 


" Darlington, 351 


extreme values of R; and Av, 346-347 
i Energy bands in solids, 47-51 


Energy levels, 38-39 


Energy method of analyzing motion, 54-57 

Epitaxial growth, 419, 423 

Equivalent circuit, Norton’s, 196 
small-signal current-source, 196 


Thévenin’s, 189 


(See also Transistor, model; Triode, 


model) 
Excess-phase factor, 366 
Exclusion principle, 46 


advantages of, 486 


degenerative, 488 
distortion, 489-491 
gain margin, 524-525 
input resistance, 493 
loop gain, 488 
negative, 488-491 
noise, 491 


Feedback amplifiers, 480-525 


current-series, 504-508 
current-shunt, 508-511 


operational (see Operational amplifier) 


static characteristics, 385-386 
transfer characteristic, 392 
as a voltage variable resistor, 413-415 
Filters, rectifier, capacitor, 606-611 
inductor, 603-606 
L-section, 611-616 
multiple L-section, 616-617 
II-section, 617-621 


Flicker noise, 475 
Focusing of cathode-ray tube, 21-24 
Foot-candle, 573 


Force on charged particle, in electric field, 
25 


in magnetic field, 15-17 
Fourier series, 602 
Frequency, lower 3-dB, 453-454 
upper 3-dB, 454 
Frequency distortion, 452 
Frequency response, 452-455 
Frequency stability of oscillator, 537-538 


Gain, current, 308 
margin, 525 
voltage, 192, 308 


Gain-bandwidth product, 369, 377, 382, 459, 
462 


Gaussian distribution, 426 
Germanium, crystal structure, 96 
properties, 98 
spectral response, 581 
Grid base, 177 
Grid bias (see Bias) 
Grid resistance, 160 
Grounded-cathode amplifier, 175-178 
Grounded-grid amplifier, 197-198, 202 


Hybrid-II transistor model, 369-370 


swinging choke, 614 
Input admittance, cathode follower, 218 
pentode, 215-216 
tetrode, 215-216 
triode, 210-215 
Input capacitance (see Input admittance) 
Input characteristics, 233-235 
Input impedance of transistor, 225, 308 
Input resistance, 225, 308 
Insulators, 49 
Integrator, 518 
Interelectrode capacitances (see Capaci- 
tance) 
Intermodulation frequencies, 546 
Intrinsic semiconductor, 95-97, 99-102 
Inverse peak-voltage rating, 90, 599-600 
Ionization, 40-41 
Tonization potential, 41 
Irradiation, 572 
Isolation diffusion, 419421 
Isolation islands, 421 


Johnson noise, 474-475 
Junction diode (see Diode, p-n junction) 


L-section filter, 611-620 
Langmuir-Child’s law, 84-85 
(See also Space-charge current) 
Large-scale integration, 444 
Large-signal amplifiers, class A, 542-544 
class AB operation, 564-565 


static, 91, 176, 265 
Long-wavelength limit, 570 
Lumen, 573 


Magnetic deflection in cathode-ray tubes, 
20-21 

Magnetic focusing, 21-24 

Majority carrier, 104 

Masking, diffusion, 424-425 

Maas, table of values, 633, 635 
variation with velocity, 13-15 

Matching, impedance, 549 

Mean free path, 53 

Mercury, energy levels, 38-39 

Metals, accelerating field at surface of, 74 
bound electrons in, 59-60 
contact difference of potential, 70-71 
energy distribution of electrons in, 60-68 
free electrons in, 59-60 
high-field emission from, 75 
photoelectric emission from, 566-568 
potential-energy field in, 57-59 
retarding field at surface of, 59 
secondary emission from, 75-76 
thermionic emission from, 69-70 
work function of, 68-69 

Metastable states, 42-43 

Micron, 634 

Microphonics, 473 

Miller’s theorem, 348-350 

Minority carrier, 104 
injection, 124-125 
storage, 141, 259-260 

Mobility, 52-54 
of germanium, 98 
of silicon, 98 

Molecular weights, 635 

Motion of electrons (see Electronic motion) 

Multielectrode tubes, 166-173 
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Multiplier phototubes, 578-580 
Mutual characteristic, 163 
Mutual conductance, 164 


Negative resistance, in oscillators, 538-540 
in tetrodes, 168 
in tunnel diodes, 153-154 

Noise, 473-479 


(See also Distortion) 

Norton’s theorem, 196 

Notation, circuit-transistor, 244-245 
triode, 174-175 

Nuvistor, 161 

Nyquist criterion, 523 


Operational amplifier, 514-521 
adder, 519 
circuits, 515 
computer, 520-521 
differentiator, 519 
gain, 515 
integrator, 518 
inverter, 517 
output impedance, 514 
phase shifter, 518 
sign changer, 517 
summer, 519 
virtual ground, 516 
Oscillator, sinusoidal, 525-540 
amplitude stability, 532 
Barkhausen criterion, 526-527 
Colpitts, 534 
crystal 


frequency stability, 53 
requency lity, 587-538 
Hartley, 534 
negative resistance, 588-540 
phase-shift, 528-530 
resonant circuit, 530-532 
tuned-plate, 530-531 
Oscilloscope (see Cathode-ray tube) 
Oxide-coated cathode, 79 


Parameters, field-effect transistor, 396 
pentode, 171 
tetrode, 168-169 
transistor (see Transistor) 
triode, 165-166 
Parasitic capacitance, 421 
Parasitic oscillations, 472 
Partition noise, 475 
Peak inverse voltage, 90, 599-600 
Pentode, applications, 171 
parameter values, 171 
volt-ampere characteristics, 169 


Periodic table, 635 
Permittivity of free space, 634 
Phase-inverter circuits, 204-206 
Phase margin, 525 
Phase-shift oscillator, 528-530 
Photocell (see Phototube) 
Photoconductive cells, commercial, 581-582 
Photoconductivity, 580-582 
Photodiode, 583-587 
(See also Phototube) 
Photo-duo-diode, 586-587 
Photoelectric emission, 566-571 
Einstein equation, 569 
long-wavelength limit, 570 
in semiconductor, 580 
spectral response, 571 
threshold wavelength, 570 
work function, 569 
Photoelectric yield, 568 
Photoexcitation, 580 
Photoionization, 41 
Photomultiplier, tube, 578-580 
Photons, 40, 41-42 
Photoresist, 424 
Phototube, mpeg 575-578 
circuit bernie fase 


gas-filled, 573 

sensitivity, 574 

surfaces in, 574 

vacuum, 573 
Photovoltaic effect, 587-590 
Physical constants, table, 633 
Planar ceramic tube, 162) 
Planck’s constant, 63 
Plate characteristics (see Characteristic 

curves) 

Plate circuit efficiency, 556 
Plate dissipation, in diodes, 89-90 
Plate resistance, in scared 

numerical values, 88 

in pentodes, 169 

in tetrodes, 168 

in triodes, 164 
Poisson’s equation, 135 
Potential, definition, 5-7 
Potential barrier in metals, 60 
Potential variation, beam-power tube, 172 

diode, 80-82 

metal, 60 

p-n junction, 116 


Power amplifiers (see Large-signal ampli- 
) 


Power supply (see Filters, rectifier; Regu- 
ulated power supply) 

Predeposition, 428 

Punch-through breakdown, 261 

Push-pull amplifier, 558-565 


Quantum number, 45 
Quantum states, 67 
Quiescent point (Q point), 176, 263 


Radiation from atoms, 38-39 
photoelectric sensitivity to, 568 
sensitivity of eye to, 572 

Ratings, diodes, 89-90 
transistors, 260-262, 264 
vacuum tubes, 89-90 

Recombination in semiconductor, 109 

Recombination centers, 109 

Recovery time, 140-141 

Rectifier, semiconductor, 127-132 
vacuum-tube, 87-89 

Rectifier circuits, bridge, 600 
full-wave, 498-604 
half-wave, 592-596 
voltage-doubling, 601 
voltage multipliers, 601 

Rectifier filters (see Filters, rectifier) 

Rectifier meter, 601 

Regulated power supply, 621-632 
emitter-follower regulator, 622-623 
series | voltage regulator, 623-629 


Relativity, change i in mass, 13-15 

Resistance negative (see Negative resist- 
ance) 

Resistivity, 52-54 

Resonant-circuit oscillator, 530-532 

Retarding potential, 72 

Reverse saturation current, p-n diode, 126- 
127, 130-131 

transistor, 231, 238, 247 
Richardson equation, 69-70 
Rise time, 465-466 


Sampling network, 484-485 
Saturation operation of transistor, 239-242 
Saturation resistance, 240 
Schrédinger equation, 65-66 
Secondary emission, 168 
Self-bias, 184, 271-276 
Semiconductors, Ea poctce impurities, 102-104 
compound, 582 
diode, 117-120 
donor impurities, 102-104 
doping, 102-104 
energy bands in, 49-50 
Fermi level in, 101, 105-107 
Hall effect in, 113-114 
intrinsic, 95-97 
majority carriers in, 104 
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Semiconductors, minority carriers in, 104 
photoelectric effects in, 580-590 
recombination in, 108 
transistors (see Transistor) 

Sensistor, 287 

Sensitivity, deflection, 12, 21 
of eye, 572 
of photodiode, 586 
of phototube, 574-575 
spectral, 568 

Sheet resistance, 436-437 

Short-circuit current gain, 225, 242, 299, 

365-366, 368-369, 375-378 

Shot noise, 475 

Silicon, properties of, 98 

Silicon diode, 129 

Solar battery, 590 

Solid solubility, 426 


Space-charge region in pn junction, 115-117 
Spectral sensitivity, 568 
Square-wave testing, 467 
Stability, amplitude of oscillator, 532 
of feedback amplifier, 522-525 
frequency, of oscillator, 537-538 
Static characteristics (see Characteristic 
curves) 
Stationary states in atoms, 38 
Storage of minority carriers, 259-260 
Storage time, 258-260 
Sweep for cathode-ray tube, 12-13 
Swinging choke for filters, 614 
Symbols (see Notation) 
Synchrotron, 34-35 


T model, transistor, 318-319 
Taylor’s series, 194 
Temperature of thermionic cathodes, 78, 80 
effect on volt-ampere characteristics, 89, 
130-132 
voltage equivalent of, 72 
‘Temperature-limited current, 69-70 
Tetrode, beam tube, 171-173 
interelectrode capacitance, 215-216 
negative plate resistance, 168 
parameters, 168-169 
potential profiles, 168 
secondary emission, 168 
Thermal noise, 474-475 
Thermal resistance, 288 
Thermal runaway, 288 
Thermionic emission, 69-70 
Thermistor, 287 
Thévenin’s theorem, 189 
Thoriated-tungsten cathode, 78 
Thin-film capacitors, 439 
Thin-film resistors, 438 


Three-halves-power law, 84-85 
Threshold frequency, 570 
Tilt, 466 
‘Transconductance, 164 
Transfer characteristic, FET, 392 
transistor, 254 
vacuum-tube, 163 
Transformer, impedance matching, 549 
Transistor, alloyed-junction, 226 
alpha, 224, 364 
base-spre: ading resistance, 248 
base width, 232, 368 
_ biasing cirouite, 265, 268-276, 283-288 
~ breakdown voltages, 260-261 i 
characteristics, active region, 233-236 
ic expressions for, 247-251 
cutoff region, 251-252 
saturation region, 255-256 
common-base configuration, 231-234 
common-collector configuration, 243-244 
common-emitter configuration, 234-237 
complementary symmetry, 563 
construction, 226-227 
current gain, 224, 241-243, 308 
(See also Amplification, current) 
de current gain, 242-243 
delay time, 258 
diffusion type, 227 
electrochemically etched type, 226 
epitaxial type, 227 
fall time, 258 
field-effect, (see Field-effect transistor) 
graphical analysis, 244-247 
input impedance, 308 
integrated, 432-434 
junction voltage values, 256-257 
- model, hybrid, 294-298 
high-frequency, CB, 365 
hybrid-I, 390-370 
gi: model, 318 
output admittance, 309 
parameters, alpha, 224 
conductances, 371-374 
hybrid, 295, 297-302 
hybrid-I, 370 : 
typical values, 302, 304, 370 
planar, 227 
potential variation through, 221 
punch-through, 261 
ratings, 260-262 
reach-through, 261 
reverse saturation current, 238, 252 
rise time, 259 
short-circuit current gain, 295 
storage time, 259 


Transistor, symbols (see Notation) 
temperature variation of parameters, 301 
turn-off time, 258 
unijunction, 415-416 

(See also Ebers-Moll equations for 
transistor analysis) 

Transistor amplifier, 307-316 
cascaded stages, 323-332 
feedback, 507, 510-518 
large-signal, 542, 649-552, 558-564 

Transition capacitance, diode, 134-136 

Transport factor, 224 

Triode, amplification factor, 163-164 
amplifier (see Amplifiers) 
characteristic curves (see Characteristic 

curves) 
circuit analysis, 173-175, 190-198 
equipotential contours, 158 
graphical analysis, Tin=V7s 
grid current, 160 
interelectrode eaipiicitanbes! 209-211 
model, small-signal, 190 
mutual conductance, 164 
plate characteristics, 162-163 
plate resistance, 164 
symbols (see Notation) 

Tuned-plate oscillator, 530-532 

Tunnel diode, 147-153 =. 

Tunneling phenomenon, 148 


Uncertainty principle, 66-67 
Unijunction transistor, 415-416 


‘ 


Varactor diodes, 137 

Volt-ampere characteristics (see 
Characteristic curves) 

Voltage amplification (see Amplification) 

Voltage-doubling circuit, 601 

Voltage equivalent of temperature, 72 

Voltage gain (see Gain) 

Voltage-source model, triode, 190 


Wave function, 44 

Wave mechanics, 44 

Wavelength, threshold, 570 

Work function, contact potential, 71 
definition, 68 
photoelectric, 569 


Zener breakdown, 144 
Zener diode, 143-147 
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